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We analyze 80 events of multiple meson production detected in an emulsion stack, using 
methods of mathematical statistics. The experimental material is compared with the hydro- 
dynamical theory of particle production. Meson production due to central collisions between 
the nucleons and heavy nuclei is considered in particular detail. 


1. EXPERIMENTAL DATA 


A stack consisting of 180 layers of NIKFI-R 
emulsion, each 10 cm X 10 cm and 400 yp thick, was 
irradiated for 9 hours at 24 km altitude. A total of 
120 interactions with more than five relativistic 
particles produced by singly-charged particles or 
neutral particles was found in the systematic 
scanning of the stack. In the scanning, the number 
of thin (Ng), grey (Ng), and black (Nh) tracks 
was counted for each of these stars, and the angle 
947. containing one half of the relativistic particles 
was approximately measured with a goniometer. 
64 events were selected for subsequent measure- 
ments according to two criteria: the value of the 
half-angle 4; < 10°, or (independently of 417) 
the multiplicity Ng > 25. These data were supple- 
mented by 16 events from another stack of 0.25- 
liter volume irradiated for 15 hours at 20 km 
altitude. 

The grain count and accurate angle measure- 
ments were made with MBI-8, MBI-8M, and Cooke 
4005 microscopes. Tracks with a grain density 1.3 
to 4 times greater than minimum were regarded 
as grey. The method of measuring the angles of 
the shower particles with respect to the direction 


error in the determination of both small and large 
angles, sections of the tracks were usually meas- 
ured in two or three cross sections of the shower. 
The error in the determination of the smallest 
angle in each cross section was not greater than 
20%. Asa rule, the measurements were carried 
out in one emulsion layer. The shrinkage of the 
emulsion was determined immediately after the 
measurements, by determining the thickness of 
the emulsion layer at five points. 

The main characteristics of the analyzed 
showers are presented in the table. (The notation 
used in the table is explained in the text. ) 


2. MULTIPLICITY OF PARTICLE PRODUCTION 
AND THE NUMBER OF NUCLEONS TAKING 
PART IN MESON PRODUCTION 


To determine the number 7 of target-nucleus 
nucleons that take part in the meson production, 
the following relation was used: 


N= (21) (L JL 1) 1/2, UG seca [1— Confer) = 


which is correct within the framework of the 
hydrodynamical theory of Landau (vs is the center- 
of-mass velocity of the system containing the pri- 
mary nucleon and the 7 nucleons of the nucleus ). 


(1) 


of motion of the primary particle has been described The values of / calculated in this manner (see 


earlier.! In order to ensure a constant relative 


table) are often found to be greater than those 
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lation, since the selection of such showers was 
carried out independently of their multiplicity 
(according to the criterion O14 = 10°. ye 

The results obtained can be explained in the 


expected from the model of a cylindrical tunnel. 
(Not more than 7 nucleons can be found in the emul- 
sion nuclei along the line of motion of the primary 


particle. ) : a 
Moreover, the variation of logNg with logyc following manner: In the 10° — 10° ev energy 
yields a correlation coefficient r= — 0.33 + 0.18, range, the factor Yc is small, and a considerable 


which indicates a monotonically decreasing func- part of the primary-nucleon energy can be trans- 
tion. Showers with yg = 6 were used in the calcu- ferred to a part of the nucleus lying outside the 
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*Jets detected in the small chamber. 
**The numbers in the parentheses denote the number of shower particles in the 


backward hemisphere. 


***The value y, was estimated (assuming a symmetrical angular distribution of 
shower particles about the angle 7/2 in the c.m.s.) in two ways: y¢(x) = —(1/Ns)x 
= log tan 6; and y, = cot 6, (column 7). 

****Energy of the primary nucleon E, was calculated according to the formula 
E, = Mc*2yél (where M is the nucleon mass). 


cylindrical tunnel. Within the framework of the 
hydrodynamical model, we can approximately esti- 
mate the dilatation of the tunnel during the process 
of its ‘‘drilling’’ through the nucleus. We shall 
consider this process at any moment of time in the 
laboratory system (l.s.). A part of the matter in 
the future tunnel behind the front of the shock wave 
moves in the direction of the primary particle 
(along the x axis), and undergoes a Lorentz con- 
traction in the ratio y, which varies from yp 
= E,/Mc? to Yc as the added mass of the matter 
joins the motion. In the coordinate system of the 
moving matter, the walls of the tunnel expand with 
the velocity of propagation of the shock wave vi 
=c/3. Using the Lorentz transformation formula, 
we obtain v, = c/3y for the velocity of dilatation 
of the tunnel wall in the 1.s. We find y by using 
the momentum conservation law: y = (Mjy/Mx) 
<, ¥)/X, where Mx is the mass of the matter 
which is already moving along the path X meas- 
ured in nucleon diameters. Finally, an account of 
the dilatation of the tunnel leads to the following 
increase of the number 7 of nucleons that can take 
part in the meson production, as compared to the 
number of nucleons in the cylindrical tunnel lgeom: 
3 


1 | leeont® 1 + 0.68 Keon V2 +0,175 Boom ty (2) 


If, instead of the values of 7 calculated by means of 
Eq. (1), we now take those found from Eq. (2), then 
the contradiction with the geometrical dimensions 
of the emulsion nuclei disappears. In addition, it 

is also possible to explain the anomalous correla- 


tion between Ng and yc. In fact, with increasing 
energy of the primary nucleon, two competing ef- 
fects in the meson production appear: the mean 
multiplicity per nucleon increases, and the num- 
ber of excited nucleons of the target nucleus de- 
creases. In the energy range up to 10’? ev, the 
second effect is more pronounced.* 

The tunnel dilatation can also be useful in 
studying the excitation energy of the residual 
nucleus. Thus, according to our data, the mean 
number of grey and black tracks in stars at Ey 
<5 x10! ev equal to Ng + Np =4.7+ 11.2 is 
greater than at Ey =5 x 10'! ev, where Ne + Np 
= Boll ae Uses 


3. ANISOTROPY OF THE ANGULAR DISTRIBU- 
TION OF SHOWER PARTICLES 


In the analysis of the angular distribution of 
shower particles, it is convenient to consider the 
quantity xj =logtan6;. In the variables xj, the 
mean square deviation o of the distribution serves 
as a measure of the shower anisotropy. The esti- 


*Equation (2) gives the volume contained between the radial 
front of the shock wave and two planes with separation lpeom- 
The influence of the spherical form of the target nucleus for 
Y, > 100 and for heavy target nuclei is negligible, especially 
since the shock-wave model completely loses its meaning for 
meson-production events at y, < 100. However, an effect analo- 
gous to the tunnel expansion can, at low energies, be repre- 
sented by a branching off of the meson-producing cascade, in- 
dependently of the hydrodynamical model. 
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mates of s found for each shower* are given in 
column 10 of the table. In column 11, the values of 
o calculated from the hydrodynamical model ac- 
cording to the following formula of Milekhin? are 
shown for comparison: 


L = 6% = 0.25 log ¥) + 0.7log a asa: (3) 


The values of o obtained from Eq. (3) are greatly 
overestimated, as can be seen from the table. At 
the same time, Eq. (3) apparently reflects the in- 
crease of the anisotropy with increasing primary- 
particle energy correctly. Thus, for the variation 
of o” (logy)), the slope of the straight line as 

found by the least-squares method from the data 
for all 80 showers is +0.32 + 0.07 for a correlation 
coefficient r = OG liency es 

For a constant primary-particle energy, one 
should observe a marked difference in the anisot- 
ropy for nucleon-nucleon showers and for those 
showers that result from central collisions be- 
tween the primary nucleon and a heavy nucleus. 
According to Eqs. (2) and (3), we have calculated 
the mean value of s for two groups of showers 
with the same mean energy of about 10" ev. The 
first group, which, for simplicity’s sake, will 
henceforth be called the ‘‘high-multiplicity’’ group, 
includes twelve showers with maximum tunnel 
length 1 27. The second group (nucleon-nucleon 
collisions ) contains data sent from the laboratories 
in Moscow, Alma-Ata, Warsaw, Prague, and Berlin, 
and selected according to the following criteria: 

Ng + Nh =3; 20 =y = 100; Ns = 18 (in all, 32 jets 
with a total number of shower particles equal to 
398). For nucleon-nucleon showers, we obtained 
the mean value s = 0.55 for showers of high- 
multiplicity 0.54.7 If Eq. (2) were correct and 

our results due only to statistical fluctuations, 

the probability of such an event would be less than 
0.01%. 

In a narrow range of Yc (4 =y = 8), the dis- 
agreement between predictions of the hydrodynam- 
ical theory? and our data is even more marked, 
since the dispersion o’ is found to be an increas- 
~~ *Here and in the following discussion we differentiate be- 
tween the mathematical expectation E(x), the mean-square 
deviation o of the quantity x in the general set, and the esti- 
mates of these parameters from direct measurements, x and S 
respectively. 

TIt is interesting to note that the spreads of individual 
values in the group of nucleon-nucleon collisions (mean-square 
value 0.17) and in the high-multiplicity group (0.08) are strictly 
proportional to their statistical estimates based on the different 
mean multiplicity of the jets in these groups. 

*We can, in the present case, compare the experimental re- 


sults with the hydrodynamical theory because of the high aver- 
age multiplicity of the’ showers. 
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ing function of log/: the slope of the straight line 
obtained by the least-squares method is 0.39 for a 
correlation coefficient r = GAs yee Analogous 
results have also been obtained by other authors. 
Since the conclusion about decreasing anisotropy 
with an increasing length of the nuclear tunnel 
follows from the hydrodynamical approach (which 
is independent of additional postulates, say the 
equation of state), serious doubts arise as to the 
validity of applying such an approach to the de- 
scription of multiple-meson production. 
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4. TEST OF THE UNIFORMITY OF THE 
ANGULAR DISTRIBUTION OF SHOWER 
PARTICLES 


The fact that the anisotropy of the angular dis- 

tribution does not decrease with increasing number 
of excited nucleons is understandable if we use 
those meson-production models in which there is 
no assumption about the existence of a common 
excited state of the system (the two-center model,? 
the ‘‘accompanying-showers’’ model of Chernav- 
skit,’ the scheme of plural-multiple processes ). 
In connection with the above, it would be very in- 
teresting to obtain some information on the gen- 
eral properties, not related to anisotropy, of the 
angular distribution. 

In theories with one center of emission, the 
angular distributions of produced particles are 
given for the variables x = logtan@ by the proba- 
bility of approximately Gaussian form f(x; a, oe 
where the mathematical expectation and the dis- 
persion o” of the variable x determine all the 
individual features of the showers. A two- ora 
multi-center theory leads to a superposition of 
functions of the same type G(x) = Lajf (x; aj, o4)s 
and the mathematical expectation and the disper- 
sion of the value x no longer determine the func- 
tion G(x) fully. These distributions will be non- 
uniform in the Gaussian sense. 

Thus, the choice of one or the other approach 
to the description of the multiple particle produc- 
tion depends on the uniformity of the experimentally 
obtained angular distributions. Since it is assumed 
that the hydrodynamical theory is most applicable 
to those interactions in which a large number of 
secondary particles are produced,® it becomes 
especially important to verify the uniformity in 
the group of high-multiplicity stars. In this sec- 
tion, we shall describe only the results of the in- 
vestigation, the details being given in the Appendix. 

The integral angular distributions of the 
shower particles of a group of nucleon-nucleon 
collisions and of a group of high-multiplicity stars 
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FIG. 1. Integral angular distribution for 
a group of nucleon-nucleon collisions in 
normalized variables z = (x — X)/s. 
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FIG. 2. Angular distribution of particles 
for a group of high-multiplicity interactions 
in normalized variables. 


are shown in Figs. 1 and 2 in normalized variables 
z = (x — x)/s, where s” is the measure of disper- 
sion obtained from experimental data. The solid 
curves represent the Gaussian function with the 
parameter equal to 0 and 1. It can be seen that, 
in both cases, the empirical distribution functions 
can be considered as normal ones. The w-test 
does not reveal marked deviations even at a sig- 
nificance level of 20%. The corresponding values 
of w, for separate jets are shown in column 13 of 
the table. The arithmetical mean in the group of 
high-multiplicity jets w= 0.07 is in good agree- 
ment with the assumption of the uniformity of the 
distribution. With a fit of 94%, the mean difference 
between the angular distribution of these jets and 
the normal distribution is less than 3 x 107. 
Chernavskil’ proposed a hypothesis suggesting 
the existence of a special type of non-uniformities 
in nucleon-nucleus collisions connected with the 


production of an accompanying shower by virtual 
™ mesons, independent of the main shower. Stars 
of such a type should differ by possessing a large 
number of grey and black prongs, i.e., the same 
features as are characteristic of high-multiplicity 
stars. One can therefore separate showers of 
such type in the last group only by the form of the 
angular distribution of shower particles. 

The dotted curve in Fig. 2 represents, in nor- 
malized variables, the calculated total angular 
distribution of the main shower and of the accom- 
panying one. For constructing the curves, we used 
Eq. (2) with Ep = 10’? ev, 7 = 5, and under the fol- 
lowing assumptions: the angular distribution for 
the accompanying shower is shifted from the main 
one by the quantity logVM/t , the dispersion is de- 
creased by 0.25 log (M/u), and the number of par- 
ticles in it amounts to 0.4 of the total. The quantity 
characterizing the difference between the solid and 
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the dotted line A = 9 x 10“ (see Appendix). The 
probability of an agreement between the calculated 
distribution and the total distribution of all groups 
of high-multiplicity showers is less than 0.01%. 

For all the 12 showers of this group, the com- 
parison with the dotted curve produced a value of 
A less than with the solid curve only for No. 14 
(see table). If we assume that the agreement is, 
in that case, not due to purely accidental factors, 
and if we take into account the fact that the detec- 
tion probability of the accompanying showers in the 
high-multiplicity group should be greater than the 
corresponding total probability, we obtain the upper 
limit of probability of the appearance of an accom- 
panying shower as equal to 0.04.* 

It follows from the above that the angular dis- 
tributions of shower particles are sufficiently uni- 
form so that the fraction of showers of the two- 
center type cannot be great. In fact, in the vari- 
ables x = logtan0, y = log[F/(1 — F)], only 
eight out of 80 showers are represented by curves 
with a well-marked split into two branches, char- 
acteristic of two-center stars. The value of y 
(the Lorentz factor of the emission centers in the 
general center-of-mass system) for these showers 
is shown in column 12 of the table. Thus, the two- 
center mechanisms of particle production cannot 
be responsible for the anomalous behavior of the 
esc ueion anisotropy, as is maintained by Bartke 
et al. 


CONCLUSIONS 


1. In the analysis of the interactions of high- 
energy nucleons (up to 10’ ev) with heavy nuclei, 
it is necessary to take the widening of the tunnel 
in the course of penetrating through the nucleus 
into account. 

2. The anisotropy of the angular distribution of 
nucleon-nucleus showers does not decrease with 
an increase in the number of excited nucleons, at 
least not up to energies of 5 x 10 ev. 


*Let us denote the number of the ordinary showers and of 
the Chernavskii-type showers by N, and N,y respectively. The 
high-multiplicity group consists of events with 1 2 7. The 
values of / calculated for the Chernavskil-type showers using 
Eq. (1) take the nucleons both in the main and in the accom- 
panying tunnel into account. The total value / 2 7 is obtained 
if the main tunnel contains five nucleons. The relative proba- 
bility in the high-multiplicity group is therefore 


9) / (NA 2) + Mol >7)], 
and the total probability from geometrical considerations is 


Non (matsd® 5) 1 [No (2 > 5) + Ney (lmats® 5)] © Nei(lmair> 5) /N (> 5). 


ch’ main 


y 
Non rain (akin == 


The number of showers with N(J 2 5) is taken from the table. 
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3. Within the same energy range, the relative 
probability for the appearance of accompanying 
showers in the form predicted by Chernavskii is 
smaller than 0.04. Apparently, an ‘‘accompanying”’ 
tunnel cannot be considered independently of the 
main one. 

4. The angular distributions of relativistic 
particles in the showers are uniform and, ex= 
pressed in terms of the variables x = log tan@, 
are well described by Gaussian functions. 

The authors are greatly indebted to A. A. 
Blyudzin, who was very helpful in collecting the 
experimental material. The authors would like to 
thank D. M. Samoilovich for the processing of the 
emulsion stack, A. N. Charakhch’yan and V. P. 
Grigor’ev for help in organizing the flight, and 
E. L. Feinberg and G. A. Milekhin for their inter- 
est in the experiment and for their comments. 


APPENDIX 


In the article, we have made use of the w test 
to check the agreement between the experimental 
results and a hypothetic curve for a small amount 
of data. The test is based on the use of the quan- 
tity Wy which relates the integral empirical dis- 
tribution function F (x; x, s), for a chosen volume 
n out of the total Gaussian set, to the Gaussian 
function 


x 
POs) (ene ae \ e— (4a)? 20% x 
where 


wn = VIF (x) — 


F (xja=x, o=s)}? dF (x| x, s) 


=1/12n+ >) [F (x,| x, s) —(2v — 1) / 2Qnp, 
where x, Ss ee the estimates of the parameters 
a and o corresponding to the given choice, and 
the quantities x, are ordered according to in- 
creasing value. It has been shown? that the dis- 
tribution of w is independent of the values x and 
s and, for increasing n, soon becomes independent 
of the chosen volume. In the same reference, 
tables for the asymptotic form of the distribution 
w and the distribution wy for n = 25 and n = 100 
are given. 

Let us consider r showers with multiplicity 
nk each with a corresponding empirical distribu- 
tion function Gk (x). We wish to test whether the 
observed Gx (x) is better described by a Gaussian 
function (assumption I) or by a superposition of 
such functions G; x (Xx) = = A QikF (xX; aik, Cik) 
(assumption IL). 
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For each shower, we shall pass from the var- 
iable x to the normalized variable Zvk = (Xpk 
— Xk)/sk, where 


lp Np 
me 1 4 WS 
=: fam pa Xvky Sp = p= 1 >» (Xve ae Xp)", 
v 


and we shall construct the total empirical distri- 
bution function 


G (2) = (1/r) >) Ge (2). 
If the assumption II is correct, then the following 
two cases can occur: 

a) The parameters Qj, ajk, and oj, are such 
that all the distributions G_(z), or a considerable 
part of them, are identical. The function G (Cay 
for a sufficient amount of data, is then markedly 
different from the function F(z; 0, 1), which can 
easily be established, e.g., by means of the w test. 

b) Let us consider the case where Qjk, ik, 
and ojk are not connected by any relation in indi- 


vidual showers, and all Gx (z) values are different. 


The function G (z) can then coincide with F(z), 
but Gk(z) differs for different showers by more 
than can be ascribed to purely statistical fluctua- 
tions. 


We define the variance of the functions Gk (z) 
and (7) as 


Ae = \ {Ge (2) — F (PAF (2). 
For each of the r showers, let us find the quantity 
wi, =n, \(F — G,)*4F (2). 
If F and G,, are different, then 
w’, =n, \ [(F — Gs) + Gu— Ga) AF (2) 
= ny \ (F — Gy)?dF (2) + nn \ (Ge — Gi)? AF (2). 


The first term of the sum equals nkAk, and the 
second term is distributed approximately accord- 
ing to the w-distribution law. Averaging wk over 
all showers, we find 


ip 
1 , ae 
—iw,=8 + npApow + npAr. 
k 


For a large r, we can find such a value of wp that, 
with probability 1 — P, we have 


w<wp = E(w) + ilee)s \,(P)—0 as roo 


where E(w) denotes the mathematical expecta- 
tion of w. In order to find A;P for a finite r, we 
can use the limiting theorem of Lyapunov. 
In principle, if we desire a given accuracy of 
1 — P, we can always select a sufficiently large r 
in order to determine the accuracy of the standard 
deviation (A,) for the angular distribution func- 
tions of single showers and of the total distribution. 
Finally, if for the selected level of significance 
P, we simultaneously find that 


— Sw’, < E(w) + 4, (P), 


if 
r 


(Sm) 16 — F PAF) < E (w) ++ ee (P), 
k 


then we can consider the assumption I as correct, 
and the functions Gx (z) as homogeneous within 
the limits of the variance 


[E (w) —% (P) — — Siw, | (1 /m)- 
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New experimental data on double charge exchange of Li’, Na, and K’ ions in a number of 
gases are presented which confirm the possibility of using Massey’s adiabatic hypothesis ue 
account for the shapes of the o-;(v) curves. Conclusions are stated regarding the behavior 
of some of these curves for v < Vmax near Vmax: 


INTRODUCTION 


lies earlier work!” we have shown that double- 
exchange processes of the type 


At+B—-A+B** (I) 


obey Massey’s adiabatic hypothesis, i.e., the max- 
imum of the o;_;(v) curve is reached at a velocity 
Vmax determined from 


a| AE |/homax = 1, (1) 


where a is the range of interaction between the 
colliding particles,* AE is the so-called resonance 
defect (the change in internal energy of the parti- 
cles that results from the given process), and h is 
Planck’s constant. a was found to be only slightly 
dependent on the nature of the colliding particles, 
and to have the average value 1.5 A. 

Similar relations hold true for 


A+B-+A + Bt (II) 


(electron capture by fast neutral particles’), and 
for 


Ars B= A+ B* (III) 


(ordinary charge exchange’’8), with the sole dif- 
ference that the average values of a for these 
processes are 3 and 8 A, respectively. 

Another important consequence of the adiabatic 
hypothesis is the theorem that for large values of 
the adiabatic parameter (a|AE|hv> 1) the 
cross sections for inelastic processes are small 
but increase with velocity according to the formula 


6 = 0) exp {— ka| AE |/hv}. (2) 


Practically nothing is known regarding the 
shape of the o(v) curve in the adiabatic region 


*A different interpretation of a in (1) has been given by 
Drukarey.* 


a| AE|/hv > 1. On the basis of data that he had 
obtained previously’”® Hafsted has concluded in 
reference 9 that o,)(v) for ordinary charge ex- 
change obeys Eq. (2) at velocities that are not very 
far from the maximum. 

The present work presents measured cross 
sections for double charge exchange of Li*, Na’, 
and K*. These data further confirm (1) for double 
charge exchange, and also permit some conclusions 
regarding the shape of o;-,(v) for primary-ion 
velocities v < Vmax. 


EXPERIMENTAL RESULTS 


We measured the cross sections o;_; for Li* 
— Li in Hp, Ar, Kr, and Xe at 5 — 60 kev, for 
Na*— Na™~ in Hy, Ar, Kr, and Xe at 10 — 55 kev, 
and for K*— K™ in Hh), Ne, Ar, Kr, and Xe at 
10 — 80 kev. Beams of alkali metal ions were 
obtained from either a high-frequency ion source” 
or a thermionic source. The apparatus and tech- 
nique have been described in references 11 — 14. 

Curves of oi,4(v) for Li*— Li, Nat— Na™ 
and K*— K™ are shown in Figs. 1 — 3. For each 
energy the magnitude of oj; was obtained by 
averaging two measurements. For those portions 
of the curves where low peaks appeared (Na* 
— Na” and K*— K in H,) and for low velocities, 
where o;-, is small, the cross sections were ob- 
tained by averaging five or six measurements. 
The most probable error is 415%. 

A comparison of the o;.;(v) curves for Li* 
— Liv and Na*— Na’, obtained with the aid of 
both thermionic and high-frequency sources, shows 
that the curve shape depends on the type of ion 
source producing the primary beam. Curves ob- 
tained with a high-frequency source exhibit maxi- 
ma which do not appear on corresponding curves 
obtained with a thermionic source. As we have 
shown previously,'” the complex structure of 


826 


DOUBLE CHARGE EXCHANGE OF ALKALI METAL IONS 827 


E kev 


= E kev Ek 
10 20 3040.50 60 , kev 
20{— iy aaa C7 0 10 20 30 40 50 60 7060 
e | fe) 
15 | 
10 


7 
v 10’cm/sec vp. 107cm/sec v, 10’cm/sec 


FIG: li = Li: process. @—thermionic source, O —high-frequency source. Excited levels of fast ions: 1—2s3S,; 2—2s1S. 


+ - wise “ : 

FIG. 2. Na’ +N process. @—thermionic source, 0 —high-frequency source. Excited level of fast ions (process IV in H,): 
3s°*P?,. Dashed arrows indicate the following combinations of excited levels of fast and slow ions: 
5 are TNat (st 2p?) — Artt (3pt 4D»),  1— Nat (38° *P9 | )— Kr++ (4p sp pe 
r: 2 210 21190 


0 
2—Nat (355 Spite )— Art++ (3p* 1S,); 2— Nat (355 sy ee )— Krt+t (4d ON bie es 


o 
1—Nat (355 ope. J—Xet+(7s 5S.°), Kr: 8—Nat (355 sp? , )—Krtt (ap  1P), 
e 
Xe: 2—Nat (3s° *P? )— Ket+ (5d *D,),  4— Nat (3s *P) ) —Kr++ (6s *S.) 
0 
3—Nat (355 *P° )— Xet+ (6p 5P,);  5— Nat (38° *P) |) —Kr++ (Ad *D,, ). 


FIG. 3. K* + K” process. @— thermionic source. Excited levels of fast ions: 1—3d’F}; 2-—4s°P}. Dashed arrows indicate 
the following combinations of excited levels of fast and slow ions: 


1, 2=K+ (3d 4F?)— Krt+ (pt Py tf Kt (BaF) — Keath (pt 22) )e 
3, 4—K+ (4s Te), —Kr+t (4p *P_). 3, 4— K+ (4s *P.)— Kerr (opt*P), 
5—K+ (3d 1F°) — Kr+t (4p *D2), 5—Kt+ (3d 1F°)— Ket+ (Spt 1D»), 
Kr: g K+ (4s PY) — Krtt (4p 1D;), ~° 6 K+ (As *P8)—Ket+ (5p* *Dz), 
7=K+t (3d 1F?)— Krtt (Ap* *S0), 7—K+ (3d 1F*) — Xett (5p! 1S), 
8—K+ (ds *P%) — Kr++ (4p* 1Sq); 8—K+ (4s *P*) — Xet+ (5p* 155) 
o;-1(v) curves obtained with high-frequency APE SB en eg (IV) 


sources is accounted for by the fact that the pri- 


mary beam in such cases contains some ions in (double charge exchange of fast excited ions) and 


metastable excited states. During beam passage Hie ge Hea isp (Vv) 
through a gas, process I (double charge exchange 
in which only ground-state particles participate ) (double charge exchange of fast excited ions with 


will then be accompanied by other processes: the formation of slow excited ions). 
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Unlike the cases of Li*— Liv and Na*— Na, 
identical oj1(v) curves for K"— K™ charge ex- 
change are obtained with high-frequency and ther- 
mionic sources, i.e., peaks are observed at iden- 
tical velocities in the two cases. The difference 
which is found in the respective heights of these 
peaks results from different numbers of excited 
ions in the beams. Since thermionic emission 
cannot be accompanied by the excitation of K* ions 
evaporating from the emitter (potassium alumino- 
silicate), excited ions must be produced through 
collisions of primary ions with residual gas 
molecules and with the metal surfaces of beam- 
defining slits and of the magnetic mass-mono- 
chromator cover. The apparatus was redesigned 
for the purpose of determining the part played by 
residual gas in the excitation of ions ina K* beam. 
The ion beam path from the source to the collision 
chamber was reduced. The residual gas pressure 
was considerably reduced by a modified pumping 
system and by the use of liquid-nitrogen traps. In 
this manner the number of residual gas molecules 
in the beam path from the source to the collision 
chamber was reduced by a factor of about 10, 
without affecting the o;,(v) curve for the K* 

— kK’ process. We can thus conclude that excited 
ions ina K* beam from a thermionic source are 
produced by collisions with metal surfaces. The 
absence of excited ions in Li* and Na* beams 
from thermionic sources evidently results from 
the fact that the excitation energy of metastable 
Li* and Na* is considerably above that of K*. 

In our earlier work!” we have shown that (1) 
is applicable to double charge exchange processes 
and that a is approximately identical, with an 
average value of 1.5 A, for double charge exchange 
of unexcited and excited ions. On this basis we 
have analyzed the o;_;(v) curves for Na*— Na™ 
and K*— K. 

The simplest of the Na*— Na processes is 
that of Na* in H), when excited gas ions cannot 
result. The peak of the curve obtained with a 
high-frequency source is associated with an ad- 
mixture of Na’ ions in the metastable excited 
states 3s,;°P, and 3s; °P) (with very close ex- 
citation energies). The shape of oy;(v) for Na* 
— Na” in Ar, Kr and Xe, using a high-frequency 
source, can be attributed to double charge exchange 
of excited Na* ions in 3s5°P) states, with the 
simultaneous formation of exeited doubly-charged 
gas ions. The arrows in Figs. 2 and 3 indicate the 
positions of the additional peaks associated with 
processes IV and V (solid arrows for IV and 
dashed arrows for V). The level of the fast 
excited ion participating in process IV is stated 
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in the captions of Figs. 1 — 3. The levels of the 
fast ion and of the gas ion participating in process 
V are stated in the captions of Figs. 2 and 3. 

When K*— K™ processes were analyzed 
similarly, the case of K* in H, was found to be 
especially interesting. Here the main and second- 
ary peaks associated with charge exchange of K* 
in the metastable states 3d 'F$ and 4s °P} are 
within the investigated velocity range. In Fig. 3 
the secondary peak is seen to be considerably 
higher than the main peak. The explanation for 
this lies in the rapid falling-off of o;4max with 
increasing resonance defect, !° while | AE | for 
K* (3p® 4S), the ground state) — K™ is larger than 
for K* (3d 'F4)— K-. 

The shape of o1.;(v) for K°— K in Kr and 
Xe can be attributed to double charge exchange of 
Kt in 3d !F$ and 4s °P$ states, accompanied by 
the production of excited doubly-charged gas ions. 
For K* (3d 'F}) — K™ in Ar a peak should be 
found at 90 kev, with all other peaks located at 
higher energies. Fig. 3 shows a peak at 80 kev 
for K* in Ar. For K* in Ne the peak closest to 
the investigated energy range is located at 360 kev 
[K* (3d 'F$) — K"]; o1.,(v) increases monotoni- 
cally in the investigated range. 

The shapes of oj-4(v) for Na*— Na and K* 
— K’, as well as for H*— H, Li*— Li, B* 

— B, O°’— O and F*— F-’, which we had inves- 
tigated previously, are fully accounted for by the 
adiabatic criterion (1). 

In order to account for the shape of o;_; at 
velocities v < vmax we may use o;-;(v) for Li* 
— Liv and Na*— Na’ in the caSe of a thermionic 
source, as well as for K*— K™ in Ne and Ar, 
since in these cases the velocity region of interest 
is not distorted by secondary peaks that represent 
double charge exchange involving excited particles. 

It must be remembered that our velocity region 
Vv < Vmax is not adiabatic for any of the aforemen- 
tioned cases (with the possible exception of K* in 
Ne), since the condition a|AE| /hv > 1 is not ful- 
filled. We could therefore not expect o4_,(v) in 
this region to be described by (2). In actuality, a 
considerable portion of 0;_;(v) almost up to the 
peak obeys (2) for all of the cases mentioned (tie 
— Liv and K*— Kin Ar). This can be seen 
from the plot (Fig. 4a) of In oj; as a function of 
1/y foreLite iaain Hy; here two points lie off 
the straight line near the peak of o;_,(v) (which 
corresponds to the smallest value of 1/v), and an 
additional point at the smallest velocity (3.7 
x 10! cm/sec). The number of points not lying on 
the rectilinear segment of In oj, =£(1/v) in- 
creases at lower velocities. This is seen for Na* 
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FIG. 4. In o,., = f(1/v) 
for (a) Li* + Li” in H,; 
(b) Nat > Na” in Hes 
(c) K* + K” in Ne 


Jd 
Vv, 10 8sec/cm 


— Na’ in H, (Fig. 4b), where three points lie off 
the straight line, and is even more prominent for 
K*— K in Ne (Fig. 4c), where five points lie 
off the straight line. 

The o;-;(v) curve thus obeys (2) wherever the 
condition a| AE|/hv > 1 is not satisfied, and 
ceases to obey (2) wherever the condition is 
satisfied to any extent (a| AE|/hv ~ 7 for the 
lowest velocity on o;_,;(v) in the case of K*— K™ 
in Ne). The situations for processes li’ and I" 
are analogous. 

In connection with the observed characteristics 
of o;.1(v) in the region v < vmax for electron 
capture by fast ions and atoms, during a discus- 
sion at the conference on electronic and atomic 
collisions held in Riga during June of 1959, V. M. 
Dukel’skii suggested that (2) is not fully obeyed be- 
cause the relative velocity of particles involved in 
the given process does not equal their relative 
velocity before collision. The manner in which 
points depart from the straight line in plots of 
In oy; =£(1/v) indicates that if this suggestion is 
correct, then vtrue > v, where Vtrue is the true 
velocity at which the process occurs and v is the 
velocity before collision. The increment Av 
=Vtrue — V results from the interaction between 
the colliding particles. The relative velocity 
change resulting from the acceleration induced by 
the interaction forces is easily calculated from 
the departure of points lying off the rectilinear 
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segment of In 01; =f(1/v). From the most ex- 
tremely deviating point for K* in Ne we obtain 
Av/v © 60%, which is too large to result from the 
known attractive forces between atomic particles. 
Dukel’skii’s suggestion can therefore not account 
for the way in which o;_;(v) departs from (2). 

In disagreement with Hafsted,’ we maintain that 
the way in which oj; falls off in the region v 
< Vmax hear the peak according to (2) has no rela- 
tion to the adiabatic hypothesis, since a| AE] /hv 
> 1 is clearly unfulfilled in this velocity region. 
This condition is evidently not fulfilled even for 
K" in Ne, in which case we obtained the highest 
values of a|AE|/hv. This is evident from the 
fact that the points of In o1_, =f(1/v) that lie off 
the straight line do not determine a second straight 
line, which would have been evidence of a true 
adiabatic region. Moreover, even in a true adia- 
batic region oj4(v) might not obey (2) since a can 
be velocity dependent. The experimental informa- 
tion required for determining 0 ;_;(v) in the adia- 
batic region is still extremely meager. Therefore 
the further investigation of o(v) for different 
processes at low velocities remains a very im- 
portant task in the physics of atomic collisions. 

In conclusion the authors wish to thank Prof. 
A. K. Val’ter for his constant interest, and V. I. 
Muratov and O. I. Ekhichev for assistance with the 
measurements. 


‘Fogel’, Mitin, Kozlov, and Romashko, JETP 
35, 565 (1958), Soviet Phys. JETP 8, 390 (1959). 

? Fogel, Kozlov, Kalmykov, and Muratov, JETP 
36, 1312 (1959), Soviet Phys. JETP 9, 929 (1959). 

3G. F. Drukarev, JETP 37, 847 (1959), Soviet 
Phys. JETP 10, 603 (1960). 

4Fogel’, Ankudinov, Pilipenko, and Topolya, 
JETP 34, 579 (1958), Soviet Phys. JETP 7, 400 
(1958). 

°Fogel, Ankudinov, and Pilipenko, JETP 35, 
868 (1958), Soviet Phys. JETP 8, 601 (1959). 

6 Fogel, Ankudinov, and Pilipenko, JETP 38, 
26 (1960), Soviet Phys. JETP 11, 18 (1960). 

'J. B. H. Stedeford and J. B. Hasted, Proc. 
Roy. Soc. (London) A227, 466 (1955). 

8H. B. Gilbody and J. B. Hasted, Proc. Roy. 
Soc. (London) A238, 334 (1957). 

93. B. Hasted, J. Appl. Phys. 30, 25 (1959). 

10Kozlov, Marchenko, and Fogel’, [Ipu6opp u 
TexHuka 9kcnepuMenta (Instruments and Exptl. Tech- 
niques) (in press). 

‘l-ya.M. Fogel’ and L. I. Krupnik, JETP 29, 
209 (1955), Soviet Phys. JETP 2, 252 (1956). 

12-ya.M. Fogel’ and R. V. Mitin, JETP 30, 450 


830 FOGEL’) KOZLOVs ands POLY AKOV 


(1956), Soviet Phys. JETP 8, 334 (1956). 15va_M. Fogel’, Usp. Fiz. Nauk 71, 243 (1960), 
Fogel’, Mitin, and Koval’, JETP 31, 397 (1956), Soviet Phys. Uspekhi 3, 390 (1960). 

Soviet Phys. JETP 4, 359 (1957). 
‘Va. M. Fogel’ and A. D. Timofeev, Tp. us.-mar. 

pax-ra XY (Trans. Phys.-Math. Faculty, Kharkov Translated by I. Emin 

State University) No. 7, 147 (1958). 224 


OVID PHYSICS 2h TP 


VOLUME 12, NUMBER 5 


MAY, 


L961 


MEASUREMENT OF THE ANISOTROPY OF THERMAL CONDUCTIVITY OF ZINC AND 
CADMIUM IN THE SUPERCONDUCTING STATE 


. ZAVARITSKII 


Institute for Physics Problems, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor June 17, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1193-1197 (November, 1960) 


The thermal conductivity of zinc and cadmium in the superconducting state has been meas- 
ured along different crystallographic directions. The anisotropy in the temperature depend- 
ence of the electronic thermal conductivity is ascribed to an anisotropy in the width of the 
gap in the energy spectrum of the excitations in these metals. 


Recent investigations have shown the existence 
of an anisotropy in the energy spectrum of the ex- 
citations in the superconducting state for gallium! 
and tin.” In the present work these measurements 

- are extended to zinc and cadmium. As before, ' the 
form of the anisotropy of the spectrum was deter- 
mined from the anisotropy of the electronic thermal 
conductivity in the superconducting state. 

The conductivity of zinc and cadmium specimens, 
grown along the principal crystallographic direc- 
tions by Kapitza’s method,’ was measured between 
0.1 and 1°K. The method of measurement was 
similar to that used previously,* the change in the 
apparatus consisting only in a considerable im- 
provement in the thermal contact between specimen 
and cooling salt. Figure 1 shows the results of the 
thermal conductivity measurements and Fig. 2 the 
relative change in conductivity of the specimens in 
the superconducting state. At T =Te¢ the values 
of K (in w/cm-deg.) are as follows: 


Cd-3 
974 


Cd-2 
28.2 


Zn-4 
4.6 


Zn-7 
Tote 


Til “Zu-2 
ise M383 
In order to determine the critical temperature 

To of the metals studied, the temperature depend- 
ence of the critical magnetic field He was meas- 
ured, as previously.' The table gives the chief 
quantities characterizing the He(T) dependence 
and the heat capacity of the metal in the normal 
state, based on these data. The critical tempera- 
ture for zinc derived from these measurements 
agrees with Phillips’ data,° but the critical temper- 
ature for cadmium comes out somewhat lower than 
that obtained earlier,® due evidently to the improve- 
ment in the magnetic temperature scale achieved 
by Cooke et ales 


K,w/cm deg 
10 


oN 


Qi 0? 05 1 


FIG. 1. The thermal conductivity of specimens of zinc and 
cadmium along the hexagonal axis (open points) and perpen- 
dicular to the hexagonal axis (full points). 


DISCUSSION OF RESULTS 


We shall first consider the results for zinc. It 
can be seen from Fig. 2 that the temperature de- 
pendence of the thermal conductivity is a function 
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T/T 


FIG. 2. The variation with temperature of the electronic 
thermal conductivity of zinc and cadmium in the superconduct- 
ing state: open points — specimens along the hexagonal axis, 
full points — specimens perpendicular to the hexagonal axis. 


of the crystallographic direction. The greatest 
difference is observed between the temperature 
dependence of the conductivity along the hexagonal 
axis and in a direction perpendicular to it. The 
results obtained previously® for zinc specimens of 
intermediate orientation lie between these two 
curves. The anisotropy in the temperature de- 
pendences of the thermal conductivity shows up 
most clearly in the variation of the ratio of con- 
ductivities along different crystallographic axes, 
as shown in Fig. 3. The mean values of Kes/KT¢ 
for all specimens of one orientation have been 
used for calculating these ratios, and we have 
taken the value p1/ P| = 1.4 for the residual re- 
sistance range, according to the measurements of 
V. B. Zernov (private communication), which 
corresponds to Ky¢||/Kpol = 1.40. Since the 
lattice conductivity — the upper limit of which 


Quantity Zn Cd 
ie 0.82, 0,53 
(44 (/aT)r 7, 100 95 
(4,)r.ox HyAGOaD) {| Ah txEX0),5)) 
(2717 ./dT2) 55 90 107 
103 y, 0,68(+0 03) | 0.63(+0.06) 
Joule/g-mole-deg 
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FIG. 3. The temperature dependence of the relative aniso- 
tropy of electronic thermal conductivity of zinc and cadmium 
(K, and K, are the thermal conductivities of specimens along 
and perpendicular to the hexagonal axis). The dashed curve is 
the variation of the ratio Ki Ain’ * i, Amin 2CCOrding to theory. 


can be estimated from Casimir’s formula (see, 
for example, reference 1) — is small compared 
with the electronic conductivity for the specimens 
studied, the results evidently reflect a temperature 
variation in the electronic thermal conductivity of 
Zine. 

The anisotropy of the temperature variation of 
electronic thermal conductivity of a superconductor 
in the temperature region T « Te can be ascribed 
to an anisotropy in the width of the gap A which 
separates the excited state from the ‘‘supercon- 
ductive’? ground state of the electrons.!’? The 
more rapid change in conductivity along the hexag- 
onal axis therefore indicates a more rapid reduc- 
tion in excitation density with decreasing tempera- 
ture, corresponding to a maximum of A in this di- 
rection. 

We can compare the results obtained with the 
theoretical analysis of the change in conductivity 
of an anisotropic superconductor, made by 
Khalatnikov.’ If the directions for which the values 
of A are the minimum lie in a plane perpendicular 
to the principal direction, then for isotropic scat- 
tering of the excitations 


Ae Ever |, 4 


where Kl, Amin 2nd Kj, Amin are the conductiv- 
ities in the direction of Amin and perpendicular to 
it and A” is the derivative of A in the direction of 
Amin with respect to angle,* or if we approximate 
A by an ellipsoid of revolution, 


= 44 T/A", (1) 


min 


Ki ae K ea Apel (Aa 


min max Minin) (1a) 
*The calculation of the thermal conductivity for the case 
of anisotropy was carried out by A. F. Rusinov (private com- 


munication). 
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It can be seen from Fig. 3 that this dependence is 
close to that obtained experimentally in the tem- 
perature region T/T < 0.3, so that we can use 
the results of the calculation to determine Amin 
and the anisotropy* of A. The direct proportion- 
ality of K1, Amin to exp(—Amin/T) for temper- 
atures where (Amax — Amin)/T > 1 was used to 
determine Aypjn, and Eq. (1a) was used to deter- 
mine Amax — Amin. Comparison of the results 
of this calculation with the data of Figs. 2 and 3 
shows that for zinc Amin © 1.2 Te, i.e. ~1.0°K 
and Amax —— Amin Gr (0) 55) Te. 

Let us now consider the results for the thermal 
conductivity of cadmium. Here the temperature 
dependence in the superconducting state is also a 
function of the crystallographic direction. The 
form of the anisotropy of Keg is similar to that 
found for zinc (Figs. 2 and 3). The nature of the 
anisotropy of A in these two metals is evidently 
similar. A quantitative comparison with theory 
can not be made in this case. An estimate of the 
value of Amin leads to the value Amin ~ 1.35 Te, 
i.e. ~ 0.67°K for cadmium. 

Measurements made up to the present thus 
indicate the existence of an anisotropy in the 
energy spectrum of the excitations in a whole 
range of superconductors: gallium, tin, zine and 
cadmium — all the metals which have so far been 
studied. The form of the anisotropy in the energy 
gap can, apparently, differ. For example, while in 
the case of gallium the value of A can be repre- 
sented to a first approximation by an ellipsoid 
compressed along the axis of rotation, in the case 
of zinc and cadmium this ellipsoid is stretched out 
along the axis of rotation. The considerable mag- 
nitude of the anisotropy in A and its differing 
character show that one must be very wary of the 
comparison of the properties of different metals 
according to the mean value of the gap width®»"° 
and of the results of comparing the properties of 


*In the earlier’ analysis of the anisotropy of A for gallium 
it was impossible to compare the experimental results with the 
theory since, owing to the large anisotropy of thermal conduc- 
tivity in the normal state over the whole temperature range 
studied, the added condition K, A.i./Ku,Amin < 1 which fol- 
lows from (1) and the conditions for the calculation, 

(Amax — Amin)/T > 1 was not fulfilled. 


real superconductors with the results of a theory 
based on an isotropic model. There is as yet in- 
sufficient data to relate unambiguously the aniso- 
tropy of A with the anisotropy of the properties of 
a metal in the normal state, but the agreement be- 
tween the form of the anisotropy of A for gallium 
and the details of the Fermi surface, which can be 
derived from the galvanomagnetic properties by 
using the theory of Lifshitz et al.,!* can hardly be 
considered fortuitous. There is obviously a 
similar correlation for zinc and cadmium. 

In conclusion, I take the opportunity of ex- 
pressing my sincere thanks to P. L. Kapitza and 
A. I. Shal’nikov for their constant interest in this 
work. 
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The spatial asymmetry of electrons from the p> —e decay in NIK FI-R emulsions was studied 
in an 11-koe and in zero field. It is shown that no asymmetry can be observed in either of the 
cases in a total of approximately 10: decay events. 


lig the first experiment by Lederman et ale! 
which was performed by electronic methods and 
which demonstrated the parity nonconservation in 
1m —> u— e decay, it was shown that the coeffi- 
cient of asymmetry for negatively-charged muons 
stopped in graphite is approximately six or seven 
times less than for positive muons, and its value 
isa *—0.05. The mechanism by which the nega- 
tive muons can be so greatly depolarized was 
considered by Shmushkevich? and Dzhrbashyan,? 
who showed that in cascade transitions in mesic 
atoms the negative muons lose the greater part of 
their polarization, and retain only 15-17% of the 
initial polarization on the K shell of the mesic 
atom, where they decay. This result is in agree- 
ment with the experimental data obtained by Ig- 
natenko et al.* If the nucleus of the mesic atom 
has a magnetic moment, then the interaction be- 
tween the magnetic moments of the nucleus and the 
negative muon will cause even this residual part 
of the polarization to be lost, and it can no longer 
be restored in ordinary magnetic fields obtain- 
able under laboratory conditions. However, if the 
nucleus has no spin ( such nuclei are the C™ and 
O1!*, which make up the main part of the gelatine 
in emulsions ), then the additional depolarization 
on the K shell will be due only to the interaction 
of the magnetic moment of the negative muon with 
the magnetic field of the electron shell, and such 
a depolarization can be destroyed by ordinary mag- 
netic fields, similar to what takes place in muon- 
ium. Actually, the energy of interaction between 
the magnetic moments of the negative muon and of 
the peripheral electron can be only less than the 
energy of interaction of the hyperfine structure in 
muonium, since the electron has an effective quan- 
tum number greater than unity. Consequently, a 
field of approximately 10* oe, which is sufficient 
for the annihilation of the depolarization of posi- 


tive muons, should be sufficient also for the anni- 
hilation of this depolarization mechanism. 

With these considerations in mind, along with 
the thought that the presence of a measurable po- 
larization of the negative muons stopped in nu- 
clear emulsion would permit investigation of 
asymmetry in many secondary processes con- 
nected with the capture of negative muons by the 
light nuclei of the emulsion, we undertook a meas- 
urement of the asymmetry coefficient in hp — e 
decay in a nuclear emulsion without a magnetic 
field (H < 0.1 oe), and ina strong magnetic field 
(H = 11 koe) directed along the axis of a nega- 
tive-meson beam.* 

The NIKFI-R emulsions were exposed in the 
synchrocyclotron of the Joint Institute for Nuclear 
Research to a negative-muon beam first slowed 
down by copper filters in such a way that the 
negative muons were stopped in the first 3 or 4 
cm of emulsion. 

The initial polarization of the negative-muon 
beam was not measured, and apparently cannot 
differ greatly from the initial polarization of the 
positive muon beam, which amounts to 0.81 + 0.11 
according to Mukhin, Ozerov, and Pontecorvo.° 

In measurements of the asymmetry coefficient, 
the initial direction was taken to be the direction 
of the negative-muon beam, about which the de- 
cay electrons have a distribution of the form 
1+acos J. To measure the value of a, the ob- 
servers noted the emission of the decay electrons 
in the angular intervals 3 =(0 + 45)° (forward) 
and (180 + 45)° (backward).f A total of 9279 de- 
cays were observed without the magnetic field 
and 3403 decays were observed in the 11-koe 


*This field was produced by an iron-free solenoid, gracious- 
ly furnished by A. E. Ignatenko. 

TAIl the p—e decays more than 50y away from the glass or 
the surface of the emulsion were registered. 
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field. The conditions and results of the measure- 
ment are as follows: 


Magnetic field H =<10m, oe 11 koe 
Number of decays forward 4580 1707 
Number of decays backward 4699 1696 
Asymmetry coefficient +0.02 + 0.017 0.00 + 0.025 


Number of observers 6 14 
Agreement (by the y” test) x’?~8 x?~ 25 


It follows from these data that within the indi- 
cated statistical errors we observed neither no- 
ticeable asymmetry nor an effect of the magnetic 
field on this asymmetry. The positive sign of the 
asymmetry for H =0 may be the result of a small 
systematic measurement error. It should be noted 
that in the case of ” decays the danger of system- 
atic errors is considerably higher than for p* 
decays. Actually, in the latter case practically 
each stoppage of the positive muon is accompanied 
by the appearance of a decay electron (thus, in 
99442 decays of positive muons no decay electron 
was observed in only 20 cases). The stoppings of 
the negative muons are approximately equally dis- 
tributed among the light (C, N, O) and heavy 
(Ag, Br) components of the emulsion, and con- 
sequently approximately half of all the stoppings 
in the emulsion occur without the appearance of 
a decay electron. This contributes to the occur- 
ence of systematic scanning errors, connected, 
for example, with the different efficiency of ob- 
serving decay electrons in different parts of the 
field of view of the microscope. 

In connection with the possibility of subjective 
systematic errors of the observers, we have an- 
alyzed the agreement between the date of 14 in- 
dividual observers, using the usual y’ criterion. 
The data above indicate that the results obtained 
by individual observers, particularly in the case 
H = 0, are in sufficiently good agreement with 
each other. 

Further measurements consisted of attempting 
to detect a spatial asymmetry at the end of the 
decay-electron spectrum, where the asymmetry 
coefficient is approximately three times greater 
than the asymmetry coefficient averaged over the 
entire spectrum.® For this purpose we selected 
612 flat electron tracks (306 decays each for 
H =0 and H = 11 koe), in which the energy could 
be measured by the multiple-scattering method, 
and measured the energy distributions of these 
electrons by means of a semi-automatic scatter - 
ing measuring apparatus, as well as the angles J 
between the directions of these tracks and the di- 
rection of the negative-muon beam. 


e- H=0 
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The procedure of these measurements and the 
criterion for selecting the tracks were in complete 
agreement with those indicated in earlier works.°®? 
The results are shown in the figure. The values of 
the asymmetry coefficient shown in the graph have 
been calculated from the average value of cos 3 
using the formula 


@==2cos9 + 1,57/)7 N 


for N is the number of electrons with energy 
greater than a given energy ¢«. The energy depen- 
dence thus obtained for the asymmetry coefficient 
points, in agreement with the data given above, to 
the absence of noticeable asymmetry. A striking 
fact is that at H = 11 koe a certain increase in the 
average value of a is observed at the end of the 
spectrum. The statistical significance of this in- 
crease, which does not exceed one and a half times 
the standard error, is however very small. 

The measurements performed make it therefore 
possible to state that our experiments show prac- 
tically no asymmetry effect in the decay of nega- 
tive muons in the NIKFI-R nuclear emulsion, in- 
dependently of the presence of an external mag- 
netic field. This makes it almost impossible to 
observe by the emulsion method such secondary 
effects connected with the polarization of negative 
muons as the asymmetry of emission of protons 
from stars produced upon absorption of negative 
muons by a nucleus, or the asymmetry of emis- 
sion of the electrons from f-active recoil nuclei 
formed in such an absorption. 

The authors are grateful to N. V. Rabin and 
E. A. Pesotskaya for participating in the measure- 
ments of the decay-electron spectrum. 
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Possible topological shapes of the Fermi surface of tin are discussed. The most probable 
Shape of the Fermi surface of tin is chosen by comparison with the experimental results of 


galvanomagnetic measurements. 


Ir has been concluded from an experimental in- 
vestigation of the galvanomagnetic properties of 
tin that this metal has a Fermi surface of the 
open type. The Fermi surface of a metal with 
tetragonal crystal lattice can in principle be of 
the ‘‘corrugated cylinder,’’ ‘‘corrugated plane,’’ 
or ‘‘three-dimensional grid’’ type, unlike metals 
with cubic structure for which the first two types 
are excluded.* > 

The experimental data obtained for tin’? per- 
tain mainly to samples with axes located in the 
principal crystallographic planes. It was possible 
to conclude from these data that the [100], [010], 
and [110] directions are open for the Fermi sur- 
face of tin. However, to explain all the topological 
features of the Fermi surface of tin, it was nec- 
essary to carry out a more detailed investigation 
of the anisotropy of the resistance of tin single 
crystals in large magnetic fields. It was also 
desirable to consider in greater detail the pos- 
sible types of Fermi surfaces of metals with te- 
tragonal lattices. 


1. ANALYSIS OF GEOMETRY OF FERMI SUR- 
FACES FOR CRYSTALS WITH TETRAGONAL 
STRUCTURE 


To investigate the topological features of the 
constant energy surfaces of metals with tetragonal 
crystal lattices, we use the following expression 
for the dispersion of €(p): 


cp Gin i ap ap 
2(p) = Ap— Ay cos — As C08 | cos oF + cos a 
Pog Pe a4 (cos LE cos 22) 
— As COS COS Ge — A, | cos = “+ COS =}: (1) 


Here c is the period of the lattice in the direction 
of the [001] tetragonal axis, and a is the period in 
the direction of the [100] and [010] binary axes. 
This expression represents the first harmonics of 
the Fourier series of the periodic function «(p) 


for the tetragonal lattice of the metal.* We do not 
discuss here the question of the genesis of the 
spectrum, and in this connection we consider a 
priori the constants Ag,..., Ay to be arbitrary. 

For values of € close to minimum, the con- 
stant-energy surfaces are ellipsoids. The po- 
sition of the centers of these ellipsoids depends 
on the relation between the coefficients A;. For 
example, if all A; >0, then the centers of the 
closed constant-energy surfaces €(p) = €min + 5€ 
(de is small) coincide with the origin. As ¢€ in- 
creases, the volumes of the constant-energy sur- 
faces increase, and at a certain value € = & 
(where e€, = Ag — A; — 2A, +Ag3) the surface be- 
comes tangent to the faces of the first Brillouin 
zone. 

If the coefficient A, is the largest of the Aj, 
then the surface (1) will in the first place be tan- 
gent to the (100) and (010) planes. When e€ > & 
surface (1) is an open surface comprising a plane 
grid of ‘corrugated cylinders’’ parallel to the 
[100] and [010] axes. For sufficiently large values 
of ¢ surface (1) will also become tangent to the 
(111) planes of the Brillouin zone. 

If the relations between the coefficients Aj are 
different (if A, and Ag are greater than the co- 
efficients A, and A,), the surface (1) will with in- 
creasing € become tangent to the (111) planes of 
the Brillouin zone earlier than to the (100) and 
(010) planes. If the Fermi surface of indium were 
open it would intersect the (111) planes of the Bril- 
louin zone, somewhat similar to the Fermi surface 
of gold or copper. ( The lattice constant a and the 
nearest neighboring atoms are Y, (ag + Cy yi? 
apart. Therefore A, >A, and A; >Aj4.) 


*If the coefficients of the Fourier series decrease with in- 
creasing number of the harmonic (which is true in the approxi- 
mation of the strongly-bound electrons), it is sufficient for the 
analysis of the topology of the constant-energy surfaces 
E(p) = € to retain several of the first harmonics in €(p). 
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If A, is the largest among the coefficients Aj, 
then constant-energy surfaces (1) of the ‘‘corru- 
gated cylinder’’ type are possible. This case takes 
place when c is much greater than a. However, 
no metals exist in nature with such a tetragonal 
structure. 

The edge of the elementary crystal cell of the 
tin lattice in the direction of the [001] axis is much 
smaller than the edge of the cell in the [100] di- 
rection (a/c © 1.8). We therefore assumed that 
the coefficients A; satisfy the inequalities 


A, > A, > As> As. (2) 


For the sake of simplicity, we shall assume that 
all A; > 9, and investigate in detail the constant- 
energy surfaces described by equation (1)* with 
relation (2) for the coefficients Aj. 

If (€ — €min) < 2(A_ + A3), the surfaces 
(1) are closed. If (€ — e€min) > 2(A2 + Az), the 
surface (1) will be an open surface comprising a 
plane grid of ‘‘corrugated cylinders.’’ 

At not too large values of ¢, the average direc- 
tion of the open trajectories € = const, pz = const 
is located in the (001) plane. With increasing e, 
the diameters of the ‘‘corrugated cylinders’’ in- 
crease, and the surface (1) recalls a pair of *“‘cor- 
rugated planes’’ connected by tubes in the [001] 
direction. With increasing ¢€ these tubes become 
~ *¥In the approximation of strongly-bound electrons, the de- 


pendence of the energy on the momentum for tin has a some- 
what different closed form 


cp ap, ap ap 
e(p)=A A costa = B 62a eos eee cos eee 
ale ia Ec a ea 
acm Che 3, Oy poe, Ge We 
sin? 2 4 sin? ; la 
er pe age a | Ce 


Naturally, each of the two branches of the function (la) can be 
expanded in a Fourier series similar to (1), and the surfaces 
(1) and (la) are equivalent in their topological properties. 
(The coefficients A; in (1) are different for the different 
branches.) 
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FIG. 1. Transformation of stereographic 
projections of the special directions of the 
magnetic field with increasing € for Fermi 
surfaces of metals with tetragonal structure 
of crystal lattice. 


narrower and narrower, and can in general vanish 
before the surface (1) touches the (111) faces of 
the Brillouin zone (if A; is much greater than the 
individual coefficients A,, Aj, or Ay). If A, dif- 
fers little from A,, A3 or Ay, then the tangency 
of the surface (1) with the (111) faces of the Bril- 
louin zone will take place earlier than the vanish- 
ing of the openings in the ‘‘corrugated planes.’’ In 
this case, along with open trajectories in (001), 
there will exist open trajectories parallel to the 
[001] axis. (It must be noted that for certain di- 
rections of the magnetic field, open trajectories 
will exist simultaneously with different average 
directions. ) 

When « is close to €max the surfaces (1) are 
closed surfaces located around the points of in- 
tersection of the three planes (100), (110), and 
(111) (and their like). 

Figure 1 shows the transformation of the 
stereographic projections of the directions of the 
magnetic field which lead with increasing «€ to 
open plane sections p, =const of the constant- 
energy surface (1). 

If A; differs greatly from A,, Ag or Ay (for 
A; >2A,), then the case f on Fig. 1 will not take 
place. The surface (1) will be a ‘‘corrugated 
plane’? with openings at 2(A, + A3) <(€ -— emin) < 
4A,. When (€ — €min) >4A 5, the surface (1) de- 
generates into two solid ‘‘corrugated sheets.’ 
When (€ — €min) 2 2A,, these sheets form new 
pairs (i.e., ‘corrugated planes’? joined by tubes ? 
and as ¢€ increases the transformation of the 
stereographic projections proceeds in reverse 
order from g to d, c, b, and a. 

If these ‘‘corrugated planes”’ are pairwise in- 
terconnected by straight circular cylinders, then 
the boundary of the two-dimensional shaded re- 
gion on the stereographic projections b, c, and d 
can be accurately calculated. Let d and h be the 
diameter and the height of the cylinder, b the re- 
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ciprocal lattice constant in the [100] direction; 
then, when 6 < 4, the open trajectories exist for 
any value of the angle @(6 and @ are the angu- 
lar coordinates of the vector H, with 6 reckoned 
from [001]. 6) is determined from the condition 


tan 0) = h/d. (3) 


We note that when @ < 6) there exist, along with 
the open trajectories, closed trajectories with 
different directions about the electrons, and when 
8 > @ only closed trajectories with like directions 
exist. 

When 6 > 6) the open trajectories exist only 
for rational directions of the projections H on the 
(001) plane, i.e., when tan go =n/m (n and m are 
integers). The maximum value of the angle On, m> 
at which open trajectories still exist, is obtained 
from the following condition (n/m is an irredu- 
cible fraction) 


tan 6, Si, 


= (4) 
— b/dV n> + m? 


2. DETERMINATION OF THE DIRECTIONS OF 
PLANE SECTIONS OF THE OPEN FERMI 
SURFACE 


To estimate the agreement between the surfaces 
considered above and the experimental data, it is 
necessary to analyze not only the stereographic 
projections of the special directions of the mag- 
netic field, but also the open directions, which can 
be obtained by investigating the dependence of the 
resistance on the angle between the current and 
the crystallographic axes at a fixed direction of 
the magnetic field. 

Several types of such current diagrams 
PH = const(@) are possible, where a is the angle 
between the current and the open section, or a 
certain crystallographic direction (J 1 H): 

1. If for a specified direction of the magnetic 
field there exists a layer of open trajectories with 
a single average direction, then the dependence 
Precast co) will have the following form 


PH—const () = AH* cos” a5 B. (5) 


When a =+7/2, the current diagram has a mini- 
mum, in the direction of which the resistance 
reaches saturation. For all the remaining angles 
the resistance will increase without limit in the 
magnetic field: p ~ H. 

2. If for a given direction of the magnetic 
field there are no open trajectories at all, or there 
are isolated open trajectories, and V, = V2, then 
the resistance for any value of a increases qua- 
dratically with the field. By V,; and V, we mean 
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the following expressions [see Eq. (25) in refer- 
encera. |: 


, Op 
y= \S; (€1, Pz) adpz, on b Pra dt > 0; (6) 


Yo = = \ S(O Fa Nevers Sy = ® ps aoa <0 (7) 
Here it must be noted that for closed Fermi 
surfaces the volume compensation is not an acci- 
dent of low probability, but a regular phenomenon. 
For metals with even valence a small overlap of 
the bands should always cause the appearance of 
compensation of the volumes V, and V.. However, 

attention must be called to the fact that even for 
open Fermi surfaces we can speak of relative 
volumes (in p space within the limits of one cell 
of the reciprocal lattice) with energy « > « 

and € < «©, i.e., of “electrons’’ and *“‘holes’”’ re- 
spectively. Therefore, in the absence of open 
trajectories, the compensation of the volumes V, 
and V, is just as regular as in the case of closed 
surfaces. But in the presence of open trajectories 
the corresponding expressions in the kinetic co- 
efficients do not reduce to those volumes, and con- 
sequently the effects connected with volume com- 
pensation do not take place. 

3. If, for a given direction of the magnetic 
field, there exists a layer of open trajectories 
with different average directions, or there are no 
open trajectories at all, and V, = V2, then the 
resistance reaches saturation in the magnetic 
field for any value of the angle a. 

Thus, the polar current diagrams make it pos- 
sible to explain the cause of the quadratic increase 
in resistance for a given direction of the magnetic 
field, to show whether it is due to compensation of 
volumes ( V; = V2) or to the presence of open 
trajectories, and to determine the directions of 
the latter. 

When speaking of volume compensation, we 
have in mind the integrals (6) and (7), taken over 
entire sheets of the Fermi surface. This means 
that the compensation can take place either spon- 
taneously in the case of an open surface, or as a 
result of addition with volumes of supplementary 
surfaces, if such exist. 

It is of interest to clarify the character of the 
variation of resistance on approaching special di- 
rections of the magnetic field (at which open tra- 
jectories appear or disappear, see Fig. 3 in ref- 
erence 4). We speak here of the specific case 
when the compensation of volumes V, and V, 
takes place for field directions at which only 
closed trajectories exist, and consequently there 
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is a quadratic increase in the resistance for all 
angles qa. 

The formulas of reference 4 cannot be used in 
this case directly in the vicinity of singular points, 
but their analysis makes it possible to obtain the 
following expression for p: 

D cos? a+ Arte 
[((AV/V + cD)? + cD] 72 + Axe’ 


Pao (8) 


where AV = V; — V2, and V=(V; + V2)/2, ¢, ¢; 
A, Ay are quantities of the same order of magni- 
tude; D is of the same order of magnitude as the 
thickness of the layer of open trajectories 
— Ap,/bhi. When the thickness of the layer of open 
trajectories vanishes (D=0), we get AV = 0. 

Let us consider two cases 

1) An entire layer of open trajectories (D #0) 
occurs in a special direction of the magnetic field, 
and there are near this direction strongly elong- 
ated closed trajectories. (This case recalls some- 
what the case of a ‘‘corrugated cylinder”’’ type of 
surface. ) 

When D ~0 the values V, and V, ‘‘become 
uncompensated,’’ and the resistance can be repre- 
sented as follows (for Hl J) 


p= AH* cos? a + B. 


If the direction of the magnetic field deviates no- 
ticeably from the special direction 6, > yo ( 4, is 
the angle between H and the special direction), 
then p = A,H’/n. 

Near the special direction ( 0; S yo) there are 
no open trajectories of the type indicated above, 
but the presence of strongly stretched out closed 
trajectories, passing through many cells (on the 
order of 1/yo) of the reciprocal lattice, does not 
make it possible to attain compensation of V, and 
V2, owing to the fact that p cannot be expanded in 
powers of yo in this region (see references 3-5). 

As a result of the fact that over a very small 
angle interval ( 6; ~ yo) a change takes place in 
the analytic expression for the resistance as a 
function of the angle p(#) (# is the angle of ro- 
tation of the magnetic field in a plane perpendicu- 
lar to the current), a very narrow resistance ex- 
tremum should be observed. The relative mag- 
nitude of this extremum is independent of the 
magnitude of the magnetic field, and the half- 
width diminishes with increasing magnetic field 
as 1/H. 

2) Let us consider another case of a special 
direction of the magnetic field, in which the thick- 
ness of the layer of open trajectories vanishes. 
These special directions correspond to the bound- 
ary between the two-dimensional regions of the 
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direction of the magnetic field, in which there are 
open trajectories, and the region of directions of 
the magnetic field in which there are no open tra- 
jectories and V,= V,. In the region of magnetic- 
field directions for which only closed trajectories 
exist 


= Pod, H7/h HG +C, (9) 


and in the region of field directions for which 
there are open trajectories, the resistance in the 
two extreme cases is of the following form: 


> 
p= Pod H?/AH 6 +C, 0, = Vee 


When open trajectories exist, the volumes V, 
and V, do not compensate each other, but 
AV/V * 6,. Therefore, for magnetic field direc- 
tions with which open trajectories exist in a very 
narrow region (A6, ~y}) near 6, =0 we can 
assume, as before, that AV = 0 in the expression 
for p. In this case, a very sharp kink should be 
observed in the angular dependence p(?). 


p = AH*cos?a + B, 
(10) 


dp/d§ = AH‘ cos? a + A,H?. 


3) Finally, it should be noted that in a two- 
dimensional region of directions of the magnetic 
field AV/V is a monotonic function of the angle 
6,, whereas the thickness of the layer of open 
trajectories Ap, vanishes at the center and at the 
boundary of the two-dimensional region. We can 
therefore expect p to have an additional maximum, 
which is not sharp, and which is located somewhere 
inside the two-dimensional region. 


(11) 


3. EXPERIMENTAL RESULTS AND DISCUSSION 


The samples were made from a batch of tin ob- 
tained by zone melting in the Technology Division 
of the Institute of Physics Problems, U.S.S.R. 
Academy of Sciences.* Single crystals were made 
by several methods: by the Czochralski method, 
by the Bridgeman method, and also by electric 
erosion from a bulk single-crystal block. The di- 
ameters of the samples ranged from 1 to 2 mm. 
For measuring the Hall emf, cylindrical samples 
as well as single-crystal plates measuring 12 x 
4X 0.3 mm were used. 

The orientations of the samples were deter- 
mined optically with an accuracy of +1°. The 
samples were mounted in accordance with the re- 
marks made in reference 6. The anisotropy of 
the resistance of single crystals of tin was inves- 
tigated in a magnetic field up to 34 koe at 4.2°K. 


*The authors take this opportunity to thank N. N. MikhaXloy 
and L. N. Vasil’ev for the preparation of very pure metal. 
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TABLE I 
Orientation* i i 

Sample oo; © Paqoek/"4 90K Sample One ras Pangek /P 4 vo 
Sn-1 0°; 0 ° [0041] 11 200 Sn-20 24°; 68° 5: 
Sn-2 0°: 26° 14.500 Sn-21 12°: 64° F ane 
Sn-3 0°; 36° 11 100 Sn-22 32°; 62° 49 600 
Sn-4 WES Weyl 13 600 Sn-23 Ape pee 64 000 
Sn-5 0°; 62° [014] 141.000 Sn-24 22°; 50° 42000 
Sn-6 O°; 74° 10 800 Sn-25 33°; 48° 46 500 
Sn-7 OF .85° 10 800 Sn-26 37°; 44° 55 000 
Sn-8 0°; 90° [010] 48 300 Sn-27 22°: 43° ~60 000 
Sn-9 Ty 90" 48 500 Sn-28 oeate ~60 000 
Sn-10 15°; 90° 54 000 Sn-29 30°; 39° ~60 000 
Sn-14 24°; 90° 45 000 Sn-30 17°; 37° ~60 000 
Sn-42 32°; 90° 38 600 Sn-31 42°; 35° 64 500 
Sn-13 38°: 90° 47 400 Sn-32 26°; 35° 50) 600 
Sn-14 45°; 90° [110] 24 200 Sn-33 38°; 35° ~50 000 
Sn-15 45°: 74° 55 000 Sn-34 12°; 32° ~50 000) 
Sn-16 45°: 53° 45 800 Sn-35 20°; 29° ~50 000 
Su-17 45°; 41° 44 000 Sn-36 24°; 28° ~50 000 
Sn-18 45°; 36° 40 600 Sn-37 38°; 28° ~50 000 
Sn-19 ADe eos 66 700 Sn-38 aoe ONG ~60 000 


*Q and &%” are the polar coordinates of the axes of the samples: @ is measured 


from the (010) or (100) plane, and #’ is the angle between the [001] axis and the 
axis of the sample. The directions of the axes of the samples are noted on the 
stereographic projection in Fig. 4a. 


All the measurements were made for the case 
H1J (J is the measuring current). 


The data on the samples are listed in Table I. 
For all the tin samples, polar resistance diagrams 
PH = const (“) were obtained in a constant mag- 


netic field H = 23.5 koe. 
The diagram of the sample Sn-1 is an eight- 
folium rosette, on which the resistance minima 


are observed along the directions [010] and [110] 
(see Fig. 1 in reference 1). For the same direc- 


tions a clearly pronounced saturation of resist- 
ance is observed in the magnetic field. 


For the tin specimens whose axes make a small 
angle with the [001] axis (0° < #’ < 30°), the re- 
sistance diagrams retain in general the shape of 
eight-folium rosettes, although the relative depths 


of the minima decrease, and some maxima be- 
come smoother. All the minima observed on 


the resistance diagrams for these samples lie on 
the line in which the plane of rotation of the mag- 


netic field intersects the (010) and (110) planes. 


= 


T 
Sn-32 


An investigation of the dependence of p(H) in the 
direction of the minima has shown that the satura- 
tion of resistance is observed only in samples 
whose axes lie in the (010) or (110) planes ( corre- 
sponding to y= 0° and g= 45°), and only for 
those minima, whose directions coincide with 
the direction of the line of intersection of the 
final rotation of the magnetic field with the plane 
passing through the axis of the sample and the 
[001] axis. 

As the angle between the axis of the samples 
and the crystallographic [001] axis is increased 
(the angle #’ changes approximately from 30° to 


0 
=e -60° =00% 0 30° 60° 50° 


FIG. 2. Polar resistance diagrams in a constant mag- 
netic field H = 23.5 koe for the single crystals Sn-32 and 
Sn-38 and T = 4.2°K. The values py=const(v) are plotted 
in arbitrary units. The upper curve is the narrow minimum 
(Umin = 6° for Sn-32, plotted on a larger scale. 
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50°), there appears onthe diagrams py = const (“) 
a series of new very narrow and deep minima. 
The directions of these minima coincide with the 
directions of the lines of intersection of the plane 
of the magnetic field with the planes of type (120), 
(130), (150), and (230). As #’ is increased, the 
first to appear is a minimum in the direction of 
the (130) plane (3’(430) © 29°) (see Fig. 2), after 
which appear minima in the planes (120) (3420) * 
38°) and (150) (%’(150) ©37°), and, finally, in the 
(230) plane (0,230) © 43 ?). 

In spite of the considerable depth of these mini- 
ma, no resistance saturation in the magnetic field 
could be observed for them. This may be explained 
by the fact that the minima are very narrow, and it 
is quite probable that an averaging of the resist- 
ance over the angle # takes place here. [It should 
be noted that the widths of all the observed minima 
decrease (from ~ 20° to ~1°) with increasing sum 
of the indices of the corresponding planes. ] 

The polar resistance diagrams of the samples 
of tin, for which the angles 8’ 2 50°, are in the 
form of bifoliate rosettes. The changeover from 


the resistance maximum to the minimum is smooth. 


The direction corresponding to the minimum on 
the resistance diagrams coincides in this series 
of samples with the direction of the line of inter- 
section of the plane of rotation of the magnetic 
field with the plane passing though the axis of the 
sample and the [001] crystallographic axis. In the 
direction of such a minimum, p(H) has the form 
of a saturation curve. For most samples, we in- 
vestigated also the dependence of the resistance on 
the magnetic field in directions not coinciding with 
the directions of the minima. For these directions 
the resistance increases without limit in a mag- 
netic field, following a nearly-quadratic law. 

Figure 3 shows the variation of the form of the 
polar diagrams of resistance (in the most inter- 
esting region of the angles #) with deviation of the 
sample axis from the [001] axis. Two circum- 
stances must be noted: a) the change from the di- 
agram of the Sn-27 type to the diagram of the 
Sn-25 type occurs for different angles ¢ at dif- 
ferent angles ¥’. Thus, it was qualitatively estab- 
lished that the values of #’ are approximately 45, 
50, and 55° for w= 0, 22, and 45° respectively; 
b) in the polar resistance diagrams of tin samples 
with the angle #’ close to 90°, two additional 
weekly pronounced minima are observed (at 
v—=420- and at) <2 17°), 

Table II lists certain characteristic details of 
polar diagrams of resistance of all the investi- 
gated single crystals of tin. All the observed 
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minima are plotted on the stereographic projection 
shown in Fig. 4 b and c. 

The large number of samples of different ori- 
entation has made it possible to plot current dia- 
grams of resistance and to draw conclusions con- 
cerning the causes of the square-law increase in 
the resistance or its saturation for different di- 
rections of the magnetic field. In the construction 
of the current diagramsof resistance py — Cones 
the diagrams py — const”) have been reduced to 
a single scale. Examples of typical current dia- 
grams are Shown in Fig. 5. 

The current diagram I (lower curve) is en- 
countered only once for a field direction H || [001]. 
In this case for any orientation of the current 
(H 1J) the resistance in large fields is almost 
independent of the magnitude of the magnetic field. 
It follows, therefore, that there are no open sec- 
tions of the Fermi surface for this direction of the 
field (however, one cannot exclude here the exist- 
ence of isolated open sections), and the volumes 
V; and V, do not compensate each other. 

The current diagram II ( central curve) is char- 
acteristic of the directions of the magnetic field 
located in the planes (010) and (110) (for all an- 
gles @) and in the planes (150), (130), (120), and 
(230); here the angle @ for the orientations of H 
is limited in the following manner: 6(439) < 61°; 
91159) © 53°, A499) £ 52°, and O39) 47°. [It 
must be noted that the angle 6/539) is obviously 
not a maximum, since it was impossible to estab- 
lish convincingly the vanishing of the minimum in 
these directions on the Pu= constAe) agrams] 
In addition, a current diagram of type II is observed 
for magnetic field orientations occupying an entire 
region (over the angles g and @) centered about 
the [001] axis. The boundary of this region was 
determined only approximately, and only three 
points are known for it ( with not very great ac- 
curacy): 1) p=0°, 0® 45°; 2) @=22°, 6 ©40°, 

3) g= 45°, 6 © 35°. Similar current diagrams 
should exist for those magnetic-field directions, 
for which open sections of the Fermi surface 
exist. Knowing the direction of the maximum (or 
minimum) on the current diagram, we can de- 
termine the average direction of these sections. 
An analysis of the experimental data has shown 
that all the open sections of the Fermi surface of 
tin are located in the basal (001) plane. 

For all the remaining directions of the mag- 
netic field, current diagrams of the third type 
(upper curve) are observed. These diagrams are 
characterized by a quadratic increase of the re- 
Sistance in the magnetic field for any current 
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TABLE II 
Positions of the minima and maxima (in degrees) on the diagrams Dery / eo 
Sample PH=const(0)*; the parentheses contain the ratio of the resistance in the di- 
for the given value of the angle and the resistance at the lowest rection of 
minimum the lowest 
minimum 
Sd | 30 amar eau 5 
sn-2 | O(1); =22(49); +-26(44); +30(45); +43(19); +65(93);+90(37) 10. 
Sn-3 | O(1); +42(44); 4+.15(41); +25 +40(4 2 
a (nce eee 
n-4 yy eatele etl (small minima) —,++-26(31);+30(30);+-78(92 
Sn-5 | O(4); +25(12); +29 (10); +78(34); E803, des he ee) a 
Sn-6 | O(1); + 19(66);+ 24(57); + 82(208); + 90(197) 8 
Sn-7 | 0(1); + 17(28);+ 22(25); + 82(102); + 90(100) 20 
Sn-8 | O(1); -- 18(150); + 25(90); + 90(420) 
Sn-9 O(4); + 15(200);-+ 25(125); + 90(450) 
Sn-10 O(4); + 15(65); + 24(40); + 90(165) 
Sn-11 O(1); = 17(10); + 23(9);+ 90(35) 
Sn-1 2 | O(1); + 17(42); + 23(26);+ 90(410) 
Sn-13 0); == 16(250); = 22(132); + 32(320); + 35(185); + 90(550) 40 
Sn-14 | 0(4); + 16(210); & 22(143); + 35(365); + 43(320); -+ 90(490) 27 
Sn-15 (1); + 70(355); + ne), + 80(885);-++ 90(360) 6 
eee Nae = ee + 90(1440) 10 
n- O(1); + 14(420); = 17(800); -- ane -- 35(500); ++ 80(1860);+ 90(4230 9 
Sn-18 O(4);++19(140); +21 (120);+-24(195); +2660); 21200); 78 54 EOD (306) 20 
Sn-19 | O(4); +E 17(158); - a 42 Coe -- 78(280); + 90(400) 58 
Sn-20 | 0(4); + 39(56); + 40(65); + 42(56); + 90(110) 
Sn-21 O(4); -- 90(550) 50 
Sn-22**| 0(4);-+ 20(430); + 25(400); — 87(2600) 24 
Sn-23**| 0(4);+ Aa + 54(4100); + 60(412); + 90(185) 160 
Sn-24** O(4); +16, + 23and+ 26 (minute minima) ; + 85(262) 72 
Sn-25 | — 48(415); — 46(523); — 35(239); — 34(264); — 29.5(170); — 29(165); 
—19.5 (121); — oe — 9.5(3 ); — 9(27); O(4); + 2(7.5) + 2,5(4,5); 
+-7,5(24); + 8(18); + 15. oes +416(68); +24(157); +22(118);+30(209); 
ee + 30.5(197); + 35(2 ae Ai 7(274): + 68(652); + 70(630) 4. 904000) 
Sn-26**| — 44 (32); 2 3834): — 31(14); — 26 ney, — 6(4); + 5(8.5); + 8(3); 
ae sr Ne + 15(3); Sd 2(12.5); + 289 
n-27**) —18(35); —7(77); —3(8); 0(45); £40) +9(36); +40(6); +412(50); +18(25 
Sn-28 |— 83(156); — ees — 35(49); — 33(54); —11(5); —7 , eo) 
—6(5. — 5,5(18); + 3(4); a 43(27); + 13,5(28); + 14(28); + 18(16.5); 
+ 31(77); + 40(68); _— Th (185 
Sn-29** —88(78); — 70(40); — 58(45); — 39(24); — 38(28,5); — 20(8.2); — 16(10); 
13(7); — 12(8.7); — 8(4,5); —3,5(7); — 3(2.6); + 1(10); + 12(4); 
_ | +30(20,5); + 35 (14) 
Sn-30 | — 70 (133); — 57(455); — 22(27); — 10(53); — 2(4); + 2(83); + 13(7.8); 
--26(4100); + 28(70); + 30(100); + 46(417); + 55(402); + 79(246) 
Sn-31 og — 60(1340); — 30(275); — 13(556); — 5(55); 0°(380); + 10(1); 
-- 25(486); -- 25.5(147); + 26(490); + 38(689);-+-53(466); +- 75(1690) 10 
SH-320i)) —— ~ 60(19); — 48(26); — i5(4); 0(13); + 6(4); + 10(13); + 22(5,7);+ 55(39); 
+ 69(26); + 86(62) 
Sn-33 — 82(39); from — 75 to oo) —32(12,5); —22(20); —16(13); —12 (47); 
-6(1); + 35(28);+ 45(22);+ 85(84) 
Sn-34 | — 78200) -- 60(310); — 30(63); py Sake — 8(100); — 6(14.5);— 3(97); 
+ 10(41);+25(140); + 26(97); ee 5(149); Ve + 53(115); +78(428) 
sn-35**| + opty" — 3(11); 0(4,5); + a( 1); +417(1,5 
Sn-36 | — 64(2,7); —48(6.5); — 20(1); + 4 4(4); + a(t 1); + 48(9.8); + 66(4.95) ; 
+ 88(7,5) 
Sn-37**| — 47(133); — 36(274); —8(41); + 18(226); + 32(416); + 67(583) 
Sn-38 | — 62(8); — 46(46); — 19(4); + 4(8); + 6(8,5); + 21(1.3); + 54(17.5); 
+66(8); + $6(31) 


*For 3 = 0 we chose the direction of the line of intersection of the plane of 
rotation of the magnetic field with the plane passing through the axis of the sample 


and the [001] axis. 
**Samples for which the diagrams 


PH=const(J) have not been fully investigated. 


orientation. Thus, for these directions of the mag- 
netic field there are no open sections of the Fermi 
surface, and the resistance increases as H? be- 
cause V; = Vo. 

The appearance of additional maxima on the 
polar diagrams of the samples, the angle #’ of 
which is close to 90° is probably due to the cir- 


cumstances mentioned in Article 3 of Sec. 2. 

On the basis of an analysis of the diagrams 
PHe= const” } and py = const Qa 2 stereographic 
projection was plotted for the special directions 
of the magnetic field for the Fermi surface of tin 
( Fig. 4d). This projection is significantly sup- 
plemented by a stereographic projection of the 
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| Sa-35(9=29°) Sn-31(9'=35°) 


b FIG. 3. Variation of the form of the polar 
36" o 30° O diagrams of resistance in a constant mag- 
netic field H = 23.5 koe for a single crystals 
of tin with increasing 3?. The values 
pH=const(#) are in arbitrary units. 
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FIG. 4. Stereographic projections. a— 
directions of the axes of the investigated 
tin samples (the numbers label the points); 
b— directions of the minima on the polar 
resistance diagram; O— minima for which 
3? =0; e—narrow minima; c(O and A)— 
directions of weakly-pronounced additional 
broad minima and maxima; d— special di- 
rections of the magnetic field for the Fermi 
surface of tin: region I— two-dimensional 
region of magnetic field directions for 
which open trajectories exist (the thick- 
ness of the layer of open trajectories van- 
ishes on the boundary of region I and in 
the [001]); there are no open trajectories 
in region II, and the ‘‘electron’’ and ‘‘hole”’ 
volumes compensate each other, V, = V,; 
regions III are those regions of magnetic- 
field directions, for which strongly elon- 
gated trajectories exist and the compen- 
sation of the volumes is violated, V, 4V,. 
Open trajectories occur only for those di- 
rections of the magnetic field which lie 
on the axial lines. 


ee ee 
100 
average directions of the open sections of the The special directions are here the center of the 
Fermi surface of tin, which is a circle witha cen- _ region ( direction [001]) and the boundary of the 
ter corresponding to the [001] direction. region. For these special directions of H, the 
According to the previously employed terminol- thickness of the layer of the open trajectories 
ogy,* region I on Fig. 4d is the two-dimensional vanishes. 


region of the directions of the magnetic field, for In regions II there are no open sections of the 
which open sections of the Fermi surface exist. Fermi surface and V, = Vj. For regions III there 
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exist strongly elongated closed sections [the open 
sections appear only when the direction H is lo- 
cated along the central line — planes with rational 


indices (100), (110), (120), (130), (150), and (230) ]. 


4, THE FERMI SURFACE OF TIN 


The stereographic projection shown in Fig. 4d 
can be set in correspondence with the Fermi sur- 


ful@) 
5 


6 30° 60° Ha 

FIG. 5. Typical current diagrams for single-crystal tin; 
H = 23.5 koe, T = 4.2°K (@ is the angle of rotation of the mea- 
suring current J in the plane perpendicular to the fixed direc- 
tion of the magnetic field). The experimental curves were ob- 
tained for different orientations of the magnetic field: 0 — 
H || (010]; o—H || [110]; x —field in direction determined by 
the angles = 22°, 6=90°; A—field in direction 9 = 322, 
6 = 90° (with this, @ = 90° when J || [001]); lower curve — 
H || [001] (with this @ = 0° when J || [010]). The dashed line 
is the curve of cos’ 4. 
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face comprising a network of ‘‘corrugated cylin- 
ders’’ the axes of which coincide with the directions 
[010], [100], and [110]. Such a surface is topologic- 
ally equivalent to two corrugated planes, parallel 
to the (001) plane and joined by tubes, the axes of 
which have the same direction as the [001] of the 
reciprocal lattice of tin (Fig. 6). 

However, such a surface alone cannot explain 
the current diagrams of type III ( Fig. 5). As was 
already noted, such a current diagram is obtained 
in the case of volume compensation ( V; = V2). 

In this connection it is necessary to assume that 
tin has still other constant-energy surfaces, the 
presence of which makes it possible to obtain 

such a volume compensation. We assume that at 
least two branches of the energy spectrum e€(p) 
are very important for the Fermi surface of tin. 

The second isoenergetic surface can be either 
closed or open. Both versions of the Fermi sur- 
face of tin can be reconciled with the stereogra- 
phic projection of the special directions of the 
magnetic field ( Fig. 4d). If it is assumed that 
the Fermi surface of tin consists of two surfaces 
of equal volume, one of which is open and the other 
closed, then the measurements of the Hall emf* 
in the [001] direction make it possible to conclude 
that the open surface is a ‘‘hole’’ surface and the 
closed one is an ‘‘electron’’ surface. 

The experimental results allow us also to es- 
timate some of the parameters of the open Fermi 
surface of tin. The form of the two-dimensional 
region I, and the relation between the angles 
®n,m on the stereographic projection ( Fig. 4d) 
indicate that the form of the tubes ( bridges be- 
tween the planes) of the Fermi surface of tin do 


*A more detailed description of the results of the measure- 
ments of the Hall emf for single crystals of tin will be pub- 
lished soon in JETP. 
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TABLE III 

i oe 8 yas d(¢) h(¢) 
[150] 4A 53 Oneal Was 
[130] 38 64 ORD Oe 46: 
[120] 37 aD 0.62 | 0.46 
[230] 36 47? 0.93? 
[010] 45 Oxo2 
[140] 46 0.64 


not differ greatly from straight cylinders. There- 
fore, to estimate the distance between the planes 
and the ‘‘diameter’’ of the tube we can use re- 
lations (3) and (4). The results of the calculations 
are given in Table III. The quantities d(@) and 
h() are given in units of the reciprocal lattice 
constant of tin, b (in the direction [010]). The 
boundary value 639 could not be established for 
the [230] direction. In the calculations for the [010] 
and [110] directions we put respectively h 0.5 
and h © 0.45. The data of Table III were used to 
plot the open Fermi surface of tin (Fig. 6). The 
presence of two Fermi surfaces in tin (‘‘electron’’ 
and ‘‘hole’’) sharply distinguishes the character 
of the anisotropy of the resistance of tin in a mag- 
netic field from the anisotropy of the resistance 

of copper, silver, and gold, which also has open 
Fermi surfaces, made of ‘‘corrugated cylinders.’’ 
A quadratic increase of the resistance in the mag- 
netic field predominates in tin, whereas saturation 
predominates in copper, silver, and gold. This ex- 
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cludes the possibility of obtaining a linear increase 
of resistance in polycrystalline tin when average- 
ing in a magnetic field (Kapitza’s law). 

It should also be noted that the assumption that 
the Fermi surface is multifoliate can explain the 
specific features of the galvanomagnetic proper- 
ties of lead, cadmium, zinc, and other metals, 
which have open Fermi surfaces.” 

In conclusion, we consider it our pleasant duty 
to thank Academician P. L. Kapitza for continuous 
attention and interest in this investigation. 
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V. I. AVVAKUMOV, N. S. GARIF’YANOV, and E. I. SEMENOVA 


Kazan’ Branch, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor June 17, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1215-1220 (November, 1960) 


Electron paramagnetic resonance measurements in alcohol and glycerine solutions of the salts 
TiCl; ° 6H,O and Ti,(SO4)3 - 4H,O were carried out at frequencies 300 — 9460 Mc/sec and at 
temperatures of 300°, 200° and 77°K. Symmetric lines with AH dependent on the solvent and 
on the concentration of the solution were observed in supercooled solutions at a frequency 

v = 300 Mc/sec. Broad asymmetric lines due to the asymmetry of the g-factor were observed 
at a frequency of 9460 Mc/sec. The values of g), and g,; have been determined for super- 
cooled glycerine and alcohol solutions. Narrow symmetric lines have been observed in dilute 
liquid solutions. Relaxation measurements in parallel fields were also carried out at fre- 
quencies of 300, 17, and 6 Mc/sec. The order of magnitude of the spin-lattice relaxation time, 
pj, has been estimated, and it has been found that p; depends both on the solvent and on the 


concentration of the solution. 
1. INTRODUCTION 


TRivaLent titanium salts are among the para- 
magnetic compounds of elements of the iron group 
which have received very little study. This is re- 
lated to the fact that the spin-lattice relaxation 
time has turned out to be very short in the ma- 
jority of the Ti*** salts that have been investi- 
gated. Therefore in the work of Bleaney et al.! 
electron paramagnetic resonance (e.p.r.) could 
be successfully observed in a single crystal! of 
titanium cesium alum only at T = 4.2 —2.5°K 
with 8) = 1.25 and g; = 1.14 + 0.02. 

Bijl° has also investigated e.p.r. in powdered 
samples of the same alum at helium tempera- 
tures. The effective g-factor for the powders has 
turned out to depend on the temperature: gar¢ = 
1.35 at T = 6.33°K and gore = 1.53 at T = 7.88°K. 

Wong? has made measurements of e.p.r. ina 
single crystal of ( TiAl)Cl, - 6H,O at liquid hy- 
drogen and helium temperatures as a function of 
the concentration of Ti*** . He has observed a 
symmetric line of width ~ 100 oe with an isotro- 
pic g-factor equal to 1.93 + 0.02. It turned out 
that the line width does not depend strongly on 
the temperature and was ascribed by the author 
to the accidental inhomogeneities of the crystal- 
line field. In the paper by Bowers and Owen‘ an 
investigation was made of e.p.r. in KTi( C04), ° 
2H,O at T = 90 —20°K. Measurements have shown 
that g) = 1.86 and g, = 1.96. 


Finally, Jarrett® has, for the first time, found 
in Ti[( CH3CO ),CHs J, at room temperature, para- 
magnetic resonance absorption which is due to the 
presence in this compound of a strong axial cry- 
stalline field. The values of Be and g; = 1.93 
were obtained. 

It should also be pointed out that titanium ce- 
sium alum was the object of theoretical investiga- 
tions®! in which the mechanism of spin-lattice 
relaxation in magnetically diluted paramagnetic 
crystals was elucidated for the first time. 

We have observed e.p.r. both in liquid glycerine 
and alcohol solutions of TiCl,; - 6H,O, and also in 
the supercooled state at temperatures of 77 and 
200°K. Investigation of e.p.r. in these solutions 
was carried out at 300 and 9460 Mc/sec. 

In addition we have also carried out relaxation 
measurements (by the parallel field method) in 
supercooled solutions at 77°K. The method of 
carrying out these measurements has been de- 
scribed in an article by one of the present au- 
thors.’ Finally, we have made an attempt to study 
by the e.p.r. method the pyridine complexes of 
Tit**, and also samples of silicate and borate 
glasses containing titanium compounds. 


2. RESULTS OF MEASUREMENTS 


1. vy = 300 Mc/sec. As is well known, the ma- 
jority of the investigated compounds of a 
possess a strongly anisotropic g-factor. This 
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Table I 
“Concannon ne ce 
tration of || || mitrationrot 
solution, 17 °K | 200 °K | 295 °K solution, 17° K 200° K | 295° K 
-mole/liter —mole/liter 
Glycerine solution of TiCl; - 6H.O Alcohol solution of TiCl3 - 6H:0 
2 54 60 = il 63 — = 
4 32 ou = 0.5 35 — 20 
0.5 17 18 — 0,25 27 _ 10 
0,25 14 17 10 0.4 17 — 10 
Ont 13 16 10 0,05 16 — 10 
0,04 13 16 10 0,04 16 — 10 


leads to the result that when e.p.r. is measured 
in polycrystalline samples in the microwave fre- 
quency range the form of the resonance line is 
primarily determined by the anisotropy of the g- 
factor. Therefore, we have carried out investiga- 
tions of the concentration and the temperature de- 
pendence of the line at v = 300 Mc/sec. 

Table I shows the dependence of the line width 
AH on the concentration of Ti*** in different 
solvents at three different temperatures (the line 
width AH has been measured between the points 
on the absorption curve corresponding to half of 
the maximum intensity). The value of the g- 
factor is everywhere equal to 1.9 + 0.1. 

As can be seen from the table, AH in super- 
cooled solutions falls off rapidly as the concen- 
tration is diminished and tends to a constant 
value independent of the concentration. It should 
be noted that in 2 mole/liter glycerine and in 
1 mole/liter alcohol supercooled solutions there 
exists at 77°K zero-field absorption y”(H = 0). 
The intensity of this zero-field absorption falls 
off rapidly both as the frequency v is increased 
and as the concentration is diminished. 


ge ae 
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E.p.r. lines for solutions of TiCl, -6H,O at a frequency of 
9460 Mc/sec. The supercooled state (77°K) of the solution in 
glycerine of concentration: a) 2 mole/liter, b) 0.05 mole/liter; 
in alcohol: c) 1 mole/liter, d) 0.05 mole/liter. The liquid state 
of the solution (295°K) in glycerine: e) 0.25 mole/liter; in al- 
cohol: f) 0.25 mole/liter 


The line width is greater in supercooled alco- 
hol solutions than in glycerine solutions. In going 
over from the supercooled state to the liquid state 
the intensity of the e.p.r. line diminishes strongly. 
At the same time for low concentrations the line 
width becomes somewhat narrower. 

2. v = 9460 Mc/sec. In supercooled alcohol 
and glycerine solutions of TiCl; - 6H,O there is 
observed at 77°K a wide asymmetric e.p.r. line 
with an unresolved second absorption maximum 
(cf. diagram, a, b, c, d). As the-concentration 
of the magnetic ion is decreased the asymmetry 
of the line increases, although the line width di- 
minishes slightly at the same time. The values 
of g) and g, determined from the experimental 
e.p.r. curves (at v = 9460 Mc/sec) are shown in 
Table II. 


Table II 


21] can 
71°K 


®eff 
290 °K 


Glycerine solution of TiCls - 6H2,0 


4.99 | 4,93 | 1.95 
Alcohol solution of TiCls3-6H2O 
2.00 | 1.90 | 1.94 


As can be seen from this table, the anisotropy 
of the g-factor in supercooled alcohol solutions is 
greater than in glycerine solutions. As the tem- 
perature is increased the line widths and the asym- 
metry of the curves in supercooled solutions di- 
minish, and when the liquid state is reached sym- 
metric and fairly narrow lines are observed (cf. 
diagrams e and f). 

At the same time it should be noted that in 
liquid alcohol solutions a line with AH = 10 oe is 
observed for 0.25 mole/liter at T = 295°K both at 
9460 Mc/sec, and at 300 Mc/sec, while ina gly- 
cerine Solution at the same temperature and con- 
centration the line width depends on the frequency: 
AH = 50 oe at vy = 9460 Mc/sec and AH = 10 oe at 
v = 300 Mc/sec. As the temperature is increased 
above room temperature (~400°K) the frequency 
dependence disappears, and the line width de- 
creases and becomes equal to AH = 10 oe. Finally, 
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in pyridine complexes fairly broad lines are ob- 
served, whose asymmetry is considerably greater 
than in alcohol supercooled solutions. We have not 
succeeded in observing e.p.r. in silicate and borate 
glasses containing titanium compounds. 

Also we have not succeeded in observing reso- 
nance absorption in aqueous solutions of TiC], - 
6H,O and Ti,(SO4)3 - 4H,O. 

3. Relaxation measurements in parallel fields. 
At a frequency of 300 Mc/sec one can observe the 
absorption Xg (H) due to spin-spin relaxation in 
a 2-molar glycerine solution of TiCl, - 6H,O at 
77°K. As the concentration of the solution is de- 
creased by only a factor of two the intensity of this 
absorption practically falls to zero. Such a rapid 
decrease in the intensity of xg (H) can be explained 
by the disappearance of the ‘‘zero-field absorption’? 
x’ (H= 0). At a frequency of 17 Mc/sec at 77°K the 
form of the relaxation depends on the concentration 
of the solution: from 2 to 1.5 mole/liter inclusive 
the absorption x] (H) due to spin-lattice relaxa- 
tion is observed, while from 1.5 to 0.1 mole/liter 
the absorption Ned) due to spin-spin relaxation 
is observed. 

At a frequency of 6 Mc/sec in these supercooled 
solutions, the absorption x7 (H) is observed over 
the greater range from Z to 0.05 mole/liter, while 
vo (4) occurs in solutions of concentrations from 
0.5 to 0.1 mole/liter. Thus, the domain of spin- 
spin relaxation depends on the concentration of 
the magnetic ions: the lower the concentration 
the lower the frequencies at which the absorp- 
tion xg (H) is observed. 

Moreover, the shape of the curves xy (H) and 
xg (#1) also depends on the concentration: the lower 
the concentration of the magnetic ions, the lower 
the values of H at which oe a and xj (4) cease 
to depend on the intensity of the constant magnetic 
field. For those concentrations of the supercooled 
solutions of TiCl,- 6H,O which we have investi- 
gated, the curves of yg(H) are described by Sha- 
poshnikov’s theory, while the curves of xy (Ht) 
are described by the theory of Casimir and Du 
Pre.!° 

Finally, it should be noted that the curves of 
Xg(H) for alcohol solutions at 77°K are observed 
at higher frequencies than in glycerine solutions. 
of corresponding concentrations at the same tem- 
perature. 


3. DISCUSSION OF RESULTS 


At a frequency of 300 Mc/sec the e.p.r. line in 
concentrated glycerine and alcohol solutions has at 
77°K a Gaussian shape and, as has already been 
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noted, its width AH depends on the concentration. 
Therefore the AH of the e.p.r. curves in these so- 
lutions is due to dipole-dipole magnetic interactions. 
This assumption is also supported by the very weak 
dependence of AH on T in the temperature range 
200 — 77°K. 

In dilute solutions the width AH which does not 
depend on the concentration is due to the aniso- 
tropy of the g-factor and to the contribution of the 
magnetic moments of the protons from molecules 
of the immediate surroundings. Moreover, the in- 
significant increase in AH of dilute supercooled 
solutions as the temperature is raised from 77 to 
200°K indicates that spin-lattice relaxation makes 
a contribution to AH in accordance with the re- 
lation 


AH ~1/p; + 1/py. 


A decrease in the line width in the transition from 
a supercooled solution to the liquid state is due to 
the influence of motion. In liquid alcohol and gly- 
cerine solutions the intensity of the e.p.r. line is 
very low in spite of the narrowness of the absorp- 
tion curves. This can be explained by the presence 
in liquid solutions of two types of Ti*** ions: 
Ti*** ions whose crystalline electric field has a 
high symmetry, and ions in which the crystalline 
field has a sufficiently strong component of low 
symmetry that is not averaged out by motion. 
Therefore e.p.r. in liquid solutions is due only to 
Ti*** ions of the latter type. In aqueous solu- 
tions of Ti*** salts only electric fields of the 
first type are present. 

At a frequency of 9460 Mc/sec the shape of the 
e.p.r. curves in the supercooled state is typical 
of ions with a strongly anisotropic g-factor.!! 

As can be seen from the figure, in concentrated 
glycerine solutions in the supercooled state the 
line is more symmetric than in alcohol and in di- 
lute glycerine solutions. This is explained by the 
fact that in a 2-molar glycerine solution the width 
due to the magnetic dipole-dipole interactions 
dominates over the width associated with the an- 
isotropy of the g-factor. 

The frequency dependence of AH in liquid 
glycerine solutions at room temperature referred 
to previously is explained by the fact that, owing to 
the high value of the viscosity, the frequency Otero s 
tation of the ‘‘magnetic complex’? formed with 
the immediate surroundings is lower than the 
Larmor precession frequency. Therefore, at this 
frequency the line width is due to the anisotropy 
of the g-factor. 

As the temperature is raised the average fre- 
quency of rotation of the ‘‘magnetic complex’’ in- 
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creases, and the g-factor takes on the averaged 
effective value gogp = '/3 (8) + 281)- In this case 
the e.p.r. line is described by the following spin- 
Hamiltonian: 


N 
# = Yi eBHS.: + AgBH (cos? 6; —+) S.; 
t=1 
+ + AgBH sin 0,cos 9; - [Sz + S—il, 
where g ='4 (g) + 2g,) and Ag =g) - g)- 

One of the present authors” has shown earlier 
that the constant b of the magnetic specific heat 
of the spin-system is related to the half width 
AH, of the xg(H) curves by the expression 

b= Cay 2) Ay (1) 
where C is the Curie constant. It follows from the 
results of our relaxation measurements that as the 
supercooled solutions of Ti*** are made more di- 
lute the half width AH) of the yg(H) curves de- 
creases to a very small value. Therefore, ac- 
cording to relation (1) the constant b will also 
diminish. Such a decrease in the constant b is 
explained by the fact that for compounds of Ti*** 
with S = Vp the specific heat of the spin-system 
will be determined only by the value of the dipole- 
dipole magnetic interactions ® 

The displacement of spin-spin relaxation into 
the low frequency region as the concentration is 
diminished indicates an increase in the spin-lattice 
relaxation time which could be explained by means 
of the heat reservoirs proposed by Bloembergen 
and Wang’ 5 if exchange interaction existed at 
the high concentrations utilized by us. However, 
this assumption is untenable since in concentrated 
solutions in parallel fields narrow relaxation 
curves yg(H) are observed.'® 

The absence of exchange is also confirmed by 
the fact that as the solution is made more dilute 
the e.p.r. lines become narrower, while they should 
have a tendency to become more broad. It is there- 
fore possible that the variation of p7 with concen- 
tration is related to the existence of cross-relaxa- 
tion effects” in the concentrated supercooled 
solutions. 

Relaxation measurements (at 77°K) have also 
enabled us to estimate the order of magnitude of 
pz, and the dependence of py on concentration and 
on solvent. It has turned out that for a 2 mole/liter 
glycerine solution the value is pl ~5 X 1078 sec 
and for 0.1 mole/liter the value is pj ~5 x 107? 
sec. In alcohol solutions the value of py is smaller 
by approximately an order of magnitude than in 
glycerine solutions. This result is in good agree- 
ment with the estimated value of the splitting of 
the lowest orbital triplet A due to the axially sym- 
metric field; an estimate of A for the supercooled 
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glycerine and alcohol solutions may be obtained 
from a comparison of the theoretical and the ex- 
perimental values of the g-factor. 

Indeed, for a field possessing trigonal symmetry 
g) = 2-0, g, = 2(1—3A/A), where A =154 em™! 
is the spin-orbit coupling constant. From this by 
utilizing the data of Table II we obtain A ~ 15000 
cm! for glycerine solutions and A ~9000 cm™! 
for alcohol solutions. On the other hand, in ac- 
cordance with reference 7 we have py ~ Ne 
Therefore, assuming that the other parameters 
determining p; do not vary significantly when the 
solvent is replaced, we obtain 

Pratyceniae! P talcohol ~ (A 
as is observed experimentally. The absence of 
e.p.r. in silicate and borate glasses indicates that 
in the glasses titanium has a valence of four, since 
the symmetry of the electric field in the glasses 
does not differ significantly from the electric field 
in the supercooled solutions. 

In conclusion the authors express their gratitude 
to B. M. Kozyrev for discussion of results, and to 
Yu. M. Ryzhmanov for aid with the experiment. 
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The 6" spectrum of Si?’ was investigated with a magnetic-lens 8 spectrometer. End points 
were observed at 3.65 and 1.45 Mev with intensities 90% and 10%, respectively. 


‘Tae 8* end-point energy of Si?’ has been given 
as 3.48 + 0.1 Mev by Boley and Zaffarano,! whose 
work was done with a scintillation spectrometer. 
On the basis of several investigations,® the most 
reliable value of the corresponding half-life 
appears to be 4.14 + 0.03 sec. 

We have used a magnetic-lens 8 spectrometer 
to investigate the 6* spectrum of Si?’ produced in 
the reaction Al?" (p, nisi” with 6.7-Mev protons 
from the 120-cm cyclotron of the Institute of Nu- 
clear Physics, Moscow State University. Figure 1 
is a schematic diagram of the experimental appa- 
ratus. The extracted proton beam was focused by 
quadrupole lenses on a rotating target positioned 
9 m from the cyclotron behind a concrete shield; 
this differs from the setup used in our earlier 
work.* Before reaching the target the protons 
passed through a grid coupled to an integrator, 
which registered the relative beam intensity. The 
target, which was subjected to continuous proton 
bombardment, consisted of a rotating aluminum 
ring 2.7 mg/cm? thick. Each bombarded area of 
the target reached the focus of the 8 spectrometer 
in a period of time which was variable, from a few 
hundredths of a second to one second, by changing 
the speed of rotation in accordance with the radio- 
active half-life under investigation; reduced target 
activity was compensated by intensifying the proton 
beam. The troublesome background was reduced 
by an additional shield. In addition, the materials 
used for parts of the apparatus subject to proton 
bombardment were selected with a view to reducing 
the gamma-ray and neutron backgrounds. 

Figure 2 shows the Fermi plot for the complex 
B* spectrum of Si?’, consisting of two partial 
spectra. The principal end point, corresponding 
to ~ 90% of the intensity, is located at 3.65 + 0.05 
Mev, while not more than 10% of the intensity is 
represented by the partial 8* spectrum having its 
end point at 1.45 + 0.1 Mev. The decay scheme of 
Si?’ given in the book by Dzhelepov and Peker’ 


FIG. 1. Schematic 
diagram of experiment: 
1—exit window of cy- 
clotron, 2— quadrupole 
lenses, 3— concrete 
wall, 4—proton beam, 
5—to integrator, 6— 
grid, 7 — rotating tar- 
get, 8—£ spectrometer. 


must therefore be amended by introducing the 

latter partial spectrum and end point, representing 
the transition to the 2270-kev level of Al?’ (Fig. 3), 
which is observed in connection with inelastic scat- 
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FIG, 3 


According to reference 5, the given level has 
positive parity and spin %, like the ground state of 
Si?’. Therefore there is greater probability of a 
8 transition to this level than to other Al?" levels 
having different spins. 

The observed half-life of Si?’ was 4.1 + 0.4 
sec, agreeing with the previously known value 
within experimental error. The given value was 
determined as follows. The current in the mag- 
netic lenses of the 8 spectrometer was adjusted 
to focus 1650-kev electrons. The proton beam 
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was then switched off, and pulses in the counter 
of the spectrometer were recorded magnetically. 
By means of a timing device, the magnetic record 
was read out so that pulses recorded within 2- 
second intervals were registered successively by 
2 100-channel pulse-height analyzer. 

We wish to express our thanks to V. S. Zazulin, 
who was responsible for the indicated method of 
determining the half-life, to the cyclotron crew, 
especially Yu. A. Vorob’ev, and to Z. I. 
Tikhomirova, B. M. Makuni and N. 8S. Kirpichev 
for assistance. 
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The yields of the reaction Rh'3 (5, voy ee were measured by the induced-radioactivity 
method for various maximum bremsstrahlung energies between 5.9 and 25.5 Mev from a 
30-Mev synchrotron. In this energy range the cross section for the reaction Rhos. vy’) 


was calculated from the yield curve by the Penfold and Leiss method. The cross sec- 


tion has two peaks, one at 9.3 Mev near the threshold of the (y, n) reaction, and the second 
at ~20 Mev. The peak cross section values are respectively 4.8 and ~ 2.5 mb. The ratio of 


the radiative and neutron widths is estimated. 


‘Tue cross section of inelastic nuclear scatter- 
ing of y quanta by rhodium was measured by del 
Rio y Sierra and Telegdi,! who used the method of 
registering the 6 activity of Rh'3™_ The curve 
for the cross section of the reaction Rh!3(y, vag) 
Rh'%™ | obtained by these authors in the energy 
interval from 8 to 18 Mev, has a sharp peak at 
12.8 Mev; the half-width of the peak is 2.9 Mev, 
and the cross section at the maximum is 12.5 mb. 
Both the position of the peak and its magnitude 
contradict other data on inelastic scattering of 
photons by Y8", Ag!™ In!) and Au!®™, available 
in the literature.2-’ For all these nuclei the cross 
section of the (y, y’) reaction has a sharp peak 
near the threshold of the (y, n) reaction, usually 
attributed to the competition between the radia- 
tive and neutron widths. The height of the peak 
amounts to ~ 2—4 mb. In this connection, we 
deemed it advisable to make new measurements 
on rhodium. 

Measurements were carried out with the 30-Mev 
synchrotron of the Physics Institute of the Acad- 
emy of Sciences. The yields of the Rh'3(y, y’) 
Rh!8M +eaction were measured at different 
bremsstrahlung energies Emax from 5.9 to 25.5 
Mev in intervals of ~ 1 Mev. The number of iso- 
mer nuclei Rh'°(T = 56 + 1 min, E, = 40 +0.5 
kev) was determined from the induced-radioac- 
tivity decay curves. 


MEASUREMENT OF THE YIELD CURVE 


Samples of high-purity (99.99%) metallic rho- 
dium were in the form of discs 40 mm in diameter. 
The measurements were carried out with two 
sample thicknesses: 20 and 50p (24.8 and 62 
mg/cm”). The samples were irradiated at a dis- 
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tance of 60 cm from the synchrotron target; at 
the lowest energies the distance was reduced to 
40 cm. 

The y-quantum flux incident on the sample 
during the irradiation time was measured by a 
thin-wall integrating ionization chamber located 
in the beam at a distance 50 cm behind the sam- 
ple. The sensitivity of this chamber was cali- 
brated before and after each irradiation against 
an ‘‘absolute’’ ionization chamber with thick walls 
(72-5 Cmm)) Ot. aluminum® which replaced the sample 
in the beam. To obviate a correction for the dis- 
tribution of the y-radiation intensity in the beam, 
the section of the air gap of the ‘‘absolute’’ cham- 
ber had the same shape and dimensions as the 
sample. The gap thickness was 7 mm. 

The samples were irradiated from 20 minutes 
to 2 hours. To introduce corrections for the fluc- 
tuation in the intensity of the x rays during the 
time of irradiation, the voltage of the output of the 
current integrator of the thin-wall chamber, lo- 
cated in the beam behind the sample, was recorded 
on the chart of an electronic EPP-0.9 potentio- 
meter. 

The decay of the Rh!%™M isomer nuclei is char- 


acterized by the following quantities:??! 
Transition energy, kev 40 
Coefficient of conversion from the K shell, %q 40 


Ratio of conversion coefficients 
on K and L shells 
on L and M shells 


0.09 + 0.01 
Uf ae i 


The yield of the Rh!3(y, vil) Rie reaction 
was measured with a scintillation counter record- 
ing the characteristic x-rays accompanying the 
conversion from the K shell (hv = 22.7 and 20.3 


854 


kev). Registration of the gamma radiation made 
it possible to increase the efficiency by increasing 
the thickness of the samples, and simplified the 
corrections for absorption and scattering in the 
samples. The irradiated sample of rhodium was 
placed between two Nal(T1) crystals 40 mm in 
diameter and 2 mm thick, and consequently the 
radiation was registered in a solid angle close to 
4r. The crystals were hermetically sealed in flat 
cylindrical boxes. The ends of the boxes, facing 
the sample, were made of 100-u aluminum foil. 
The opposite ends, in contact with the photomulti- 
pliers were made of optical glass 1 mm thick. 
FEU-29 photomultipliers, connected in parallel 
had a noise level corresponding to 3—5 kev. 


Table I 
Reaction : 
Reaction | threshold, | R°S!4¥@l in aif-tife 
Mev 
Woe cyan i= Rh | 56 min 
(y, 1) See Rab 213 days 
(eon) ia tiod Rh” | 4.5 days 
OG 740) 16,8 lis ~ 5 years 
(enZp) Ao) 00) Te 14 min 
(y, 2pn) 24.8 Mess 15. sec 


In the irradiation of the rhodium by x rays 
with a maximum energy up to 25.5 Mev, the radio- 
active isotopes were formed as result of the re- 
actions listed in Table I. The main reactions, the 
yield of which at these energies amounts to ~90% 
of the total of all the disintegrations of the rho- 
dium nuclei, are the (y, n) and (y, 2n) reactions. 
The yield of the reaction (y, 2p) cannot exceed a 
fraction of a percent, since the total of the protons 
from the rhodium due to the reactions (y, p), 

(y, np) and others amounts to not more than 6% 
of the neutron yield at a maximum energy of 25 
Mev.!! In order to separate most completely the 
Rem decay in the registration of the induced 
radioactivity of the samples, the amplified pulses 
from the photomultipliers were fed through a 
single-channel pulse-height analyzer. This made 
it possible to reduce considerably the background 
of the apparatus and the background due to the re- 
actions (y, n) and(y, 2n). No decay of Tc!! was 
observed under these conditions. 

The measurement of the induced activity began 
10 or 20 minutes after the end of the irradiation, 
so as to eliminate the influence of the short-lived 
isotopes Rh!%4 T =44 sec) and Reve T = 4.5 
min), which are produced through capture of slow 
background neutrons [(n, y) reaction]. 

A special circuit with electronic ‘‘memory,’’ 
developed by Shtranikh,'* was used to record the 
number of pulses every 4 minutes on a telegraph 
tape. Each decay curve was measured during 2.5 
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hours. The sensitivity of the apparatus was monl- 
tored against a standard source. 

In the reduction of the results, corrections were 
introduced for absorption in the samples (for 
which purpose the yields from samples of different 
thickness, simultaneously irradiated, were meas- 
ured), for the width of the ‘‘window”’ of the pulse- 
height analyzer, for the solid angle of the appa- 
ratus, and for the absorption in the aluminum foil 
covering the NaI(T1) crystals. 

The irradiation of the rhodium samples in the 
synchrotron beam could produce, in addition to 
the (y, y’) reaction, also metastable Rhi3m 
states due to inelastic scattering of photoneutrons 
produced in the sample itself and background neu- 
trons around the accelerator. Two control experi- 
ments were carried out to estimate these effects: 

1) With x rays of maximum energy Ema x = 
25.5 Mev incident on the samples, when the effect 
due to the background neutrons should be a maxi- 
mum, one rhodium sample was placed in the beam 
and the other at the same distance from the syn- 
chrotron outside the y-ray beam. The activity of 
the latter sample, due to the neutrons and scattered 
gamma radiation, did not exceed 1% of the activity 
of the samples placed in the beam. 

2) During irradiation at Emax = 23 Mev, sev- 
eral rhodium samples were placed between discs 
of the same diameter, made of cadmium 0.5 mm 
thick. The yield of the (n, n’) reaction due to the 
neutrons formed in the cadmium should have in- 
creased by approximately 20 times. Measurements 
have shown that the number of Rh!"™ isomer nu- 
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fmax, Mev 


FIG. 1. Yield of the reaction Rh'°(y, y’) Rh'®*™ at various 
maximum x-ray energies E,,,,. Ordinates — saturated activity 
per second per mole per ampere of ionization current of the 
absolute chamber. The dashed curve is the yield curve calcu- 
lated under the assumption that the reaction cross section is 
zero at energies above 12.5 Mev. 
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FIG. 2. Cross section of the reaction Rh'™ (y, y’) Rh'@™. 
Two versions of the calculation are given; other versions 
yield intermediate values. 


clei produced in irradiation with and without cad- 
mium were the same within 5%, i.e., the effect is 
negligibly small for the sample thicknesses used. 

Figure 1 shows the yields of the reaction Rh! 
(y, y’)Rh'3™ obtained at different maximum 
bremsstrahlung energies. Each experimental point 
is the average of 6 — 10 individual measurements 
(mean-square errors). 


INELASTIC SCATTERING CROSS SECTION 


The cross section of the reaction Rh! (y, y’) 
Rh!3™ in the energy interval 5— 25 Mev was cal- 
culated by the method of Penfold and Leiss® from 
the yields obtained. Figure 2 shows the curves 
corresponding to the two versions of the calcula- 
tion. 

The cross section has 2 maxima. The position 
of the first maximum coincides, within the accu- 
racy of the experiment, with the threshold of the 
(y, n) reaction. The second maximum is located 
at ~ 20 Mev, i.e., 3 or 4 Mev above the energy 
corresponding to the maximum cross section of 
nuclear photon absorption ( 16 Mev).!4 The cal- 
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culated cross section in the vicinity of the first 
maximum is much less accurate. As a check, 
Fig. 1 shows dotted the yield curve calculated 
under the assumption that the cross section of the 
reaction is zero at energies below 12.5 Mev. A 
comparison of the dotted curve with the experi- 
mental points shows that there is no doubt that 
the cross section increases in the vicinity of 20 
Mev. 

The cross section obtained for the Rh!% (y, y’) 
Rh!3™ +eaction gives the lower limit for the cross 
section of inelastic nuclear scattering on rhodium. 
To obtain from this the total cross section of the 
(y, y’) reaction, it is necessary to know the rela- 
tive probability of production of the isomer state 
kK in inelastic photon scattering. It is impossible 
to calculate this quantity with any degree of accu- 
racy, Since the branching ratio of the transitions to 
the ground and metastable states is determined for 
each excitation energy by all the lower levels of 
the given nucleus. A rough statistical analysis of 
the process, !°’!® which agrees qualitatively with 
the experimental data, yields in the case of rho- 
dium xk = 0.2 —0.25. 

Knowing the cross section of the (y, y’) reac- 
tion, we can estimate the radiative width I., for 
different excitation energies. Table II lists the 
inelastic scattering cross section a(y, y’) * 

4.50 pRn'3( y, y’) Rht3m ], and the photoneutron 
cross section on =o(y, n)+a(y, 2n), measured 
by Parsons.'* Starting with the threshold of the 
(y, n) reaction, the neutron width IT, increases 
rapidly, and the cross section of the reaction 
(y,y’) accordingly diminishes rapidly. In the en- 
ergy interval 9.35 — 11 Mev the ratio of the cross 
sections o(y, y’)/dy, the value of which is 2 at 
9.35 Mev, decreases to 0.09 at 10 Mev, and to 
0.03 at 11 Mev. Up to 16 Mev, the ratio of the 
cross sections o(y, V\/o., remains approximately 
constant at ~ 0.01. Starting at 16 or 17 Mev, the 
relative probability of inelastic scattering in- 
creases and amounts to ~10% at 20 Mev. 


Table II 
oe 
Ey Mev 1) 6 (i x)emb er SP 12 ty /on| E, Mev | o (x, x’), mb | Sm mb | (% V)/eq 
= ae 12 0.6 62.4 0.04 
ok = = 14 (2 155.20) 0.01 
4 3 24.2 eS = 16 2.7 193 i ~0.04 
10.3 2.04 18 6.4 169 
a We 17.2 0.86 19 9.2 136.2 0.07 
9.75 hh 25.2 0.18 20 10.3 111.0 0.09 
10 2.6 27.6 0.09 mM 8.7 87.9 0.10 
11 1.0 37.2 0.03 29 nA 4.7 | 0.06 
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If the nuclear excitation energy is several Mev 
higher than the threshold energy of the (y, n) re- 
action, the emission of a photon can with a large 
probability be accompanied by an emission of a 
neutron [reaction (y, yn)]. In this case the ratio 
a(y y’)/on < Py/Ty- According to an estimate 
made by Goldemberg and Katz,‘ Py/Ty = 30(y, 
y')/on near 20 Mev. This means that in the case 
of rhodium the radiative width at 20 —22 Mev 
amounts to 25 — 30% of the neutron width. The 
strong increase in the radiative width in the 20- 
Mev region, obtained for rhodium, confirms the 
results obtained earlier®’® for Agi" and In!!9, 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1229-1231 (November, 1960) 


axe asymmetry in the decay of IN hyperons relative to the plane of creation was investigated 
in a freon bubble chamber for A° particles created on carbon, chlorine, and fluorine nuclei 
by 2.8-Bev/c negative pions. The measured value of the asymmetry coefficient is aP 


= ).30)=7 0.15. 


W: know!” that the decay products of A’ hy- 
perons generated in the reaction 


mw - p= Ao K°, (1) 


are emitted asymmetrically with respect to the 
plane of creation of the A°, owing to the transverse 
polarization of the A° hyperons due to parity non- 
conservation in the process of decay of the Nn 
particles. The distribution of the decay products 
of the A° particles relative to the plane of their 
creation is described by the relation 


W (&) dE ~ (1 + PE) dé, (2) 


where a is the asymmetry coefficient character- 
izing the degree of parity nonconservation in the 

Nn decay, P is the hyperon polarization averaged 
over all the values of the angles of emission of 

the A° during creation, and é = [p, pri * Pal 

x Pr decay? where Ppa, Pz pri and p, decay 2re the 
momentum vectors of the A’ particle, primary 
pion, and ‘‘decay’’ pion respectively. Usually the 
value of aP is calculated from the formula 


aP = 2(Ny—Ny)/(N¢+ Ny), (3) 


where N+ and N| are the numbers of pions 
emitted upward and downward relative to the plane 
of creation. 

This asymmetry was investigated in several 
researches (see, for example, references 3 —6) 
at a generating pion energy near 1 Bev. Accord- 
ing to the latest data, the value of aP measured 
in a hydrogen chamber’ is 0.73 + 0.14. In a xenon 
bubble chamber aP = 0.45 + 0.15.° 7 

Of considerable interest are the values of aP 
at energies above 1 Bev, since they can give an 
idea of the polarization of the A’ hyperons cre- 
ated at this energy. 


We have set up experiments on the asymmetry 
of the decay of iN hyperons generated by nega- 
tive pions with momenta (2.8 + 0.3) Bev/c on 
light nuclei, in a 17-liter freon bubble chamber’ 
without a magnetic field. The measurements 
were made with the negative-pion beam from the 
proton synchrotron of the Joint Institute for Nu- 
clear Research. 

The particles are generated by 2.8-Bev/c 
negative pions essentially via the reaction 

m+ NA° + K+ an (4) 
(with a tentative estimate n * 1.5). 

In addition, the considered IN decays contain 
several A’ hyperons due to the decay of the a 
hyperons generated in a reaction analogous to (4). 
Because of the A’ -particle contamination due to 
the decay D9— ~° +, our calculated value of 
aP may be somewhat too low. 

A total of about 60 thousand stereophotographs 
were obtained, in which the first scanning dis- 
closed approximately 1200 ‘‘forks’’ connected 
with termination of a pion track. The iN particles 
in these events were identified by estimating ion- 
ization, multiple scattering, and in many cases 
also the ranges of the protons or pions, and also 
by kinematic analysis, with the aid of the tables 
of reference 8, of the angles between the direction 
of motion of the A° particle and its decay products. 

By the same token, the result included only the 
A’-hyperon decays for which a noticeable difference 
in ionization was observed for at least one of the 
decay products, relative to the minimum ionization 
corresponding to the beam particles. 

A total of 183 A’-decay cases were selected, of 
which 165 were due to the production of  par- 
ticles by the freon, i.e., by the C, F, or Cl nuclei, 
and 18 cases were due to production by the propane- 
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No. of negative pions 
from the A®-hyperon 


Material in aor < decay emitted é 


the chamber decay Avis wean in the aP 
events | ward | ward | tion | 
plane 
Freon 165 67 95 3 == i(0) 8Y4 220) 418 
Xenon-propane 18 9 8 4 SEO) 32 OnAu 
Total number 
of events 183 76 103 4 —==i(0) 310) 22 0) 1a) 


xenon mixture, i.e., the H, C, or Xe nuclei. The 
average momentum of the particles used in the 
measurements was 650 Mev/c in the laboratory 
system. Owing to the stringent selection criteria, 
the K°-decay contamination of the A’ decays did 
not exceed 5%. 

The measured values of aP are listed in the 
table (the errors indicated are statistical). The 
systematic errors connected with the measure- 
ment procedure do not change our result by more 
than 20%. It follows from the data obtained, with 
considerable probability, that a negative value of 
aP is observed in the decay of hyperons generated 
by negative ~3-Bev pions on light nuclei. This 
may be connected with the fact that on going from 
1 Bev to higher negative-pion energies a change 
takes place in sign of the polarization of the A 
hyperons. However, the statistical accuracy of 
our experiment is insufficient for an unequivoval 
conclusion that aP is negative. 

In connection with the foregoing result, it should 
be noted that the authors of reference 4 conclude 
that aP decreases somewhat on going from a 
generating-meson energy of 0.9 —1.0 Bev to 1.2 — 
1.3 Bev. In another investigation,® carried out with 
1.3 —1.9 Bev generating mesons for targets made 
of iron, no asymmetry was observed. However, 
the statistical accuracy of both results is low. 


et al. 
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The production of r° mesons in the m +p — mr’ +n (m=1, 2, 3) reactions was investi- 
gated at p,;- = 2.8 Bev/c in a 17-liter bubble chamber filled either with a propane-xenon or 
a freon 12- freon 13 mixture. The cross section for hydrogen was determined by the differ- 
ence method as (2.2 + 0.3) mb. The mean number of y rays per interaction is 4.0 + 0.4. 
The angular distribution of the y rays in the c.m.s. is anisotropic and possesses a sharp 
peak in the forward direction. The small cross section for exchange scattering, o(m +p 
— q+ n) = (0.20 + 0.25) mb, indicates that, for the given 7 -meson energy, the partial 
interaction cross sections with isotopic spins *, and i are equal. The cross sections for 
processes involving the production of two or three 7° mesons are estimated by analyzing 
the distribution of the events with respect to the number of y quanta. 


INTRODUCTION 


‘Tae multiple production of mesons in rp colli- 
sions at m-meson energy > 1 Bev has been studied 
by a number of investigators. In experiments with 
diffusion chambers in a magnetic field and filled 
with hydrogen, the meson production in mp colli- 
sions was studied at a 7 -meson energy of 5 and 
1.85 Bev.!? Walker’ carried out similar experi- 
ments using nuclear emulsions for 4.5-Bev 7 
mesons. As a result of these investigations, the 
angular and momentum distributions of 7 mesons, 
as well as the distributions of mesons with respect 
to various charged states, have been obtained. The 
most complete data relate to the production of 
charged mesons. The reactions accompanied by a 
simultaneous production of charged and neutral 
mesons have only been partially investigated. Re- 
actions of the type 


wt + p—>mn+—n (1) 


where only neutral particles are emitted have not 
been investigated. A logical interpretation of the 
data on the multiple production of 7 mesons be- 
comes possible if one makes an assumption about 
the ratio of the production cross sections for dif- 
ferent isotopic spins of the system. In particular, 
the number of events of type (1) was determined 
in references 1 and 2 by using such a method. 

It would be of interest to obtain direct data on 
the production of n? mesons in these reactions, 
and on the magnitude of the exchange scattering of 
m- mesons with energies > 1 Bev. 


The cross sections for processes of the type 
(1) were measured by us for 2.8-Bev/c mt mesons 
by means of a bubble chamber‘ filled with a heavy 
hydrogen-containing liquid. The measurements 
were carried out with the extracted 7 -meson 
beam of the proton synchrotron of the Joint Insti- 
tute for Nuclear Research. 


1. EXPERIMENTAL METHOD 


About 3000 stereoscopic photographs were 
taken in experiments with the 7 -meson beam, 
using a bubble chamber filled with a propane-xenon 
mixture. The cross section for hydrogen was de- 
termined by the difference method. In order to 
determine the background due to the quasi-free 
collisions of m~ mesons with protons in the nuclei, 
2800 additional stereoscopic photographs taken in 
analogous experiments with the 7 beam and the 
same bubble chamber, but using a mixture of freon 
12 (CCl,F,) and freon 13 (CCIF3), were analyzed. 

All photographs were scanned by three inde- 
pendent observers. In the scanning, prongless 
stars were noticed, i.e., events where, in the ob- 
servation region, a m meson track stopped 
abruptly without any visible nuclear-interaction 
products. Usually, it was possible to correlate 
such a point of track disappearance with one or 
more electron-positron conversion pairs appearing 


as a result of the process (1) with consecutive de- 


cays ey 3 
In order to find the absolute cross section for 


the process, the total number of 7 mesons passing 
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through the working volume of the chamber was 
counted. Particles were counted in 10 out of every 
50 squares. The total number of 7 mesons was 
found to equal 42,300 and 38,300 for the propane- 
xenon and freon fillings, respectively. A 5-cm 

x 15-cm lead collimator was placed at the entrance 
to the chamber. The strict delimitation of the 
beam region considerably increased the conversion 
efficiency, but also the relative fraction of u 
mesons in the beam. The admixture of 4 mesons 
in the beam was not measured and, therefore, to 
compute the cross section, the ratio of the total 
number of interactions to the given number of 
m-meson passages was determined. 

Estimates of possible background events were 
made. Possible imitating processes are events of 
the types 

phe = Kee mn? (2) 

Gp KOK nn! (3) 
on a free proton or on a weakly-bound proton of a 
nucleus. About 120 events of the V-decay type 
were detected in 3000 pictures. It was found that 
the number of events in which K? mesons or A° 
hyperons are produced, and which can be regarded 
as reactions (2) or (3), is less than 5%. Sucha 
correction amounts to not more than 2 to 3% of the 
events studied, and was not taken into account in 
the final results. 

The number of chance electron-positron pairs 
directed towards the point of disappearance of 77 
mesons was estimated. The estimate was obtained 
by noting that, among the 120 V-decay events de- 
tected in the photographs, not a single electron- 
positron pair was directed towards the vertex of 
the V event. This makes the probability of a 
chance superposition less than 1% of the total num- 
ber of detected electron-positron pairs directed 
towards prongless stars. 


2. EXPERIMENTAL RESULTS 


As a result of the multiple scanning of the 
photographs, 125 prongless stars were found in 
the propane-xenon mixture, and 102 in the freon 
filling. The distribution with respect to the number 
of electron-positron pairs directed towards the 
point of disappearance of the mesons is given 
below: 


Number of pairs e* + e~ 0 4 2 3} 4 5 6 
Number of events in the 
propane-xenon mixture 
Number of events in the 
freon mixture ley ayy PPA all 3 


The angle 6 with the direction of the incident 1 
mesons was determined for each pair. In order to 
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obtain data on the angular y-ray distribution, the 
detection efficiency was calculated by two methods. 
In the first method, the maximum possible y-ray 
path length in the working volume of the chamber 
was measured and the probability of observing a 
given pair was determined from the known conver- 
sion length (equal to 19 and 30 cm for the two 
working liquids, respectively). In the second 
method, the mean detection efficiency of the y rays 
in the chamber was calculated for different angles 
of emission ay with an electronic computer. 


AN/Acos0” 
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FIG. 1. Angular 
distribution of y rays 
in the c.m.s. without 
taking the detection 
efficiency into account: 
solid curve — propane J0 
and xenon, dashed 
curve — freon. 
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The angular y-ray distributions in the pion- 
nucleon c.m.s., obtained without taking the detec- 
tion efficiency into account, are shown in Fig. 1. 
The angular distributions obtained with account of 
the efficiency are shown in Figs. 2 and 3. Both 
methods of calculating the efficiency gave similar 
results. 

From the observed number of events we calcu- 
lated the probabilities for the production of prong- 
less stars on the nuclei of C, F, Cl (freon) and 
H, C, Xe (propane-xenon mixture ). These were 
found to equal respectively (0.93 + 0.1)% and 
(1.6 + 0.15)% of the total cross section for the 
inelastic interaction of mesons with nuclei. 
The cross section per free proton calculated from 
these data is (2.2 + 0.3)mb. In calculating the 
results for freon, it was assumed that the charac- 
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FIG. 2. Angular 0 
distribution of y rays 
from reaction (1) in the 
C.m.S. (propane-xenon), — 5//t 
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ter of the nuclear interactions differs little for a 
lighter nucleus (C) and for a heavier nucleus 
(Cl). For the xenon nuclei, it was assumed that 
the production cross section for prongless stars 
on xenon is proportional to the number of protons 
in the nucleus.* It is important to note that, out of 
125 events detected in the xenon-propane mixture, 
two thirds occurred on free protons and only one 
third on the bound protons of the nuclei. Thus, the 
results depend little on the assumptions made in 
the calculation. 

From a comparison of the angular y-ray dis- 
tributions obtained for the two different mixtures 
(see Fig. 1), it can be seen that the distributions 
are identical within the limits of experimental er- 
ror. One can therefore assume that Fig. 2 repre- 
sents the distribution of y rays originating in the 
decay of n* mesons produced on free protons. 

The mean number of y rays per interaction of 
the above type equals 4.0 + 0.4, i.e., two n° 
mesons are on the average produced per collision. 

From six events in which five or six conversion 
pairs were observed (5y, 6y), it was found that 
the number of events of the type 7 +p— 3nr° +n 
lies between 30 and 60. Moreover, from the num- 
ber of events in which only one pair was observed 
(ly), it was found that the number of exchange 
scattering events 7 +p— 7’? +n is not greater 
than 25. Such an estimate made it possible to de- 
termine the cross section for the process (1) for 
iit) = ly Py Batol Se 


Grip = (0.20.25) mb, San, = (1.325 0,4) mb, 
O30 = (0, if = 0.4) mb. 


The mean number of y rays calculated from 
these cross-section values is 5.6 + 0.6, which 
disagrees with the value 4.0 + 0.4 given above. It 
is natural to ascribe this discrepancy to the low 
detection efficiency of the reaction t +p— 31° 


*We have also made use of preliminary results, obtained 
in a xenon bubble chamber, for which we thank E. V. Kuzne- 
tsov. According to these data, the ratio of prongless stars 
to the total number of interactions is equal to (0.5 + 0.2)% 
per xenon nucleus. 
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+n, and to the resulting large statistical errors 
in the cross sections. 


8. DISCUSSION OF RESULTS 


As can be seen from Figs. 2 and 3, the angular 
y-ray distribution in the c.m.s. is strongly aniso- 
tropic. We can observe one section in the distri- 
bution that is strongly peaked in the forward direc- 
tion (cos 6* > 0.6, where @* is the angle in the 
c.m.s.), while another section is isotropic. It 
should be mentioned that the angular 1r’-meson 
distribution will practically coincide with the y- 
ray angular distribution provided the energy spec- 
trum of the 7’ mesons is sufficiently hard, which 
is evidently true for the energy of t mesons 
used. The conclusions reached concerning the 
angular y-ray distribution will then apply to the 
same extent to the angular distribution of 7° 
mesons produced in reaction (1). Similar regular- 
ities detected by us on 71° mesons were also ob- 
served for charged mesons.!? 


Probability of a given reaction 
in percent of the total cross 
section for inelastic interaction 


According to statis- 
tistical theory 


Reaction 


products Experimental 


values 


It is known that calculations based on the statis- 
tical theory of multiple s-meson production do not 
explain the anisotropy of the angular distribution, 
although they are in good agreement with the data 
on the multiplicity of the production processes.° 
The same is true for our results. Maksimenko,' 
using statistical theory, calculated that for 2.8-Bev 
m mesons the processes of the type (1) should 
amount to 10.7% of the cross section for inelastic 
interactions of 7 mesons with protons. This is 
in good agreement with our experimental result of 
(10.1 + 1.4)%. A satisfactory agreement with the 
statistical theory can also be obtained by compar- 
ing the calculations on the multiplicity of process 
(1) with the experimental data obtained (see table), 
although large statistical errors in the cross sec- 
tion make such a comparison not very effective. 
Moreover, the observed anisotropy in the angular 
distribution of 7? mesons cannot be explained by 
a statistical theory. An interesting possibility for 
explaining the peculiarity in the angular 1- eee 
distribution was considered by Barashenkov.® It 
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was demonstrated by him that the resulting asym- 
metry in the angular distribution of the mesons 
produced can be explained by assuming that the 
peripheral collisions amount to 2 20% of the total 
cross section for mp collisions. 

The cross section for exchange scattering can 
be written in terms of the amplitudes f and g cor- 
responding to isotopic states with T = Up and T 
= ¥, respectively: 

o(n + pn +n)==[f —gi. 
Okun’ and Pomeranchuk® have drawn attention to 
the fact that, at high energies, the exchange-scat- 
tering cross section should amount to only a small 
fraction of the total cross section for inelastic 
scattering, and that, consequently, fg. From 
the data of the present experiment, we can con- 
clude that, even for ~3-Bev m mesons, the reac- 
tion probabilities for channels with different iso- 
topic spins are practically equal. Using the dis- 
persion relations, we can also show that the dif- 
ferential charge-exchange cross section at 0° de- 
creases sharply with increasing m-meson energy 
from 0.8 to 2 Bev.!® Similarly, the total cross 
section for exchange scattering should also de- 
crease, a fact which is also confirmed by the re- 
sults obtained. 

In conclusion, the authors would like to thank 
Academician A. I. Alikhanov for help and support 
in the experiment, and Academician V. I. Veksler 
for enabling us to carry out the present experi- 
ment. We would like to thank the synchrotron op- 
eration team, who made it possible to execute the 
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work, and also Yu. S. Krestnikov, Yu. I. Makarov, 
and N. S. Khropov for help in carrying out the 
measurements. We are indebted to N. G. Birger 
for helpful comments, to V. M. Maksimenko for 
calculating the results of the statistical theory, to 
TI. S. Bruk for providing the facilities of the M-2 
electronic computer of the Institute for Electronic 
and Control Machinery, U.S.S.R. Academy of Sci- 
ences, and to G. M. Adel’son for carrying out the 
computations. 


1 VMaenchen, Fowler, Powell, and Wright, Phys. 
Rev. 108, 850 (1957). 

2R. C. Whitten and M. M. Block, Phys. Rev. 111, 
1676 (1958). 

3Ww.D. Walker, Phys. Rev. 108, 872 (1957). 

4Blinov, Lomanov, Meshkovskii, Shalamov, and 
Shebanov, [Ipu6oppi v1 TexHuka 9KCMepuMenta (In- 
struments and Exptl. Techniques ) 1, 35 (1958). 

>Ya. Ya. Shalamov and V. A. Shebanov, ibid. 3, 
141 (1960). 

6 Belen’kii, Maksimenko, Nikishov, and Rozen- 
tal’, Usp. Fiz. Nauk 62, 1 (1957). 

"Vv. M. Maksimenko, Dissertation, Physics 
Institute of the Academy of Sciences, U.S.S.R, 1960. 

8V. S. Barashenkov, Nucl. Phys. 15, 486 (1960). 

*L. B. Okun’ and I. Ya. Pomeranchuk, JETP 
30, 424 (1956), Soviet Phys. JETP 3, 307 (1956). 

0 Cool, Piccioni, and Clark, Phys. Rev. 103, 
1082 (1956). 


Translated by H. Kasha 
232 


POV IEP yY STOS. Jf iP 


VOLUME 12, 


NUMBER 5 MAY, L9OGL 


PRODUCTION OF CHARGED HYPERONS BY 9-Bev PROTONS INTERACTING WITH PHOTO- 


GRAPHIC EMULSION NUCLEI 


L. P. DZHANELIDZE, D. K. KOPYLOVA, Yu. B. KOROLEVICH, N. I. KOSTANASHVILI, 
K. V. MANDRITSKAYA, N. I. PETUKHOVA,* M. I. PODGORETSKII, D. TUVDENDORZH, 
OFA. 


SHAKHULASHVILI, and CHENG P’U-YING 


Joint Institute for Nuclear Research; Institute of Physics, Academy of Sciences, Georgian 


S.S.R.; Tbilisi State University 
Submitted to JETP editor July 9, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1237-1241 (November, 1960) 


The angular distribution of 7 mesons from decaying =+ hyperons, produced by interaction 
of 9-Bev protons with emulsion nuclei, was investigated. An estimate is obtained of the 
charge composition of the hyperons. The value of the cross section for the production of 
charged hyperons on emulsion nuclei is estimated. 


CONDITIONS OF THE EXPERIMENT 


ieee pellicle stacks measuring 10 x 10 x 6 and 
10 x 15 x 4 cm (stacks 1 and 2 respectively ), and 
made up of NIKFI type BR-400 emulsions were 
used. The stacks were exposed to the 9-Bev pro- 
ton beam from the proton synchrotron of the High- 
Energy Laboratory. The purpose was to investi- 
gate, in particular, the angular distributions of 
the charged-hyperon decay products; principal at- 
tention was therefore paid to finding the hyperons 
by a method as free as possible from experimental 
sampling, and also to a careful identification of 
the observed decay events. In this connection, the 
search for hyperons was conducted by continuing 
the tracks in stars produced by primary protons. 
The particle-decay events in flight produced by 
one relativistic particle were registered. The 
cases thus obtained could be due to decay in flight 
of either 2* hyperons or K* mesons, with the 
admixture of the latter being exceedingly insignifi- 
cant, owing to the large difference between the 
lifetimes of these particles. 

The final identification of the decaying particle 
was by measuring the multiple scattering and the 
ionization. The prongs, produced by the primary 
protons, which were to be continued satisfied cer- 
tain energy and geometry conditions. These con- 
ditions, as well as the details of searching and 
identifying the hyperons decaying in flight by the 
scheme =*+— r= +n, are given in reference 1. 

The entire procedure of finding and processing 
was the same for both stacks, except that in stack 
1 primary stars with Np = 10 were selected, 


*Deceased. 


while the selection in stack 2 was independent of 
the number of prongs in the stars. A total of 76 
>+— 7++n decays in flight were found, of which 
33 were in stack 1 and 43 in stack 2.* 


RESULTS 


1. Angular distribution of the 2+-hyperon 
decay products. Solov’ev* emphasized the impor- 
tance of investigating the longitudinal asymmetry 
in the angular distribution of the pions produced 
in the decay of hyperons. As was already reported 
in reference 1, we undertook to refine the data on 
the angular distribution of the 7 mesons from 
the decay of 2+ hyperons. The resultant angular 
distribution in the hyperon rest system relative 
to its direction of motion is shown in Fig. 1. 

If we approximate the distribution by the ex- 
pression 1 +a cos @*, then the coefficient of 
asymmetry is found to be 


pee ; Bee ees Ou 
a=aP,=— > cos; +(-*)" = 0.03 40.2, 


where a is the coefficient of asymmetry for com- 
plete polarization of the hyperons, Py is the com- 
ponent of the vector of the average polarization of 
the = hyperon along the direction of its motion, 

oe; is the angle between the direction of hyperon 
flight and the pion flight in the rest system of the 
hyperon, and N is the number of observed hyper- 
ons. 

We also investigated the angular distribution of 
——*Stack 1 was scanned in the High-Energy Laboratory of the 
Joint Institute for Nuclear Research, while stack 2 was scanned 
in the Physics Institute of the Georgian Academy of Sciences, 
and at the Tbilisi State University. 
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the pions relative to the plane of creation of the 
= hyperons. The normal to the plane of creation 
was determined by the vector product [p x 2] 
where p and 2 are unit vectors in the direction 
of motion of the proton beam and the hyperon re- 
spectively, and the ‘‘upward”’ and ‘‘downward’’ 
directions relative to this plane were determined 
from the sign of the mixed product [p x Z]-T. 
The coefficient of asymmetry of this distribution 
is 

b=2 (Nup ak N down) i (Nup-+ Ndown) = 0.36 + 0.22. 


2. Angular and energy distributions of the =+* 
hyperons. Two corrections were introduced in the 
angular and energy distributions of the 2+ hyper- 
ons. The first took into account the hyperons that 
decayed beyond the potential range. This correc- 
tion amounts toapproximately 16% of the observed 
number of hyperons. The second correction is 
purely geometric, and is connected with the cir- 
cumstance that not all the hyperons traveling in 
the forward hemisphere relative to the motion of 
the beam proton have been registered, but only 
those for which the dip angle did not exceed 7.5° 
(reference 1). 

Figure 2 shows the resultant angular distribu- 
tion of 2+ hyperons with allowance for the correc- 
tions. As can be seen from the distribution, it can 
apparently be assumed that practically all the hy- 
perons produced by interactions of 9-Bev protons 
with the emulsion nuclei are emitted in the for- 
ward hemisphere. Then, taking the foregoing cor- 
rections into account, the total number of hyper- 
ons is 488. 

Figure 3 shows the total energy spectrum of 
charged hyperons. We see that the spectrum has 
a maximum and a sufficiently sharp fall-off towards 
higher energies. In addition, there are no hyper- 
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FIG. 3. Experimental energy spectrum of charged hyperons. 
The arrow indicates the upper limit of the hyperon energy which 
could still be registered. 
ons with energies greater than 290 Mev, although 
hyperons with energies 410 —420 Mev could have 
been registered according to the search rules ap- 
plied in the present investigation. It is not ex- 
cluded that these peculiarities of the spectrum are 
due to the fact that the produced hyperons interact 
effectively with the nucleons contained in the par- 
ent nucleus. 

Figure 4 shows the limiting curves for angles 
and the kinetic energy of the & hyperons produced 


in the reactions 


PoaN = 24 ow. 
t+N—>X+ K, 


(1) 
(2) 


calculated with allowance for the intranuclear mo- 
tion of the nucleons. The possible generation of a 
certain number of additional pions in reactions 

(1) and (2) can cause only a narrowing of the limit- 
ing curves, which in this case will be completely 
located inside the corresponding curves of Fig. 4. 
The limiting curve of reaction (2) was calculated 
for an 8-Bev pion, corresponding to the maximum 
energy possible for pions generated by 9-Bev pro- 
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curves for the angles 
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6, and of the kinetic Otte 
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hyperons, produced in 
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tons, and emitted in the direction of the beam.* 

Among the 76 hyperons shown in Fig. 4, six 
cases have been noticed which did not fall within 
the 3-fold error limits into the region bounded by 
the limit curves. It is natural to assume that these 
hyperons were initially produced in reactions (1) 
and (2), but upon further passage through the parent 
nucleus they experienced a nuclear interaction. 
Nor is it excluded that they were formed in an in- 
teraction between a primary proton and a nuclear 
tunnel. 

3. Signs of = hyperons and the cross section 
for the creation of charged hyperons. The statisti- 
cal estimate of the ratio of the number of positive 
to negative hyperons was obtained from a compar- 
ison of the times of flight of all the observed hy- 
perons, from the point of their production to the 
point of decay, with the average time of flight ex- 
pected at the given differential range under the 
assumption that all the observed hyperons are x* 
or x hyperons. 

In the calculation of the average value of the 
time of flight of each hyperon, in the two variants 
indicated above, the average lifetimes with =* 
and 2 hyperons were taken to be respectively 
0.75 x 10° !9 sec, and 1.59 x 10°!° sec.? The frac- 
tion of X* hyperons was found to be 0.62 + 0.07. 
If one considers that the ratio of the decay fre- 
quencies of =* hyperons along the two possible 
channels is unity, we obtain for the ratio of the 
positive to negative hyperons 

Nee Noe = 3,2 a2 1,0. 

An estimate of the cross section for the gener- 
ation of the hyperons was made separately for 
stacks 1 and 2. Necessary information concerning 
the mean free path for the interaction of the 9-Bev 
protons with the emulsion nuclei, on the percen- 
tage of interactions of the 9-Bev protons with the 
light and heavy nuclei of the emulsion, and on the 
elementary composition of the emulsion used to 
calculate the cross section were taken from ref- 
erences 4—6. The following values for the cross 
section og for the generation of charged hyperons 
in interactions between the primary protons and 
emulsion nuclei (stack 2), and heavy emulsion 
nuclei (stack 1) respectively were obtained: 


ogme(s*) = 4240.9 mb, og ™(Z*) = 3.70.9 mb, 


It is easy to show from general considerations 
of isotopic invariance that in the interaction of 
primary protons with nuclei having zero isotopic 
spin, the number of produced charged 2 is twice 
~_ ¥*]t should be noted that as the energy of the incoming pion 
is decreased, the region covered by the limiting curve becomes 


narrower. 
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the number of neutral = hyperons. The emulsion 


nuclei satisfy in practice these conditions. There- 
fore : 


(2?) = 6.3 1 4embyo et (sey 5 6 4 amb, 


4, Additional remarks. In this investigation we 
traced all the black and grey prongs in 76 stars, 
in which 2 hyperons decaying by the scheme + 
— 7*+n were observed. As a result we found 
four cases of paired production of a >* and K* 
meson, two cases of paired production of K* and 
K™ mesons, and a case of production of two hyper- 
ons ina single star. A star of the type (17 + 7p) 
contained two ‘‘grey’’ particles decaying in flight 
per relativistic particle. The values of the masses 
of these particles, obtained from the results of 
measurement of multiple scattering and ionization, 
were found to be 


fit, = (1/8 32'0.49) mp, tt, > (1.91 22 0.44). 


Assuming that both particles are hyperons, it must 
be admitted that this star contained also neutral or 
charged K mesons, which were not observed. 

In addition, in the continuation of the selected 
prongs we observed one case of annihilation of an 
antiproton in flight. The range of the antiproton 
from the parent star to the point of annihilation 
was 17.4 mm. The kinetic energy of the antiproton 
at the point of annihilation was Axjn(p) = 92 
+15 Mev. The annihilation star contains 9 ‘‘black’’ 
and ‘‘grey’’ particles, and one relativistic particle. 

The authors are grateful to E. L. Andronika - 
shvili and V. I. Veksler for interest in the work, 
and also to the accelerator crew and the laboratory 
staff who participated in the scanning of the emul- 
sions. 
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The dependence of the depth of penetration 6 of the magnetic field in a superconductor on the 
field was measured in 10 samples placed in the coil of the resonant circuit of an oscillator 
operating at 2 Mc/sec. The change in frequency accompanying the application of the field 
was measured accurate to 0.005 cps, corresponding to a change in 6 of about 107° cm. 


lke depth of penetration of a magnetic field in 

an isotropic superconductor is defined as the ratio 
of the magnetic flux in a surface layer of the super- 
conductor to the value of the magnetic field on this 
surface, i.e., 


Q 
te} 


nn @) 


6 = \ A (z)dz/H (0) 


i=) 


(it is assumed that the permeability »=1). This 
quantity can be considered independent of the mag- 
netic field only infirst approximation, at small values 
of H/Hg, when the equations of superconductor 
electrodynamics are assumed linear. In general, 
we can put 


OCD) — 8 (0) [1 oi i,)? BC / fe) + «..J, — (1) 


since 6 is obviously an even function of H. 

The question of the magnitude and the character 
of the nonlinear effects in real superconductors 
has not yet been sufficiently clarified both in its 
experimental and theoretical aspects. At temper- 
atures sufficiently close to Tg, the phenomenolog- 
ical theory of Ginzburg and Landau! leads to the 
relation 


“(x + 2V2) 
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Using the method indicated in reference 1, ex- 
pressions can also be derived for the succeeding 
expansion coefficients in (1). The exact expres- 
sion for 8 is quite cumbersome. Approximately, 
when k <1, 


H,6°(0). (2) 


B= 4.7-10%x?(1 —5.1x-+ 7x?) and B<a. (3) 


Gor’kov? has shown, starting with the modern 
microscopic theory of superconductivity,**4, that 
€eff in (2) should be taken equal to twice the elec- 
tron charge, and the validity of relations (2) and 


(3) should be restricted both by the condition (Te 
— T)/Te « 1 and by the condition 6 > £9, where 
£) is the nonlocality parameter.* For tin this con- 
dition corresponds approximately to Te — T < 0.1° 
(see reference 5). 

There exists apparently no theoretical analysis 
of the nonlinear effects in the region where the 
local relations of the Ginzburg and Landau theory 
are not applicable. 

The first attempts at an experimental investi- 
gation of the dependences for tin and mercury 
were made quite long ago, simultaneously with the 
first measurements of 6 in weak fields. For mer- 
cury, Laurman and Shoenberg® found the changes 
in 6 to be beyond the limits of the sensitivity of 
their method, corresponding to a@ < 0.05. 

The function 6(H) for tin was investigated”® 
by low-frequency (v = 4 cps) modulation of the 
sample temperature. It was noted that poly- 
crystalline mechanically worked and annealed 
samples exhibit strong and complicated depend- 
ences of 6 on the applied field. In single-crystal 
tin samples® the increments of 6 were several 
times smaller, and the 6(H) plot became approx- 
imately parabolic. Still the value a = 0.06 for 
2.4° = T = 3.67°, determined from these experi- 
ments, exceeded appreciably the theoretical value 
@ = 0.025, obtained by substituting in (2) the ex- 
pression 


8 (0) 25-10 (= yee ceom: (4) 


which is valid near Tg.88-10 

To ascertain the reasons for this discrepancy, 
we have decided to carry on further investigations 
on a large number of samples, using a more ac- 
curate and more sensitive radio-frequency pro- 
cedure for the measurements. 


866 


PENETRATION OF THE MAGNETIC FIELD IN A SUPERCONDUCTOR 


Pippard*®"! has demonstrated that the use of 
high frequencies for the investigation of the depth 
of penetration has considerable methodological 
advantages over low-frequency statistical meas- 
urement methods. In this case the errors due to 
the presence of an included normal phase in the 
sample are considerably reduced (if the depth of 
penetration of the field in the normal phase is less 
than the dimensions of these inclusions). The 
sensitivity of the apparatus to changes in the depth 
of penetration can also be appreciably increased 
by raising the frequency of the measuring field, 
Since the reactive component X of the surface 
impedance of the sample is connected with the 
depth of penetration, at not too high frequencies, 
by the formula 


X = 4nc 76 (5) 


and increases consequently as the frequency. The 
closer the temperature of the sample is to Tg, the 
more stringent is the limitation that should be im- 
posed on the frequency in order to satisfy the 
equality (5). 

Theoretical estimates for the frequency interval 
in which relation (5) can be used for the determin- 
ation of the statistical value of 6 have been made 
by Abrikosov, Gor’kov, and Khalatnikov.!* How- 
ever, our own choice of the operating frequency is 
based only on the experimental data, which call 
for more stringent limitations. 

From this point of view, the 9400 Mcs/sec fre- 
quency used by Pippard® in the investigation of the 
dependence of the impedance of tin on the field is 
too high. In this case the linear dependence of X 
on 6 is noticeably violated even at temperatures 
above 3°K.!! When Te — T= 0.1°, the difference 
between the static value® of 6(0) and the value 
6qw(0) as given by formula (5) amounts to approx- 
imately 40% of 6(0). A reliable determination of 
the static value of a near Teg is impossible in this 
case. 

In Pippard’s measurements? at 1200 Mc/sec 
with no constant field, a value of approximately 
10% was obtained for [6(0) —6,4)(0)]/6(0) at Te 
—~T=0.1°. A still lower frequency should make 
the difference 6(0) — 6,)(0) increase even more 
rapidly, since it follows from general considera- 
tions that at low frequencies w we have 6 — dy 
~ w* (see reference 14). 

We note that an analogous frequency dependence, 
proportional to w* was actually found by Sturge 
for the active component of the surface impedance 
of tin at frequencies from 10° to 10? Mc/sec. 

In the development of the measurement proce- 
dure, we decided on a frequency near 2 Mc/sec, 
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which is certainly sufficiently low in the investi- 

gated temperature region, where T, — T > 0.01°. 

On the other hand, it was possible to attain at this 
frequency an accuracy and sensitivity which were 
fully adequate for our purposes. 


THE METHOD 


Construction of the instrument. The heart of 
the measuring apparatus were two identical oscil- 
lator circuits using 06-P2B low-power pentodes 
placed in a Dewar vessel with liquid helium (the 
parts kept at low temperature are separated in 
Fig. 1 by a dashed line). The two oscillators to- 
gether dissipated in the helium approximately 
0.05 w. The investigated sample, in the form of a 
cylinder with pointed ends (diameter 8 —9 mm, 


FIG. 1. Diagram of the measuring and 
standard oscillators. 


length of cylindrical part 40 mm, overall length 

60 mm), was placed in the coil (approximately 

20 mm long) of the tank circuit of one of the os- 
cillators (Fig. 2). The coil was placed in the 
homogeneous magnetic field of solenoid A (Fig. 3). 
The earth’s field was compensated for during the 
experiment with an accuracy of ~0.01 0e. The 
change in the surface impedance of the sample due 
to the application of the external magnetic field 
changed the frequency f, of the first oscillator. 
The second oscillator served as a frequency stand- 
ard. Both oscillators were connected to a common 
power pack through dependable decoupling filters. 
In these Hartley oscillators the B voltage was ap- 
plied to the screen grids of the pentodes, and the 
signal was picked off the plates, to reduce the 
coupling between the output and the tank circuits. 
Small resistances (R in Fig. 1) were inserted in 
the cathode circuits to reduce the frequency shift 
due to variation of the filament current. The sec- 
ond oscillator and the tube of the first oscillator 
were shielded against external magnetic fields by 
lead superconducting shields. The frequency fp 

of the second generator could be varied over a 
small range during the time of the experiment by 


aU 


FIG. 2. Section through the measuring 
oscillator. 1—sample in ampule, 2— quartz 
form of the tank circuit, 3—coil winding — 
100 turns of copper wire (0.15 mm dia.), 
4—mica capacitors of the tank circuit, 

5 — copper vacuum-tight screen with lapped 
seal, 6—foamed styrol heat insulation be- 
tween the tube and the sample, 7— lead 

shield, 8—tube for vacuum and wire leads. 


means of a lead plunger traveling in the coil of its 
own tank circuit. 

The signals from both oscillators were fed to a 
mixer M (Fig. 3), which separated the difference 
frequency f; — fy). The value of the difference fre- 
quency was set equal to approximately 100 cps. 
The value of f,; — fy) was adjusted and roughly meas- 
ured by means of an ICh-6 frequency meter feed- 
ing an EPP-09 automatic recorder, and by means 
of an oscillograph with a sweep signal from a 
ZG-12 audio oscillator. For exact measurement 
of the frequency, the sinusoidal signal was con- 
verted in the shaping network S into a sequence of 
pulses, the interval between which was increased 
by a factor k,; ina PS-64 scaler (in most exper- 
iments, k, = 64). The interval between pulses 
was measured with a chronograph comprising a 
crystal oscillator G, an electronic switch SW 
which passed a signal of frequency oy = 10° cps 
from the crystal oscillator in the interval between 
two pulses, and PS-10000 counters, which counted 
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the number of cycles in the interval between the 
pulses. The measurements were made with the 
magnetic field of solenoid A alternately switched 
on and off several times (usually 16 times ); the 
number of cycles counted with the field off, N,, 
was summed by one PS-10000 counter, while the 
number of cycles with the field on, N2, was 
counted by the second counter. Relay Rel was 
used to actuate the devices and to apply the mag- 
netic field, and the number of switchings ky, was 
set by means of a supplementary PS-64 scaler. 

Calibration of the instrument. The frequency 
shift Af, due to application of the magnetic field 
could be determined from the relation Af; 
= kik, g (Ny — Nz)/NiNo. The accuracy of the meas- 
urement of Af, was determined by the stability of 
the oscillators and by the duration of the measure- 
ments, and amounted to approximately 0.005 cps. 
To calibrate the instrument, the frequency f, was 
determined for lead samples of different radii r. 
The same measurements were repeated with alum- 
inum samples in normal state, and the results 
were in agreement. These data were used to cal- 
culate, accurate to 4 or 5%, the value of dr/df,; as 
a function of the radius of the sample. For the 
investigated tin samples, dr/df,; = (3 —4) 
x 107’ cm/cps. Thus, depth-of-penetration changes 
on the order of 10~® cm could be detected. 

Control experiments. The influence of the field 
on the oscillation frequency in the absence of a 
sample were checked between individual measure- 
ments. To reduce this influence, we had to make 
the tank-circuit coil of specially prepared copper 
wire, the surface of which was free of iron. All 
the joints in and near the tank circuit were made 
with a solder which was not superconducting in the 
operating frequency range (60% Bi, 40% Cd). With 
these precautions, the absolute frequency shift due 
to application of a field ranging from 0 to 100 oe 
could not exceed 0.02 —0.03 cps. This effect could 
appreciably reduce the measurement accuracy 
only at temperatures below 3°K. It can be assumed 
that the frequency shift was due essentially to 
mechanical displacement of the parts of the instru- 
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ment due to switching on the magnetic field, since 
the magnitude of the observed displacement was 
not consistently reproducible. 

Data reduction. In determining 6(H) from our 
data it is necessary to take it into account that if 
6 depends on the magnetic field Eq. (5) is not ap- 
plicable directly, for it is necessary then to allow 
for the periodic variation of 6 induced by the 
measuring field. Assuming the oscillation fre- 
quency to be sufficiently low, we can write down, 
accurate to the fifth power of the field, the instan- 
taneous value of the magnetic flux through the sur- 
face layer of the sample per unit length of its cir- 
cumference as 


(6) 


where H is the sum of the constant and measuring 
fields, i.e., H= H) + H, sin wt. Substituting this 
expression in (6), we should single out the terms 
that oscillate at a frequency w and depend on Hp, 
for only these terms can change the oscillation 
frequency. In most of our experiments, Hp || Hy. 
Then, putting Hy/He =h and H;/He = hy, we ob- 
tain 


® = H6 (0) (1 + aH? / H2 + BH*/ HY), 


(7) 


The measuring field Hy was measured in sep- 
arate experiments under different conditions, and 
was set at 0.1—0.2 oe during the measurements. 
The quantity 15phi /2 amounted to a fraction of 
one percent of the total coefficient of h’, and could 
therefore be neglected. The effective increase in 
6, determined experimentally as Aeffé = (dr/df; ) 
x Af;, was expressed thus in terms of a and £6 as 


Aete 5 = 6 (0) (30h? + 5Bh*). (8) 


@.. = 8 (0) [(3a + Bhi) A? + 5BA4] Hy sin of. 


The value of a could therefore be determined 
from the initial slope of the Aggg vs. h’ curve. 
6 (0) was calculated here from (4). 

Samples. The characteristics of the investi- 
gated samples are listed in the table. At the pre- 
liminary stage of the investigation we used samples 
grown in glass ampules, which were removed from 
the samples prior to the investigation. One such 
sample is numbered 1 in the table. The remaining 
samples were placed in the coil in quartz ampules, 
the internal surface of which was coated with a 
thin layer of lampblack to provent the tin from 
sticking during casting. The ampules removed 
from the samples were placed in the coil during 
the control experiments. The crystal orientation 
of the samples was determined from the etch fig- 
ures. Samples 3 and 4 consisted of several crys- 
tals, turned 1 — 2° relative to each other. These 
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Ss ¢ r _Impu- " 

amplelo (4,2°K) ; rities *! ? ** UE ie 

number|, (40°C) 1 ho of | deg deg 

ile 4 8 65 30 

2 | 1 i 90 0 

ol || 1 4 40 30 

i n { 75 0 


*Impurity content estimated accord- 
ing to reference 16, 
**@ — angle between the axis of the 
sample and the [001] axis. 
***U) — angle between the projection 
of the sample axis on the (001) plane 
and the [100] axis. 


crystals apparently came from a single seeding 
under conditions where the tin was considerably 
supercooled. 


RESULTS 


The general form of the function Af,;(H) is 
shown for one of these samples in Fig. 4. The 
curve was obtained with the ICh-6 frequency meter 
and an automatic recorder. The instant when 
superconductivity is destroyed is noted from the 
sharp kink on the curve. Superconductivity was 
sometimes destroyed at fields somewhat higher 
than He, and consequently the values of the critical 
field were determined by observation of the re- 
verse transition from the intermediate to the 
Superconducting state. 


Af, cps 
IF 


4 


5 10 15 20 


FIG. 4 


Figure 5 shows the results of the measurements 

of Aeffé for sample 3, made with the aid of a 
chronograph. The dependence of Aeffé on h was 
close to parabolic, although noticeable deviations 
from a parabola were observed at large values of 
H, particularly at low temperatures. The initial 
slopes of the curves were determined by using 

two points carefully measured at small values of 
h?. The dispersion in repeated measurements 
usually did not exceed 2 or 3%. The values of 
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FIG. 5. The function 
Aege5(h?) for sample 3. 0) 
T.-T =0.059°K. x) T.-T 
=0.107°K, A) T.-T 
= 0.773°K. 
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FIG. 6. The function @(T). +) sample 1; A) sample 2; 
x) sample 3; 0) sample 4; e) sample 4 after removal of the 
ampule. 


a(T), calculated for all samples listed in the 
table, are shown in Fig. 6. Measurements on sam- 
ple 1 led to values of a which increased rapidly 
as T— Tg. Further experiments showed, how- 
ever, that this temperature variation of a was 
due to secondary causes. Although the tin surface 
was carefully protected against scratches, the 
sample might have been slightly bent during the 
installation and cooling. Samples 2 — 4, protected 
by ampules against possible damage, yielded con- 
siderably smaller, nearly equal values of a, which 
tended to a finite limit as T— Tg. After the am- 
pule was taken off sample 4, the values of a for 
this sample increased sharply and the a(T) curve 
assumed the same form as for sample 1. It must 
be noted that the anomalous behavior of the de- 
formed specimens was not due to the incomplete- 
ness of the Meissner effect, for the results with 
all specimens were practically independent of the 
magnitude and direction of the field in which the 
specimen was cooled. 

At this stage of the investigation, we undertook 
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to study the crystalline anisotropy of 6 CHF st 
would have been necessary in this case to change 
over to flat samples, so that the field and current 
would have the same direction relative to the crys- 
tal axis over the entire surface of the sample. In 
our case the current in the sample was made to 
flow in circles, and we dealt always only with 
suitably averaged values Aeffé. We therefore did 
not introduce in the foregoing formulas the com- 
plicating modifications necessary to allow for the 
anisotropy. The fact that samples 2 —4, with dif- 
ferent crystal orientations, yielded values of a 
that were close to each other justifies this data 
reduction method. 

We attempted also to investigate the variation 
of 6(H) ina transverse field. In this case the 
constant and alternating fields were perpendicular 
to each other on the main part of the sample sur- 
face, so that the numerical coefficients in front of 
a and £8 in (8) are changed. In the case of homo- 
geneous crossed fields these coefficients would be 
unity. In our case it is necessary to allow for the 
fact that the constant field is different at different 
sections of the sample surface. Considering the 
sample to be a long cylinder and averaging over 
its perimeter, we obtain for the transverse field 


Meee 5 = 5(0) (F ah? + = BA (9) 


where h, isthe ratio ofthe external field to the value 
of the field at which superconductivity begins to 
disappear. 

The conditions for measuring a@ were much 
more favorable for our samples in a transverse 
field than in a longitudinal field. From (8) and 
(9) it follows that the effect quadratic in h should 
be six times smaller for an isotropic sample in 
a transverse field than in a longitudinal one. In 
addition, the ends of the sample make a larger 
contribution to Agff6 in a transverse field than in 
a longitudinal field, while the surface finish of the 
samples is undoubtedly poorer near the ends than 
on the cylindrical part. 

The Aggg(h*)) curves obtained with sample 3 
disclose noticeable deviations from linearity at 
small values, hi < 0.2, and the slope of the curve 
increases with increasing field. These deviations 
were apparently due to loss of superconductivity 
of some parts of the sample surface near the ends. 
With increasing temperature, the deviations be- 
come less noticeable, so that a limiting value ay 
= 2x 10 could be estimated for T — i oeache 
maximum difference between the values of @Lip 
measured at different directions of the transverse 
field in the horizontal plane, was 10 to 15% (the 
dependence of a on the angle was sinusoidal, as 


4) 
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expected in a cylindrical sample, independently of 
the character of the true anisotropy a). 

It can be concluded from all these experiments 
that the average value of a for tin lies between 
1.4% 10" and 2x10 at temperatures close to 
pe 

Our data give for temperatures close to Te 
estimated values B = 1x 107° to 2 x 107%, which, 
however, must be considered only as upper limits, 
since the values of Agrrd used for this calculation 
were those for large values of the external field, 
when loss of superconductivity on the damaged 
portions of the sample surface was possible. 


DISCUSSION OF RESULTS 


The experimental values of a obtained for 
T — To were somewhat lower than the values cal- 
culated by the Ginzburg and Landau (GL) theory 
from data on the depth of penetration. According 
to (2) and (4), a = 2.5 x 107’, whereas the experi- 
mental values are @ = (1.4 to 2) x 107’, and the 
lower limit is the more reliable one, for defects 
in the samples cause, as has been shows, an in- 
crease in the experimental values of a. 

The theoretical value of 8, calculated from (3) 
and (4), is 4.5 x 1074, and agrees in order of mag- 
nitude with the given experimental estimates. 

It is interesting to note, that if 6(0) is calcu- 
lated from our values of Agff6 and the formulas 
of the GL theory, the resultant value is only 10 or 
15% lower than that usually assumed. A similar 
result can be obtained by calculating 6 (0) withthe 
formulas of the GL theory using data on surface 
tension at the boundary between the superconduct- 
ing and normal phases.'"'* From this point of 
view, the discrepancies which arise in the present 
paper and in references 17 and 18 are of the same 
sign and magnitude. 

In any case, the discrepancies obtained are not 
very large, particularly considering the inaccuracy 
due to neglecting the anisotropy of the effect. On 
the whole, our results for temperatures close to 
T, should be viewed as confirming the GL theory 
for tin when Tg — T is on the order of 0.1 —0.01°. 

The results obtained should also be compared 
with the data on the dependence of the impedance 
of tin on the field, as obtained by Pippard’® at 
9400 Mc/sec and by Spiewak" at 1000 Mc/sec. 
From theoretical considerations’” one could as- 
sume that all three investigations should yield like 
results at temperatures not too close to Tg, since 
the temperature used by Pippard is already quite 
low compared with the width Aj of the energy gap 
for superconducting tin (Hw/Ay = 7 x 10~?). In 
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fact, however, the relationships obtained from the 
data of these investigations differ so much in 
character, that a quantitative comparison becomes 
impossible. According to Pippard, the curve 
a(T) has a minimum at 3°K, where a practically 
vanishes (dotted curve in Fig. 6). On going to 
frequencies one order of magnitude lower, Spivak 
observed even sharper anomalies. Thus, for ex- 
ample, at temperatures higher than 2.5° the varia- 
tion of the reactance with the field was non-mono- 
tonic in character, and the sign of the coefficient 
of h? in the expansion in terms of the field was 
reversed, corresponding to a decrease in the 

depth of penetration after application of the field. 
A comparison of Pippard’s and Spiewak’s data with 
respect to the value of ais possible only at temper- 
atures lower than 2.4°K, where the values ob- 
tained by Spiewak are approximately twice those ob- 
tained by Pippard (according to Pippard, a ranges 
from 0.8 x 107° to 0.5 x 10°? as the temperature is 
increased from 1.5 to 2.4°K). Our own measure- 
ments did not extend to this temperature region. 
An extrapolation of our data, which depend little 

on the temperature, leads to values of @ some 

two or three times greater than those obtained by 
Spiewak. 

These discrepancies show that a further inves- 
tigation of the dependence of the surface impedance 
of superconductors on the field at relatively low 
frequencies, on the order of IO? == cps, is of 
undoubted interest. The results of measurements 
of the reactive component of the impedance at fre- 
quencies on the order of 10° cps can apparently be 
considered here as characterizing the static prop- 
erties of superconductors. 

We express our sincere gratitude to Academi- 
cian P. L. Kapitza and to A. K. Shal’nikov for in- 
terest in the work and for discussion of the results. 
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We consider the flow of a liquid layer on a vertical wall under the influence of gravitation. 
The stability of the plane flow preceding wave flow is investigated in the first approximation. 


Reynotps’ number, given by the equation 
Re = 4Q/y, (1) 


determines the way in which a thin layer of liquid 
will flow down a vertical wall under the influence 
of gravity. In Eq. (1), Q is the volume of liquid 
crossing unit width perpendicular to the flow per 
second and y is the kinematic viscosity. The 
flow is two dimensional. Up to Reynolds numbers 
of about 1500, the flow is laminar and such that the 
relation 


Q = ga®/37 (2) 


holds, where a is the thickness of the layer and g 
is the acceleration due to gravity. Equation (2) is 
derived for flow parallel to the wall and has been 
verified experimentally, provided that a is taken 
to be the mean thickness of the layer. However, 
the instantaneous thickness can be greater. Sev- 
eral investigators! have confirmed the hypothesis 


that there are waves on the surface of such a layer. 


Waves can exist for Reynolds numbers ranging 
from 25 to 1500. 

P. L. Kapitza has done both theoretical! and 
experimental? work on the wave flow. He used an 
original method to find the least value of Re for 
which the wave flow was stable. His result agrees 
well with experimental data. 

The purpose of the present paper is to investi- 
gate the stability of the parallel flow preceding the 
wave flow. This problem is different from that of 
P. L. Kapitza: the wave flow can appear ata 
Reynolds number different from that at which it 
disappears. 


THE METHOD OF SMALL PERTURBATIONS 


We proceed in the usual way by introducing 
small disturbances in the flow. Let x, y be coor- 
dinates parallel to the wall (and along the flow ) 
and perpendicular to the wall (away from it) re- 
spectively; let u and v be the corresponding 


velocities. In the undisturbed flow the speed is 
given by 


U=£ (uf). : 


— 


Now let this flow be perturbed: 


u=U-+w, v=O0-+u, p=P4n. (4) 


The perturbed flow is described by the equation of 
continuity and the linearized Navier-Stokes equa- 
tions. These are as follows, differentiation with 
respect to y being denoted by a prime: 


Ow Ow / fost rw ” 
Bp gt 0 en Gee 
ou (oka) 4 ’ 020 i; Ow j 
gp Ug Se ae et) ana 
(5) 
For periodic perturbations, 
w, U~ exp [in (x — kt)] (6) 


the system of equations (5) becomes the Orr-Som- 
merfeld equation.® 

Let us formulate the boundary conditions. At 
the wall, 


Y—0; O=0, oO = 0. (7) 


Let us assume that at the surface there is no in- 
teraction with the gas and the tangential stress is 
Zero: 


w’ + dv/dx = 0. (8) 


The equation of continuity, together with (8), gives 
the first condition on the surface: 


y=a, ov’ +nv=0. (9) 


The stress normal to the surface is balanced by 
the capillary pressure. This leads to a second 
condition: 


y=, n—2ynU = —6o07a/ dx’, (10) 


where 7 is the viscosity and o is the surface ten- 
sion (the surface is assumed to be only slightly 
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curved). Upon substitution of 7 from (10) into the 
first equation of (5) followed by differentiation with 
respect to time, this last condition becomes 


m (ink inga* 
y = a, v | ( ¢ 2? 


oN el OE? 
Bn?) v —“o=0. (11) 
In Eq. (11), 6 is the kinematic surface tension. 

Without defining any new symbols, we introduce 
the dimensionless quantities 


l1—y/a—y, na—n, ka/y—k. (12) 

If, furthermore, we have 
RE OO aye. Se 100 5 (13) 
A=n(k— R), Bike C=nS/R, (14) 


then the Orr-Sommerfeld equation, together with 
its boundary conditions, becomes 


v”’ + (iA — 2n?) + iBy?] 0” — {{i(n?A + 2B) — n*] 
+ in’ By*}v =0, 
Gs O@= 0, =, 
y= 0; oO 4. gto =, vo” + (iA — 3n?) vo’ + iCv = 0. 
(15) 
We seek a solution of (15) in the form 
VU = Oy + OY + Oey” + Ay? + yy? + sy? + . (16) 


The series (16) can be cut off at the fifth power 
and the resulting fifth-order polynomial substi- 
tuted into (15) and into the boundary conditions. 
The determinant of the resulting system of equa- 
tions is then calculated and its real and imaginary 
parts set equal to zero, with the following result: 


nA + A2B+ (720 + 480 n? + 18nt—11n%) A 
+2(120 + 48n? — n*) B—4(120 + 24n? + nC =0, 
(120 + 4n? — 11n4) A? +4 (10 —n2) AB 
— 8(12 +n?) AC + 4B? 
— 16 BC — 15 (192 + 384 n2 + 64 n! 


nm) == 0. (17) 


The next step should be to substitute for A, B, and 
C, to express S in terms of R, and to eliminate 
k. Then the curve R(n) would be the curve of 
equilibrium. However, this procedure is algebra- 
ically difficult, so that it becomes necessary to 
find the equilibrium curve numerically. Our cal- 
culations were carried out for water. 

From (13) and the experimental data quoted in 
reference,” we have 


Of 


\/s 17) 1; 
ea /3 
a ees, R 3657 R”. 


(18) 


Considering (14) as a system of equations for n, 
kenand R; that is; 
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S657 ns = C(A+ B) BRB) nk = Ao By Brey) 


we assign arbitrary values to n. We choose a 
value of A to satisfy the first equation in (19) 
if B and C are obtained from (17). The other 
two equations determine k and R. From (1)55(2)5 
and (13) we find 


(20) 


The results are shown in the figure. Curve 1 cor- 
responds to positive phase velocities, while curve 
2 corresponds to negative ones. The phase veloci- 
ties and wave lengths can be calculated from (12), 
(13), and (20). 

Data applicable to the threshold of instability 
are shown in the table. It appears that the most 
‘‘dangerous’’ perturbations are those traveling 
upward at 15.1 cm/sec. They break up the flow at 
a Reynolds number Re ~ 72, when wave conditions 
are produced. 


k>0| k<0 pi2] 
Re 260 72 2D) 
n=2na/h 0.3 0.4 Ont 
A, cm 0.62 0.30 0.89 
em Secilmaiiei 4 ad Dee 


At first glance it would appear that these con- 
clusions contradict the data shown in the last 
column of the table, which are the results of P. L. 
Kapitza and have been verified experimentally.!»* 
However, the comparison must be made carefully. 
According to the experiments, the lower bound for 
the stability of wave flow is Re = 22. To establish 
this, artificial regular perturbations were intro- 
duced (photographs II, 6 —12 in reference 2). 
Without these, wave flow occurs at a higher Reyn- 
olds number. The Reynolds numbers are easy to 
find from the data of photographs I, 1 —2, and are 
46, 55, and 54 respectively. The photographs do 
not show the volume rates of flow; however, these 
were presumably close to critical since the photo- 
graphs must have been made as soon as wave flow 
was observed. 


Wave flow appears and disappears at different 
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Reynolds numbers. Conditions for the existence 
of plane and wave flows are not mutually exclusive, 
but overlap partially. The process by which wave 
flow is established may be visualized as follows 
for the case when there are no artificial perturba- 
tions. As the rate of flow increases no waves ap- 
pear as Re = 22 is reached. At Re = 72, waves 
will run upward at 15.1 cm/sec. As will appear 
shortly, these waves are not stable and will exist 
for only a short time. The plane flow will be dis- 
turbed, so that waves running downward can ap- 
pear and establish stable wave flow. Wave flow 
will persist as the flow rate is decreased to Re 

= 22, when plane flow is again established. 

The above considerations make it clear that 
there is no contradiction with the experimental 
data shown in the table. It would be desirable to 
measure the upper bound for stability of plane 
flow. 

It is usually believed that P. L. Kapitza has 
theoretically established the transition between 
plane and wave flow and found it to occur in water 
at a Reynolds number of 21.6. In what follows we 
compare Kapitza’s method with the method of 
small perturbations. 


THE METHOD OF P. L. KAPITZA 


1. Before proceeding with the comparison, we 
present a brief exposition of Kapitza’s work,! 
using our notation. 

Assume that the distribution of longitudinal 
velocity is the same in wave flow as it is in plane 
flow. The average (over y) velocity, together 
with its square, is substituted into the Navier- 
Stokes equation, without the third term on the left 
hand side: 

Caer ac emi Ost 

ot Be he p Ox 
The pressure is assumed to be constant over the 
cross section of the flow, and equal to the capillary 
pressure at the surface. 

Taking the phase velocity in the profile of the 
liquid surface to be k, a constant, and writing the 
variable thickness of the layer in the form 


a=ay(1 +), 


tg+7Vv7u. (21) 


(22) 


P. L. Kapitza obtained the following equation in the 
second approximation: 
bay (1 + 39) + 3 (2 — 1) (2 — 1.2) (I— gee 9) @ + Ba9" 


+3(¢—2%) 9+ (e308) <0. (23) 


In this equation, a subscript zero denotes the 
middle cross section, a short horizontal bar over 


a Symbol means an average over y, and the ratio 
of the phase velocity to the mean velocity has been 
written as z, the ratio being taken at the middle 
Cross section. 

The solution of (23) is 
neo 
4n6ao 


subject to the following supplementary conditions: 


g(l + 3a? /2) = 3yu, / as, 


g = asinnx + 0,28a2cos2nx — sin2nx +... (24) 


R= 21 o} ao, (25) 


n® = (z—1) (2 —1,2) u3/ bap. (26) 


The amplitude a and the number z are deter- 
mined from the equilibrium and energy-balance 
conditions. The fact that the average dissipated 
energy equals the work of the force of gravity 
leads to the relation 


Cyr Oy a 


"dx = : {2 + a? [1 —6z 


+ 22(1 + 20%)}} (1 — a2) (27) 


As a function of the two variables z and a, the 
quantity F has a minimum at 


a 046. eee (28) 


The mean potential energy associated with the 
surface tension is 


E, = 1 cado®n® [1 +4 (go/4a6)2n-*+...] (29) 


and from this expression the critical value for Re 
can be found as follows: 

Imagine wave flow to be established. As long 
as the quantity in the brackets is small, the sur- 
face energy will decrease with increasing > and 
decreasing n. However, for some critical value 
of A the part in brackets will become large and 
the energy will begin to grow. Such waves are 
presumably unstable and so the wave flow will 
disappear. Hence the condition 


0E,/0n=0 (30) 


defines the limiting wave length beyond which wave 
flow is unstable. From (26), (27), (29), and (30) it 
follows that 


bap =13.5Q/7, Re = 2.43 (8*/gr)" =0.34/ao, (31) 


For water this yields Re = 21.6. 

The above method, due to P. L. Kapitza, gives 
the lower boundary for stability of wave flow, 
while the method of small perturbations gives the 
upper boundary for stability of plane flow. The 
results obtained by use of these two methods are 
not contradictory. 
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2. Kapitza’s results have been experimentally 
verified. However, the following comments can be 
made about the theory, as summarized above. 

First, the longitudinal velocity cannot be dis- 
tributed parabolically in wave flow, for if it were, 
then the equation of continuity would imply a 
cubically-distributed transverse velocity. The 
Orr-Sommerfeld equation (15) would then be sat- 
isfied by a cubic polynomial (16), which in fact is 
not the case. Unfortunately, it is difficult to see 
what this fundamental assumption could be re- 
placed by. Furthermore, in the Navier-Stokes 
equation the quantities u and u® should be the 
true velocities, not mean values. It is the whole 
equation that should be averaged over y. The 
third term on the left hand side of the Navier- 
Stokes equation is of the same order of magnitude 
as the second term and so cannot be discarded 
(this follows from the equation of continuity). On 
the other hand, derivatives with respect to x can 
be neglected in comparison with derivatives taken 
with respect to y. Hence the equations to be con- 
sidered are 

@) Op Oru Du afd) 
fot g ta qa tetas ata 
(32) 

To avoid a complicated analysis of both equa- 
tions, we must take the pressure to be constant 
over the cross section. This is only an approxima- 
tion, since without a transverse pressure gradient 
there can be no transverse velocity and hence no 
wave flow. 

It is difficult to find the minimum of the func- 
tion F. It is easier to consider F as a function 
of one variable. From (25) we obtain 


a? = 2(3 — z)/z. (33) 


From this it follows that waves with z < 0, i.e., 
those traveling upward, are impossible. 

3. If the above comments are accepted, then 
Kapitza’s method can be developed more rigor- 
ously. From (32) we obtain in lieu of (23) 


SbagG + dap — F AUSEH + 6) wag 


; (5z* — 12z 
+ 3gq?+ 3(g —z7uo/ a9) + (g — 379 / a9) = 0. (34) 
Conditions (25) and (33) still hold. The solution 


ga 


= Sin nx — —=——- sin Inx 
in 8a, in 2nx 
{72> — 36z+ 18 = 
2 ens Onyx 5 
Geis Le * COS 2nx (35) 


leads to the following improved approximation to 
the wave number 


n® — = (52? — 122 + 6) (u2/ a,). (36) 
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Considering the integrand in (27) to be a func- 
tion of w, we expand it in a power series and keep 
no terms higher than quadratic. Using (35) and 

33) we find 
=] + (3—2) (22— 6z + 6) /3z, 


and hence upon comparing (27) with the first equa- 
tion of (25) we obtain 


F ave]: (38) 
From (37) and (88) we obtain 
(3 —z) (22 — 5z + 6) = 0. (39) 
One root of this equation corresponds to wave 
flow and leads, instead of (28), to 
ea? a = 0.58. (40) 


The remaining two equal roots give plane flow 
(z=3, a=0). 

It was not necessary to find the minimum of F 
because the stable solution had already been found 
in (35). However, the same result could be ob- 
tained by finding the minimum of the function (37). 

For comparison with experiment, it is not dif- 
ficult to find, from (25), (86) and (40), parameters 
such as wave length, phase velocity, maximal 
longitudinal velocity (the rate at which a dye 
would spread), mean thickness of the layer, am- 
plitude, and the thickness of the plane flow which 
would give the same volume rate of flow. All these 
quantities, as functions of the volume rate of flow, 
differ but little from those obtained by Kapitza, so 
that they can be thought of as verified by experi- 
ment.” The biggest discrepancy with experiment 
occurs for the amplitude; however, the authors 
themselves do not consider the experimental 
values for the amplitude to be a good test of the 
theory. 


The situation is quite different for the critical 
value of Re. Let us compute it using Kapitza’s 
method. Substituting (40) into (35) we find 


g = 0.58 (sin nx — 0.145 ae 


+ 0.338 cos 2nx + - - +" 


sin 2nx 


(41) 


From (41), the mean surface energy can be cal- 
culated, as follows: 


E. =o [1 + (agp)*]" (42) 
So that, computing the derivative (30), we obtain 
g/ n day < 2.94. 


From (36), (27) and (38) it follows that 
n® = 0.2gQ/75, 4 = 14.1 (78/ gQ)™, | ap = 1.26 (¥Q/g). 
(44) 


(43) 
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Substituting these into (43), instead of (31), it 
turns out that 


Re = 1.084 / ap = 7.32 (89 / gy4)™. (45) 
For water, the data of reference 2 give 
Re = 64. (46) 


It thus appears that Kapitza’s value of the lower 


limit of stable wave flow disagrees with experiment. 


This is not surprising in view of the comments 
made above. 


CONCLUSION 


The methods described above, together with the 
results obtained by their use, are first attempts to 
understand a new, important, problem in hydrody- 
namic stability. Both methods could be developed 
further, though this would be accompanied by great 


computational difficulties. The method of small 
perturbations could be improved by taking more 
terms in the series (16), or by solving the Orr- 
Sommerfeld equation differently. It would be in- 
teresting to apply Kapitza’s method to the complete 
system of hydrodynamic equations for this problem. 

The author would like to thank V. S. Sorokin for 
suggesting this problem and S. P. Kapitza for use- 
ful discussions. 
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3. Gs Cetin; “The Theory of Hydrodynamic 
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The problem of the evaluation of the pees function can be reduced to the problem of find- 


ing the trace of the operator (Hi + D) a 
parameter, if one uses Laplace transforms. 


where H is the energy operator and p a complex 
One can use this fact to find the partition func- 


tion for a fairly wide class of energy operators Hf in the form of a power series in 1/kT. 


INTRODUCTION 


IF one wishes to evaluate the partition function 


O = S exp(— E, / RT) 
of a physical system, there are some useful 
methods which enable one to evaluate Q without 
knowing the eigenvalues Ey of the energy operator 
Hf of that system; these are based upon the possi- 
bility to write the partition function as the trace of 
the operator exp (-— H/kT). We may mention here 
the method of expanding Q in a power series in fh 
(see, for instance references 1 and 2) or ina 
power series in some other small parameter on 
which H may depend. 

One is, however, not able to use such methods 
to expand Q in powers of T or 1/T, so as to be 
able to evaluate the thermodynamic functions in 
the corresponding temperature ranges. A formal 
expansion of Q in powers of 1/T by using the 
definition of the operator 
; 1 fl? 1 AB 


exp(— fH /kT) =1— 7H 4 Gee oF Sea oe 


yields nothing, for although one can easily evaluate 
the matrix elements of the operator H2/(kT yn! 
for not too large values of n in any suitable repre- 
sentation, the trace of such an operator turns out 
to diverge. 

We shall give in the present paper a method 


for expanding the partition function in powers 1/kT, 


based upon the application of the Laplace transfor- 
mation to the function Q(1/kT). 


THE USE OF THE LAPLACE TRANSFORMATION 
FOR THE EVALUATION OF THE TRACE OF 
THE OPERATOR EXP (-— rfl) 


When we use the Laplace transformation (see 
reference 3) we change from the function Q(T), 


which is defined by the equation 
Q(t) = pa exp (— TE;) 


(E, are the eigenvalues of the Hamiltonian fi of 
the system, and 7 = 1/kT) to its transform Ong): 
One sees that the function Q(7T) satisfies all re- 
quirements necessary for it to have a Laplace 
transform. 

The transform of the function exp (— TEy) is 
the function (Ey +p)™ 


exp (— TEn) = (En + py” 


Using the fact that the Laplace transformation is 
a linear operator we find 


a 4 4 
OO) ie ae (1) 

When we have evaluated the trace of the opera- 
tor (fi +p)? we find the partition function by 
taking the inverse Laplace transform. The advan- 
tage of this method is that it is in most cases 
simpler to evaluate the trace of the operator 
(Hi +p)! than to evaluate the trace of the opera- 
tor exp (— TH). This is connected, first, with the 
fact that one can use the Green function of the op- 
erator H + p to evaluate the trace of the operator 
(—H+p)7', and, second, with the possibility of 
using the results of a number of mathematical 
investigations which have been published recently. 
In these papers methods are developed for the 
evaluation of the trace of similar operators, ‘*® 
and we can use the results of these papers together 
with the method presented here to evaluate the 
partition function.* 

If the Green function G(r, r’, p) of the opera- 
tor H+ p is known (see, for instance, reference 
6) one can find Q(p) by means of the equation 


*See references 7 and 8 for some applications of Eq. (1) 
in quantum statistics. 
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nA 1 
Q)= > re 


n 


= \G (r, r, p) du, 


where dv is a volume element and where the in- 
tegration is over the region where the operator 
H is defined. 

An explicit expression for the Green function 
is known only for some simple operators, for in- 


stance for the operator d?/dx’ +p and its deter- 


mination is connected with appreciable difficulties. 


It is therefore natural to use other methods which 
are based upon an application of Eq. (1) to evalu- 
ate Q(p). 


EXPRESSIONS FOR Q(T) FOR DIFFERENT 
CASES 


The final result of a calculation of the partition 
function is independent of the set of basis func- 
tions in which the trace of the operator (H +p)7! 
is evaluated. For some particular cases one can 
use directly the results of a paper by Dikii! to 
evaluate the trace of the operator (H +p) /; in 
that paper he found an expression for the trace of 
the operator [— d¥/dx? + V(x) +p]7. 

In Dikii’s paper the operator H had to satisfy 
the condition that all odd derivatives of the poten- 
tial energy V(x) vanish at the end points of the 
interval 0 — 7, and the eigenfunctions 7p of this 
operator had to satisfy the boundary conditions 
~(0)=%(7)=0. The trace was evaluated in the 
basis of the functions ¥2/z7 sin nx. 

Let our energy operator be of the form 


z A2 d? 
57, ax? + V(x) 


and let it satisfy all conditions mentioned a mo- 
ment ago. We find then from theorem (5.1) of 
Dikii’s paper* 


Sp (— h? d? 


ae f +Vote) 
= &. a iced Gave ( Aan (k— >, x) dx 
0 


a Se ay 5 (2i) 1—2kh—2 be les 0) 


pet 
AY? (k, 0)I. 


Here k, J, m, and s are integers; 


li 
i Cosme By, m Ear 


m=0 


A, (s, x) = 


where Cli+m)/2 is a binomial coefficient, and the 
functions By; m are determined by the recurrence 
relations: ify 9 (x) =1, and By m(x) = 0 if either 
I or m< 0, 


Brym (%) = — Bi—s, m(%) + V (x) 2h By_s, m (x) 

ar 2iBi_1, m—] (x). 

Using operational techniques to change over 
from Q(p) to its inverse Laplace transform we 


find, according to what we said earlier, the initial 
expression for the partition function Q(T) 


pa b qi he yp, 
2 2 y Peep a (ae) \ Aan (2 — "a, x) dx 


k=0 0 


Q(t) = 


— th Raven ees ae 
+ (se) DS ea AP (8, 0) 


k=0 =0 


+ A?*~ (k, x)], (2) 
where I is the gamma function. 

If the form of the operator H, the region in 
which it is defined, or the boundary conditions im- 
posed on its eigenfunctions are different, the equa- 
tion for Q(T) will have a different form. 

Let the operator iat depend on three coordinates 
and let it be of the usual form of a single particle 
Hamiltonian 


~ 


A 


fae yi +V (v. 


ey 
Generalizing the results of Dikii’s paper‘ to the 
three-dimensional case we write the operator 
(fi + Dp) in the form 


eS ee ne 
Atp 4 4 eUba Rit Ox. (Gn ee 
t=0 m,k, J=0 
he, —1—(/-+-m+k+))/2 | 
x (— #92 + p) (3) 


Our problem is thus to determine the coeffi- 
cients B],m,k,j im such a way that the equation 
indeed holds, i.e., that if we multiply both sides of 
Eq. (8) by Hl + p they turn out to be equal. Let us 
multiply both sides of the equation from the left by 
A+ p and let us interchange the positions of the 
Vv? and the operator multiplying the function 
Bj,m,k,j by using the commutation relations 


We (Bz, bape Vite I f) — (vy? By, m,k, i) i ae B,, m,k, i(v?f) 


rll op lp of j peed TUR: a aL) al m,k, f of 
t Ox ox | oy Oz ‘Oc 


Equating the coefficients of ee same powers of 


a\™-¢@ k F i 
cn (ay) on (-4 ae Vv? e p) 
we find recurrence relations for the functions 
B1,m,k, j: Bi,m,k,j = 0; if either 7, m,; k,vorjneane 
less than zero; Bo,o,9,9 = 1 
h? 


By mk, j = ym (Vv? Bi-2, m, hi ee he ~ V(r) Bi», mk, j 
OB, 1, m—1, kh, j Bi_4, m, k=1, j OBy_1, m, k, | 
2 Ox + Ae oy +2 Oz : 


(4) 
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We note also that B7 m,k,j = 9 if moter ea ak, 
or if 7+m+k+j is an odd number, as is proved 
at once by induction with respect to 1. 

Let our operator fl be defined in a finite, but 
sufficiently large region of the volume b. We can 
then use Eq. (3) for the operator Q(p) and evalu- 
ate the trace in the base of the orthonormal func- 
tions u=v~!” exp [i(kix + kmy + kyz)] (replac- 
ing the summation over the possible values of k 
by an integration over dk,dk,dk;) and so get the 
following expression for Q(p) 


l-—m l—m—k 


oma 
(0) = gee ldo) ak SS Bama 


v /—Ot7i—Osk—0 0 


x (ils)™ (ita)* (ike)! [0 + B+) + 


zm 


Q| 


—1—(l-+m-+h-+/)/2 


(5) 
(the limits of the summation are changed here in 
correspondence to the fact that Bj,m,k,j = 9, if 

lim ae Le dp a] S I). 

To change over from Q(p) to Q(T) we must 
find the inverse transform corresponding to the 
transform 

et eee —1—(l-+-m+k+))/2 
[ser (Ht EAE +A) + | 
We use the following property of the transforms: 
f™) (p)z(— 1)972f(7). We have therefore 


he —1—(L+-m-+hk+i)/2 
[spe (HE + RE + 85) + P| 


api rmrk ia 2m 


—l 


aye ERs) ae p| = q(i+m+k+i)/2 (Ey 


h2 
x exp {—var (Ri + Ai + hi). 
Substituting this expression into (5) we get 


m /—m—k 


a Comnl 
Q(t) = aml ak \do > ar. qitmtktiy/2 


uv t=0 m=0 k=0 j=0 
ese eer! ee . 
7 NT Be ma," (it, )* ik, 
h2 
xexp|— to (ki + A + 3)}- (6) 


We integrate now over kj, ky, and k;. It is 
clear that if m, k, or j is odd, the integral 


7 he 
1 =\<dk (it)” (its) (ike)! exp {tm (#2 +2 + #2)} 


vanishes, while for even m, k, and j it is equal 
to 


2 


AVA 7 ATT SEY. 


se (m+r+j)/2 m! kt j! m\\ k ' ( j )! iE 
lea) eal: eal Ok 
he —[(m+k+/)/2]—/2 
x Wh (sr7) 
2m 
Substituting this expression into (6) we find the 
final expression for Q(T) 
(oe) l l—mil—m—k 
2) See Aeon 
a \ am 
/=0m=0k=0 j=0 


miki jl [/m | (+) (+): 
eae at 2)! oe 


ea 1S B ae (7) 


\ 2 t,m,k, fj ~~ * 


QM= 3 ("Em") 


ane: e 


Uv 


The summation is over even values of 1, m, k, 
and j. 

One can use this expression to evaluate the par- 
tition function for an arbitrary form of the poten- 
tial energy V(r) = V(x, y, z), and the functions 
Bj,m,k,j are determined from V(r) using the 
recurrence relations (4). The method could im- 
mediately be generalized to the case where the 
energy operator depends on a larger number of 
coordinates. 

I express my gratitude to Professor I. N. 
Godnev for a useful discussion of the problems 
considered here. 
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The problem of the behavior of the simplest domain structure under the influence of homog- 
enous elastic stresses is solved by the thermodynamic method developed for ferromagnetic 
materials by Landau and Lifshitz. A crystallite of the iron type, a surface of which coin- 
cides with a (001) plane, is considered. The good agreement of the calculation with exper- 
imental data permits use of the formulas derived for estimation of the density of magnetic 


poles on the boundaries between crystallites. 


As is shown by experiment, in a plane crystallite 


of iron, whose surface coincides with the crystallo- 


graphic plane (001), there occurs a plane-paral- 
lel domain structure, wita domains oriented along 
one of the easy axes. At the edges of the crystal- 
lite, at the place of emergence of the vector Ig, 
there may be a formation of closure domains; 
sometimes this is not advantageous. In general we 
may assume the presence of partial-closure do- 
mains (Fig. 1), whose width d may take a value 
from zero to D, the width of the basic domains. 
We shall calculate the free energy of such a struc- 
ture. We take the coordinate axes along the tetra- 
gonal axes of the crystallite; we denote by xX, yo, 
Zq the dimensions of the crystallite along the re- 
spective coordinate axes. 


1. THE FREE ENERGY 


Kittel? gave a general method of calculating the 
energy of magnetic poles. He showed that for a 
structure periodic along one axis, the surface den- 
sity of pole energy is given by the expression 

co 
rad (ia gat Bia P= lin\a/D, 
where the Cy)’s are the Fourier coefficients of 
the pole density. On applying this method to our 
case, we get 
a cos (2m — 1) stk | 
(2m — 1)8 J 


(1.1) 


(pees [1.05 L 
m=1 
where w is the surface density of magnetic poles, 
and where k = d/D. 
For poles on an iron-air boundary, in the ab- 
sence of wedge-shaped domains, w is equal to the 
saturation magnetization Ig. On the boundary be- 


tween two crystallites, for a number of reasons, 


FIG. 1 


w may be appreciably less than Ig. For example, 
if the domains in the adjacent crystallite are pro- 
longations of the domains under consideration 
(Fig. 2), then w=Ig(1— cos @); a finer domain 
structure in the adjacent crystallite also leads to 
a diminution of w; there may occur a formation of 
a sort of interdomain partition on small sections 
of the boundary between crystallites; the effective 
value of w is sharply decreased by wedge-shaped 
domains, which may remain unnoticed if they are 
located in the body of the material and do not ex- 
tend to the surface of observation. Therefore w 
for the crystallite must be considered an unknown 
quantity, lying in the interval 0 to Ig. For each 
specific case, the value of w can be calculated 


Ths 


FIG. 2 
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from observation of the domain structure, as will 
be shown below. Assuming that the effective den- 
sities w are the same on both faces of the crystal- 
lite, we write the magnetic pole energy, referred 
to unit volume, in the form 
8a)? 


jee INCL 


1072p 


(f22) 


Here and below, all energies are referred to unit 
volume of the crystallite. By f(k) we denote the 
expression enclosed in square brackets in formula 
(1.1). Its value can be calculated with tables com- 
piled by Kitover.!! For rough estimates we ap- 
proximated f(k) with the cubic polynomials 


5.28 k® —6.84 k? + 2.1, 


k<0.5 
uae os k§ —9 k? + 2,16 k — 1,56, 


05) 

If a surface of the crystallite does not coincide 
exactly with the direction [001], then the energy 
of the magnetic poles on this surface is 


F. = 1.7/2 sin? 6-2D/(1 + w*) yo = aD/Yo, 
pee bp 2a Kk, 


where @ is the angle between the crystallite sur- 
face and the direction [001], and where K is the 
magnetic anisotropy constant. 

The problem of calculating the magnetostric- 
tive energy connected with the formation of closure 
domains (a problem in the theory of elasticity ) 
has not been solved in its general form. Use is 
usually made of crude approximations, which give 
(for complete-closure domains) satisfactory 
agreement with experiment.”’? To calculate the 
dependence of the energy on k =d/D, we shall 
also make use of simplifying assumptions. 

Because of the inequality of the magnetostric- 
tive deformations along and across the magnetiza- 
tion, the closure domains are, in effect, squeezed 
between the basic ones. The latter prevent them 
from deforming in accordance with the require- 
ments of magnetostriction, and this produces in- 
ternal stress both in the closure domains and in 
the basic domains. The diagram (Fig. 3) may 
clarify this statement. We suppose at first that 
magnetostrictive deformation is absent; then a 


(1.3) 
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closure domain occupies the region aOb. Now we 
take account of magnetostriction, taking the point 
O fixed. The basic domain elongates along the z 
axis, with relative elongation Ajg9, and contracts 
along the x axis, with relative contraction A4q9/2. 
As a result it tries to take the position a’Ob’; for 
the same reasons, the closure domain tries to take 
the position a”Ob”. In actuality, one may reason, 
the points a’ and a”, and likewise the points b’ 
and b”, will coincide, and there will occur some 
equilibrium state with a complicated distribution 
of the stress tensor, both in the basic and in the 
closure domains. 

We suppose for simplicity that deformation 
occurs only along the x axis, and we calculate the 
density of energy in the closure domains. Each 
half of such a domain (Fig. 4) undergoes at its top 
part an absolute deformation Aj 9d/2. Consequently 


FIG. 4 


the relative deformation of the segment aa’ will 
be U4, = — Ayood/D. By assuming that the deforma- 
tion decreases linearly with z and taking uy, = 0 
at z=0, we get for the mean deformation uy; 

= — dio9K/2. We take all the other components of 
the strain tensor equal to zero. Since the energy 
density of magnetostriction is connected with the 
components of the strain tensor by the relation® 


ees = — 3ahj09 ( oF i — 7 ui) — 3Csha1 >| Az; App, 
i L#R (1.4) 


we get for the magnetostriction energy the expres- 
sion 


IF a = CiNigo RT 22e: (1.5) 


The wall energy is determined with sufficient ac- 
curacy by the formula 


Fy = 7/D, (1.6) 


where y is the surface density of wall energy. 
The energy density of elastic stresses, in the 


case in which the magnetization is parallel to an 
easy axis,‘ is 


(1.7) 


where a is the angle between the direction of the 
applied stress and the vector Ig. Calculation of 
the energy leads, both for the basic and for the 
closure domains, to the expression 


= 3 
ig 3 roo 3{ cos? a = a) 
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F,= — ~ SNe: (cos? @ = =) a = dyo05 cos 2 m= nde) 
where q is the angle between the stress direction 
and the z axis (the direction [001 ]). 

The complete free energy of the structure, 


Boe ih ae Fe FS (1.9) 


is in our case a function of the two parameters D 
and k. 


2. BEHAVIOR OF THE STRUCTURE UNDER THE 
INFLUENCE OF STRESS 


For an arbitrary value of o, the equilibrium 
state of the structure is determined by the condi- 
tions 


OF (2, k)/eD = 0, OF (D. k\/OR =. (2.1) 

which lead to the equations 
De 20 (2.2 
*, t azo/yo + 8o2n Ff (k) + CoAz 3/2 + 3/4h1005k? cos2@ | gi(4-2) 
(16@?/3s?)f’ (R) + AigoCok? + Asoka cos2p = 0. (2.3) 


The type of behavior of the structure depends on 
the value of the angle @g at which the stress acts. 
For g = 7/4, the stress has no effect on the struc- 
ture. For 0 < 7/4, the value of k decreases with 
increase of o and becomes zero when 


6 c0s 29 = 7.407/Aro00- (2.4) 


Things are more complicated as regards the 
parameter of the basic structure, D. On increase 
of co, one term in the denominator of (2.2) in- 
creases, the others decrease. According to the 
value of w, either decrease or increase of D upon 
increase of o may occur in the same material. 
When k becomes zero, D ceases to depend directly 
on the stress: 

Ve 


However, even for k= 0 a change of structure is 
possible, because of a change of the value of w; 
for it is determined by conditions at the boundary 
of the crystallites, i.e., depends on the structure 
in adjoining crystallites. 

For g > 1/4, the value of k increases with the 
value of a, though complete closure does not occur. 
The direction of change of D now depends on w. 
For k=1 


= if Fo 
l AZy/Yo + Bara °-2.4 


{Zo we 
a an + Aiool2/2 + 3/aAr995 COS fa ’ 


(2.5) 


i.e., from the moment of complete closure, D in- 
creases with increase of o. However, this for- 
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mula does not completely describe the behavior of 
the structure for k= 1. Physically, the tendency 
toward increase of D is a consequence of the 
tendency toward increase of the volume of the 
closure domains, in which the vector Ig is more 
favorably oriented with respect to the applied 
stress. Increase of the volume of the closure do- 
mains can occur not only by increase of D, but 
also by growth of some of the closure domains 
and shrinking of their neighbors, without violation 
of the closure condition (Fig. 5). Consequently, 
the structure has an additional degree of freedom 
which must be taken into account. The energy of 
elastic stresses for such a structure is 


3 5 il 
Po =— oF ans (cos*g — = 


+ = Aros cos 29-->- (n? — 2n + 2), (2.6) 
where 7 = d,/D, d, +d, = 2D, and d, is the width 
of the larger of the adjoining closure domains. 

The magnetostriction energy we compute by the 
same approximation as before. The mean defor- 
mation along the x axis (Fig. 6) is, for the vol- 
umes Oaa’O’ and abb’a’ respectively, 


Leeroy 


FIG. 6 


UD = —Ayoods/4D and us? = — Aro (di + ds)/4D. 


Hence 


Fing = + MiooleD2o*(n? — 3? + 3n). (27) 


A systematic consideration of the case y > 1/4 
requires introduction of the variable 7 from the 
beginning, and solution of the problem of a mini- 
mum of a free energy dependent on three parame- 
ters: D, k, and 7n. For simplicity we have as- 
sumed that the influence of 7 begins to be felt only 
after closure has occurred. The free energy Fy 
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of such a structure is the sum of the energies de- 
termined by formulas (1.3), (1.6), (2.6), and (2.7). 


The equilibrium conditions 
OF, (D, n)/OD = 9, (2.8) 


lead to the equations 


OF, (D, )/On = 0 


D= 
2 ‘le 
ar. + Meo? (yn? — 3? + 3n)/2 + 3/aAro0S5 cos 2p (yn? — 2y ++ 2) J 
(2.9) 
q= 1 — 6 Ccos 2—/A100C2- (2.10) 


With increase of o, 7 increases; as o cos 29 

— —}i99C2, 7 Approaches the value 2, correspond- 
ing to the usual structure with uniform complete 
closure domains (Fig. 7, c). Under these condi- 
tions, D also increases. Upon increase of o, 
sooner or later there comes a moment when Fx 
becomes less than Fz (here Fz, is the free en- 
ergy of a structure in which the basic domains are 
parallel to the z axis, and Fy is the energy ofa 
structure whose basic domains are parallel to the 
x axis). Then there occurs a complete reorganiza- 
tion, and a new structure is formed, with domains 
parallel to the x axis. 

We summarize the results obtained. In the ab- 
sence of stress in the crystallite (Fig. 7) one of 
the three structures a, b, c is established, ac- 
cording to the value of w. Suppose structure a 
has been established. Upon application of a homog- 
eneous tensile stress at an angle greater than 
m/4 to the z axis, closure appears at some value 
of o (b); it increases, until complete closure oc- 
curs (c); meanwhile D may either increase or 
decrease. There further occurs a growth of some 
closure domains and a shrinking of other (adjoin- 
ing) ones, until structure e is formed; in this 
stage, D increases. When Fx becomes smaller 
than F,, there occurs a changeover to basic do- 
mains along the x axis; in the new direction one 
of the three structures f, g, h may form, accord- 
ing to the value of w on the new boundary and to 
the value of o at which the changeover occurred. 
On increase of go, the closure will diminish (¢g), 
until state h occurs. Further increase of ¢ will 
have no effect on the nature of the domain struc- 
ture (unless it produces a change of w). 


3. COMPARISON WITH EXPERIMENT 


Various aspects of the process pictured in Fig. 
7 have been observed by many authors. Structure 
b has been produced®»* with k ~ 0.5 at o = 0; cal- 
culation by formula (2.3) gives for this case w 
© 5 gauss. A process similar to the transition 
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FIG. 7. Successive stages of change of the domain struc- 
ture with extension [(100) plane; extension in a direction at 
angle greater than 7/4 to the z axis]. 


from c to d has been described;* the stress was 
applied at an angle slightly exceeding 7/4 (in the 
paper it was erroneously implied that g = 1/2). 
The transition occurred by a jump; this is pre- 
sumably attributable to the usual departure of the 
system from a state of macroscopic equilibrium, 
because the crystallite is not ‘‘ideal.’’ In these 
same researches, transitions from state b to c 
and from state f to h were observed. In the latter 
case the value of w was about 70 gauss. A transi- 
tion from f to g was observed by Shur and 
Zaikova.’ In other work of the same authors® a 
transition from b to g was observed; in this case 
the intermediate stages turned into a complication 
of the structure inside the crystallite, a fact ex- 
plained by peculiar circumstances (in the crystal, 
of inaccurate shape, there were always two do- 
mains in the initial state). 

Thus the calculation carried out agrees well 
with known experiments and forecasts the possibil- 
ity of producing structure e, which has not yet 
been observed under the influence of elastic 
stresses. The formulas obtained make it possible 
to estimate, from observation of the partly closed 
structure of type b, the effective density w of 
magnetic poles on the boundaries of the crystal- 
lites; this is of interest in relation to several ques- 
tions in the theory of the technical magnetization 
curve. Such an estimate, carried out by us in two 
cases, gave values of w appreciably less than the 
value Ig. It is possible that this sheds light on the 
disagreements with experiment of the theoretical 
predictions of the magnetic influence of the crys- 
tallites in the law of approach to saturation. ®!° 
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Absorption of an x-ray quantum in a metal, with simultaneous excitation of a plasma, is con- 
sidered for wavelengths close to the absorption edge. The calculations performed are valid 
for transition metals in the Fe group. It is demonstrated that the effect under consideration 
is very probable, the probability decreasing from Ti to Fe. A new interpretation of some 
short-wave satellites of the extreme short-wave emission line of the series is proposed. 


1. INTRODUCTION 


‘Tae correspondence between the fine structure of 
x-ray absorption spectra and the characteristic 
energy levels of the electrons in metals has been 
noted by many researchers!~4 who treated the 
characteristic electron energy losses from the 
point of view of the single-electron mechanism of 
transitions between bands. The fine structure of 
the x-ray spectra was considered from this same 
point of view. Establishment of a correspondence 
between the two phenomena has confirmed, in the 
opinion of many authors, the single-electron inter- 
pretation of the characteristic losses. 

Ferrell® advanced the hypothesis that the exci- 
tation of plasma oscillation of the electron gas in 
a metal upon absorption of an x-ray quantum can 
complicate the fine structure of the x-ray absorp- 
tion spectrum. Sobel’man and Feinberg® consid- 
ered theoretically the effects of the excitation of 
plasma oscillations of the electron gas in a metal 
on the fine structure of the x-ray absorption spec- 
trum for the region far from the absorption edge, 
that is, for the case when Ef — Ep > hw, where 
Ef is the energy of the final state of an electron 
that has absorbed an x-ray quantum, EF is the 
electron energy on the Fermi surface, and fiw is 
the plasmon energy. 

The results of the experimental investigations 
have pointed, however, to the necessity of investi- 
gating the question of the absorption of an x-ray 
quantum with simultaneous excitation of a plasmon 
(or with simultaneous single-electron transition 
between bands ) for the region close to the absorp- 
tion edge, that is, where the inequality given above 
is not satisfied and where, consequently, the de- 
ductions of Sobel’man and Feinberg cannot be di- 


rectly applied. As will be made clear in the se- 
quel, the process of absorption of an x-ray quantum 
with simultaneous excitation of the plasmon is of 
particular significance for transition metals. 


2. FORMULATION OF THE PROBLEM 


Our problem will consist of calculating the 
ratio of the coefficient of x-ray absorption, T, with 
allowance for a simultaneous production of a plas- 
mon, and the coefficient of absorption Tp), given by 
the single-electron theory of x-ray spectra. In 
other words, the problem consists of finding the 
absorption coefficient with allowance for the inter- 
action between an electron that has absorbed an 
X-ray quantum with all the free electrons of the 
metal (which interact with each other ). 

Let us consider a system consisting of the fol- 
lowing: 1) An electron located in the periodic field 
of the ions (with a radius vector R); in the initial 
state the electron is in the K shell (the generali- 
zation to other cases is easy ), and goes over dur- 
ing the process of absorbing the x-ray quantum to 
the free states of the metal above the Fermi sur- 
face. 2) A gas of N free electrons of the metal, 
the common negative charge of which is offset by 
the positive background of the metal ions. 3) The 
field of the x-ray photons. 

The Schrédinger equation of such a system will 
be written in the form 


indg/dt = Ho, (1) 
H = Hy (R)+ Ae(y,..., tw) + Hpn+ As, 


h2 
2m 


ey arp en 
J 


ie se 


A, = — 


V2+U(R),  He= Siecer tl. 
A My 


+ flap. 
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Here Hph is the self energy of the x-ray photons, 
U(R) is the periodic lattice potential, Hei 
is the energy operator of the interaction between 
the electrons and the positive background,* and 
V is the energy operator of the interaction between 
the electron (R) and the x-ray photon. 

Following Zubarev,?* we introduce the particle- 
density operator p(r) = zjo(r - rj). Its Fourier 
amplitudes are 


= N~™* Diexp { —ikr}}, RE, 
J 


where kg is the maximum wave number of the 
plasma wave. The operators 


%=+(0/0q_,.+9,), dof =+(—90/0q,+4¢_,) (2) 


satisfy the commutation relations of the Bose cre- 
ation and annihilation operators. Here 


4, a py oF Vp rp a V (R?/2m)/ho,, 


o, =V 4nNe?/Vm. 


The operators a and a* are the Fourier ampli- 
tudes of the Fermi-field operators 


sé nl 
D] a cpr 
p(r, Sz) VW 2 Apoe’P® Sz (Sz), 


yr (r, Sz) = Vir Dame 8. (Sz). (2’) 

We now change over to a mixed second-quanti- 
zation representation, using expression (2) and 
(2’). Then H, is transformed, after expansion of 
the first term in a Fourier series in plane waves, 
into the form 


N ace? + \ 7kR 
lales auld > b2 Ne (DK + bx) & 
kek; 
2 ° A 
LS a ay pap +V, (3) 
k> Ke, 


p 
and the initial equation (1), after canonical trans- 
formations similar to those introduced by Zubarev, 


becomes 


9 


where 
Hy = Ay = ik, 


H=H,+ Heat Hoe + Her, 
A SS ed 
Hp= ys ho (k) bx Ox, Hr = 219m [Ps rs: 


ps 
k<ke, R40 


jay = A, 
(4) 


*The energy of interaction between the electrons and the 
homogeneous positive background is equal and opposite to the 
zeroth term (k = 0) of the Fourier expansion for the energy 


= yu Cie 


iit fe 


rj, 3 
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Here Hp is the self energy of the Bose excitations 
of the electron gas (plasmons); HF is the self 
energy of the electron gas; Hpp, Hpp, and Hpp 
describe the interaction between the plasmons 
themselves, the plasmons and the electrons, and 
the electrons themselves. 

The problem of finding the probability of the 
absorption of an x-ray quantum with simultaneous 
excitation of a plasmon (or the creation of an 
electron-hole pair) reduces the problem to find- 
ing the probability of transition between the eigen- 
states of the Hamiltonian Hy under the influence 
of the perturbation H. The problem is solved by 
the methods of the non-stationary perturbation 
theory with allowance for damping.!” 


3. CALCULATION OF THE MATRIX ELEMENTS 


We consider transitions between the following 
eigenstates W,, of the operator Ho: 

1, The ground state YW) = oR PF Pph. The 
function ~%)(R) describes the state of an absorbing 
electron in the K shell of the atom, PB, corre- 
sponds to the absence of plasmons, @F, corre- 
sponds to the ground state of the Fermi-particle 
state, and ®ph corresponds to a certain photon 
distribution. 

2. Intermediate state, Wp = $n® By? Fy@A®ph. 

It corresponds to a transition of an absorbing elec- 
tron into the intermediate state ~%, with absorption 
of an x-ray quantum, characterized by the index 

A. This index takes into account the wavelength of 
the absorbed photon, the direction of propagation, 
and the state of polarization; a) is the annihilation 
operator of such a photon. 


3. Final state 
Vo, = br Da Dro%.Dpn Or Lo,= Yr D0 Ap, Up, DroxD ph- 


We are interested in the transition from the 
ground state to the final state. The investigated 
process should be considered in the second order 
of perturbation theory, and its probability per unit 
time is 

Woo = 2nh™| Hon 25(Eo — Eo), 
|= D\<@|H |v> <v | H|0> (Ey —E, + 7 ite)". (5) 
v 


Here yy, is a total width of the level vy or a quan- 
tity reciprocal to the lifetime of the system in the 
state ¥,; Ey and E, are eigenvalues of the op- 
erator H) respectively for the functions Vo and 
WV. 

Using relations (3) and (4), we obtain 


<p, | A [vy = EE Ee a capped, <hr (6) 
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| P2— pr | > Re, (7) 
vi H|0> = <n] — == Ay y| ho», (8) 


where Ay is the amplitude of the vector potential 
of the electromagnetic wave. 

Inasmuch as we are directly interested in the 
fine structure of the main absorption edge, the 
eigenvalue of the energy of the absorbing electron 
in the final state is Eg ~ Ep. In addition, it follows 
from (5) that the greatest contribution to the effect 
under consideration would be given by those inter- 
mediate states ~y, for which the relation Ey — Ef 
~ hw is satisfied, that is, En — Ef ~ 10 ev, since 
hw ~ 10 ev. 

The curve of the energy distribution of the free- 
electron states N(E) is shown in the figure for 
transition metals of the Fe group.'! The Fermi 
level passes through the region of high state den- 
sity, corresponding to the 3d band of the metal, 
whose wave functions correspond, as is well known, 
to the strong-coupling approximation. 

The intermediate states yy, for which Ey — Ep 
~ 10 ev, correspond to the region of considerably 
smaller values of N(E) (the 4p band), and here 
N(E) is a slowly-varying function of E. The 
latter indicates that ~, should be considered in 
the weak-coupling approximation, the limiting case 
of which is a planewave. Therefore, for a con- 
crete calculation of (6), (7) and (8), we specify the 
wave functions: 


Po = — (Zo/a*x)'” exp { — Z,R/a}, (9) 


e., the 1s state of the electron in an atom with 
atomic number Zp); furthermore 


th =V? exp {ik,R}, 


bh = GD) 9,4(R — R,) exp {ia Ri}, (10) 
J 
e., the final state of the absorbing electron, y/¢, 

is represented in the strong-coupling approxima- 
tion, 3q is the atomic function describing the 3d 
state, R, is the radius vector of the j-th atom, 
and G is the number of atoms in the lattice. 

We shall make the calculations for the final 
state Wg,, and drop the subscript 1 from now on. 
Substitution of (9) and (10) in (6) and (8) yields 


S y, VNG eh oxee ee 
A NN eR V2 “ V 2me, Pe (ee Rae 
ie & 
aaa Dketa—ko uD 
(v|H|0y = 8 ESN ae ae) 


Vo Vo Sa MIDE 


Considering that Z?/k%a? > 1, expression (12) 
can be written in the form 
ae 


sae a 

<v|H|0> = a ay V me 
Here a is the Bohr radius, Z the effective charge 
of the nucleus for 3d electrons, and €p = Hwy. 


(13) 


4. CALCULATION OF THE PROBABILITY OF 
ABSORPTION OF AN X-RAY QUANTUM 


The coefficient of absorption of x-rays is de- 
termined by the value W, of the total probability 
of absorption of an x-ray quantum by an atom of 
matter per unit time. In our case, Wg is given by 


V,= \ or (2)8 d®k,- ar mechs 7 Weos (14) 
where Wg is determined from (5). 
We introduce the notation 
M? = oss \ 1 |Feoo |. (15) 


Then 


2 en > 
Wo = MP Nas (E), Naa (E) = Gaye\ AS/| VisEsa | 


: (16) 


where N3q(E) is the state density in the 3d band, 
M’ denotes averaging of M® over the surface S, 
defined by the equation E3q (kK, ) = const, and satis- 
fying the law of conservation of energy. 

Substituting the expressions (11) and (13) into 
(15), we obtain after several simplifications the 
following estimate of the order of magnitude of 
Wa: 


10°°n?NG Arak. 


Vo 
Ve 3 
imPcte, Zo2Z7y7d* 


(Esa + &p) Noa, (17) 
where € = Awp, and d is the parameter of the 
crystal lattice. 

In the derivation of (17) the following simplify- 
ing assumptions were made: 1) the width of the 
intermediate state y, is constant and is independ- 
ent of v, thatis, yp = y; 2) hw(x) = hwp = €p3 
3) k, ~ 7/d on the surface S (over which M? is 
averaged ). 

Let us compare now the expression (17) with the 
total probability We of absorption of an x-ray 
quantum by an atom of matter per unit time as a 
result of the direct transition ~y — dp: 
m3 he? A? 


Wi= TAP Nap = 64 = Va aug (F ~\" Nap- (18) 
Here Nyp is the density of states in the 4p band of 
the metal. 


The ratio x = T/T) = Wq /We of the coefficient 
of absorption t with simultaneous plasmon crea- 
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tion taken into account and of the coefficient of 
absorption T) given by the single-electron theory 
is obtained from (17) and (18): 

_ 3:10'm8NG etatk, Esa t&y Noq 4 

y2 12d*h? Ep Nap et 

We assume the following estimates: the volume of 
the system V=1cm?, N=G= 10", kg =1A7}, 
d= 3A, (E3q + & )/ & ~ 1, N3q/Nap = 5 (see fig- 
ure). To estimate the width of the excited state 
y» we can use the results from reference 12, from 
which it follows that for electrons whose energy 
exceeds the Fermi energy by ~ 10 ev, the width 
of the state will be on the order of several elec- 
tron volts. We therefore assume y = 3 x 10! sec7! 
corresponding to width of ~ 2 ev of the state. 
Then an estimate of the order of magnitude of (19) 
yields 


(19) 


> 


% 1OEZ". (20) 


The value of Z — the effective charge of the nu- 
cleus for the 3d electrons of the atom — can be 
estimated following Slater;'* we then obtain the 

following values of y for Ti, Cr and Fe: 


Z (after 

Slater) x 
ai 4 3 
Cr 5 4 
Fe i 0.1 


5. DISCUSSION OF THE RESULTS 


The results obtained show that the probability 
of absorption of x-ray quanta with simultaneous 
excitation of plasmons is of the same order of 
magnitude as the probability of direct transition 
without plasmon excitation; this transition pertains 
to the region of the main edge of the absorption 
spectrum. This effect becomes particularly sig- 
nificant for transition metals, since the factor 
N3d/Ngp, which enters into the expression (19) for 
y, may reach large values for these metals (see 
diagram ). 

The very strong dependence of x on Z, given 
by (20) is connected with the choice of yp in the 
form of a planewave. Another form of interme- 
diate-state function was considered 


Ya = 7 Dy ten (R— Ry) exp CiaR 
| 


ME, Energy distribution of the den- 
sity of states of the free electrons 
for the transition elements of the 

Me iron group. The shaded area de- 
notes the occupied states for the 


10 15 20 case of iron.” 


fev 


AD i OD 8 


889 


since the other extreme case, that of a strong 
coupling with the lattice, was assumed. In this 
case y ~ 100/Z* where Z is the effective aver- 
aged charge of the nucleus for the 3d and 4p elec- 
trons. Obviously, x remains of the same order of 
magnitude, but its dependence on Z becomes 
weaker. 

Thus, we can conclude with regard to the ab- 
sorption spectrum that the experimentally observed 
absorption spectrum should be a superposition of 
the true absorption spectrum (which would be 
produced only by direct transitions ~)— yy), and 
of the same spectrum, but shifted by Ep towards 
shorter wavelengths. 

An experimental confirmation of this deduction 
is seen in the results of Borovskii and Batyrev,’ 
who investigated the fine structure of the x-ray 
absorption spectra of the elements of the iron 
group: Ti, V, Cr, Fe, Co, Ni, Cu. The details 
of the fine structure (which are considered by the 
authors as a plasma repetition) manifest them- 
selves most clearly in titanium and chromium; 
in iron and chromium they are much less clearly 
pronounced, and dissappear completely in the case 
of nickel. This corresponds to our conclusion that 
x decreases gradually on going from titanium 
through chromium to iron. Another experimental 
confirmation of our conclusion with regard to the 
absorption spectra has been obtained by Borovskil 
and the author® in an investigation of the tempera- 
ture dependence of the fine structure of the absorp- 
tion spectrum of iron, and its connection with the 
characteristic losses of electron energy. 

We note still another possible application of 
the results obtained here to the theory of emission 
spectra. All the calculations remain in force if 
we consider the reverse transition Vy ~ Wy, —~ W, 
that is, if the initial state is considered to be a 
hole in the K shell, and if we consider the plasma 
excitation of the electron gas (appearing simul- 
taneously with the production of the hole). Since 
the lifetime of the hole in the K shell and the life- 
time of the plasmon are of the same order of mag- 
nitude (~107'* sec), the existence of such a state 
is quite feasible. The transition to the intermedi- 
ate state wp is executed by the electron of the 
conduction band with absorption of a plasmon, after 
which it fills the hole in the K shell with emission 
of a short-wave satellite of the last (short-wave ) 
emission line of the series. In this case the energy 
distance between the short-wave satellite and the 
generating line coincide with the magnitude of the 
characteristic energy loss of the electrons in the 
given substance. The following table, based on 
literature data, does not pretend to be systematic 
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Distance from | Characteristic Distance from Characteristic 

Ele- line to satellite, energy losses, Ele- line to satellite, eaetey fess, 
ment | ev(reference 14) |ev(reference 15)|| ment ev (reference 14) | ev(reference 15) 
Mg | Kp—Kp 9-4 10.2 Fe | Ka K—}T 7,9 7.5 
Al | Kg,—K,’ 14.8 14,6 Mo | Ls —L6, 24,8 24.7 
K | Kg,—Kg' 31.3 32.0 Sb | Ly — Lh 18.0 18—20 
Ca | Kp —Kg 27.0 29.0 Te | Le —Lf, 18.5 17.9 


or complete, and is given merely to illustrate this 
conclusion. In this table the energy distance of 
the considered satellite from the last short-wave 
line of the series is compared with the character- 
istic loss for the given material. All the satel- 
lites have an energy greater than the energy of 
the corresponding edge of the absorption band. 

I am deeply grateful to I. B. Borovskii, V. L. 
Ginzburg, and K. P. Gurov for discussions and 
valuable remarks. 
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It is shown that in general the only singular trajectories in phase space which are important 
in thermodynamics are trajectories which are self-intersecting. Such trajectories neces- 
sarily exist if the potential well has several minima. In the case of a metal ina magnetic 
field this corresponds to a non-convex bounding Fermi-surface. The system of equations for 
these cases is found and it is shown that near the point of self-intersection the separation be- 
tween levels contains a part which oscillates with the magnetic field. 


1. INTRODUCTION 


ip It is known! that to determine the energy levels 
in the quasi-classical case it is sufficient to ex- 
press the energy € as a function of the action 
variables Ij and to replace Jj in zeroth approxi- 
mation by 27njh (nj is an integer, h is Planck’s 
constant) and in first approximation by 27 (nj 
Fy) hp < ye <1. 

For a one-dimensional motion (two-dimensional 
in phase space ) 


e=e(l), I= $pdq= X(e), 


where 2(€) is the area bounding the classical 
orbit in phase space, and p and q are the general- 
ized momentum and coordinate. 

For the actual determination of the value of y 
it is necessary to solve the Schroedinger equation; 
however, to find the separation Ae between levels 
in the zeroth approximation it is not necessary to 
know y, since inany case itis a slowly varying func- 
tion of n (compared with n). Thus y * const, and 


Z(t) =2n (n+ 7)h, (1.1) 


Ae = ho, O = 20,(02/de)™. (2) 


I. M. Lifshitz and Kosevich? pointed out that the 
quantization rules (1.1) and (1.2) can be used di- 
rectly to obtain the system of levels for an electron 
with an arbitrary dispersion law € = €(p) (p is the 
quasimomentum) ina constant magnetic field 
H(0, 0, H). In momentum space the motion occurs 
in the plane (px, py), and py and qy = cpx /eH, for 
which [py, dy | = h/i, can be regarded as the gen- 
eralized coordinate and momentum. We therefore 
obtain immediately from (1.1) and (1.2) for this 


case (cf. reference 2) 


S(e, Pz) = 9 pydps = (n + 1) 2nat, (1.3) 
lel Hh oD, Base ke oS 
t= ——, Ae = ha, eee OR Area (Clee) 


Here m* is the effective mass. Obviously (1.3) 
and (1.4) coincide with (1.1) and (1.2), if we re- 
place S by 2 and a by h. 

If the velocity p in momentum space [case (1.3) 
and (1.4) ] or the velocity (p, q) in phase space 
[the case of (1.1) and (1.2) ] does not vanish, then 
it is known! that y = %. This fact was first estab- 
lished for an arbitrary dispersion law by Zil’ber- 
man.? 

However, in both cases the presence of one free 
parameter (the energy € for the potential well 
and the momentum pz for the case of fixed energy 
equal to the chemical potential ¢, which alone is 
important for the electrons in a metal) has the 
result that in general there exists a quasi-classical 
trajectory on which, for the electrons in the metal, 
there is a point with p = 0: 


e(p)=6, 


Here we have used the relations 


Un = 0, = 0. (1.5) 


Oe 


p =—[vxH], Ma Gac pz: =0, 


so that pz is conserved. 
For a one-dimensional potential well we have in 


this case p = 0, q = 0, so that 
u' (q) =9, 


where u(q) is the potential energy. In deriving 
(1.6) we have used the relation 


q = pim =V 2[e—u(q)\/m. 


€=u(q), (1.6) 


p= — du/oq, 
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It is easy to see that the equations (1.5) and 
(1.6) determine a trajectory which is self- 
intersecting (in momentum and phase space re- 
spectively ). Such a trajectory is always present 
if the bounding Fermi surface is nonconvex or if 
the potential well has more than one minimum. In 
the neighborhood of this trajectory, naturally, y 
= Vs, 

2. We shall, to be specific, consider throughout 
the following the more general case of an electron 
with an arbitrary dispersion law in a magnetic 
field; all the results are easily taken over to the 
case of a potential well with one or more ‘‘bumps.”’ 

It might seem that since the value of y does not 
affect the distance between levels in zeroth ap- 
proximation (as is to be expected since this sepa- 
ration is immediately obtained from the corre- 
spondence principle), the actual calculation of y 
would be of no interest. However, this is not so. 
It turns out (cf. below) that the dependence of vy 
on n (and consequently on H) in the neighborhood 
of the point of self-interaction appears, not in the 
next approximation in 1/n as for the usual trajec- 
tories, but in the next approximation in 1/ In n: 


Y= 7((2— n))/ Inn} (23) 


(ny > 1 is the number labelling the level which is 
closest to the point of self-intersection), and if we 
carry out a computation correct to terms of order 
1/n the dependence of y(n) must be taken into 
account. 

This dependence is extremely important in 
computing the partition function, since the function 
(1.7) has, as a function of n in the complex plane, 
singularities at distances from np of the order of 
|n — no| ~ In ng, which gives a quantum correc- 
tion to the partition function of the order of some 
power of 1/n) (whereas the complex neighborhood 
of an ordinary point gives an exponentially small 
contribution, in accordance with the fact that the 
singularities are located at distances ~ny or 
~V 1) (cf. below). 

This contribution can turn out to be especially 
large because of the fact that for real magnetic 
fields In ny) ~ In(S/@) is very small (for H 
~ 10' oe, for the anomalously small zones which 
mainly determine quantum effects, In nm ~ 1 — 4; 
for the fundamental zones, In ny ~ 10) and it can 
turn out, especially in sufficiently strong magnetic 
fields or in the case of strong anisotropy, that this 
contribution is comparable to, or even smaller 
than, the dimensionless characteristics of the 
orbit (which have a magnitude of the order of 
unity; how these enter we shall see later on). In 
this case, naturally, even the distance between 
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levels is not given correctly by formulas (1.2) and 
(1.4), since these refer to the case ny — @, In ng 
—> +0 

In this sense it is important that the quantity 
In no be bounded for the section we are consider- 
ing both from below and from above, since the 
magnetic field must be sufficiently large so that 
the magnitude of the quantum corrections to the 
thermodynamic quantities shall not be exponentially 
small: 


H = 2s2kT | (1.7") 


(u is the Bohr magneton for a conduction electron), 
and sufficiently small so that even one period of 
oscillation in the reversed magnetic fields is sig- 
nificant. These oscillations essentially alone 
permit us to distinguish the classical part of the 
given quantity from the quantum part: 


H <1/A(H7) ~ cS/eh. (1.8) 


Thus In n) varies within a very limited range 
under ordinary experimental conditions. 

In addition, as it turns out, yH depends period- 
ically on the magnetic field, which results in a new 
phenomenon: on top of the monotonic dependence of 
the distance between levels on magnetic fields 
there is superposed a periodic dependence which 
already makes itself manifest in the next approxi- 
mation in 1/ln(S/qa). 

Thus the determination of the function y(n, H) 
is very important for two reasons: first, only a 
knowledge of this function allows us correctly to 
compute the quantum part of the partition function 
(as well as, it is understood, the quantum part of 
the kinetic coefficients ); and, secondly, finding y 
enables us to clarify the interesting feature of the 
levels in the neighborhood of the trajectory which 
intersects itself: the presence of a part of the 
level separation which oscillates with the magnetic 
field. 

3. We must explain why it is that in the present 
case the dependence of y on n and H appears 
even in the next approximation in 1/ In n, and not 
in the approximation in some power of 1/n. From 
what we have said above it is clear that the latter 
case is not of interest, and neither is the consider- 
ation of open trajectories, which give a much 
smaller contribution (except possibly for specially 
selected directions of the magnetic field) than the 
closed trajectories which are always present. 

In order to answer this question, we note that 
the special feature of our case could make itself 
felt also in a somewhat different way. It is clear 
that formula (1.3) with y = % is always correct if 
in (1.4) the quantity m* = (27)-1!0S/de is finite and 
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not equal to zero, so that Ae = 0 and Ac =~. A 
priori this formula could break down for m* = © 
or m* =0. The latter case is not at all possible: 
S(€) is always a monotonic function, since the 
intersection of orbits corresponding to different 
values of € for a given pz and the same zone is 
impossible for a Hermitian energy operator. (This 
was pointed out by I. M. Lifshitz.) As for the case 
m* =, this just corresponds, as one easily sees 
from the definition of S, to the case we are consid- 
ering of a trajectory which is self-intersecting. 

It might seem that those cases should also be 
“‘suspect’’ where there are several areas corre- 
sponding to different zones. However, this is not 
so, Since the probability of transitions between 
corresponding orbits is exponentially small if the 
orbits do not intersect, and in general is propor- 
tional to h*/*, if the orbits intersect (Zil’berman’), 
so that y =y(Vn). 

Contact of orbits with € = ¢ is an exceptional 
case, since it requires simultaneously satisfying 
the two relations 


é,(p)=6, e2(p)=6; 

(v, = 0e,/Op, V2 = 08,/Op). 

4, The only singular case of interest is thus the 
case of self-intersecting orbits. The form of the 


orbit near the point of self intersection is deter- 
mined, for a given pz, by the equations 


Dix = Vax Uiy = Voy, 


(1.9) 


(1.10) 
(1.11) 


Up, 0; 
& = £9 (Pz) 


and can be found easily. Choosing the origin of 
coordinates at the point of self intersection and di- 
recting the coordinate axis so that at this point 


O'2/Op,dp,=0,  d?e/Op; = 1/m,> 0, 


Oe/Op, == Win 0; (1.12) 


we have 


€ (p) = €0(pz) + px/2m, — py/2m,. (1.18) 


The closing of the curves in regions far from 
the origin can occur in two ways, as shown in Figs. 
1 and 2 (we recall that, in accordance with the 
definition (1.12), all three axes have been chosen 
uniquely). The first case (Fig. 1) is realized for 
a Fermi surface with a ‘‘neck,’’ (Fig. 3), and the 
second (Fig. 2) for a surface with an indentation 
(Fig. 4). In the following we shall, for brevity, 
call the case corresponding to Fig. 1 the case of a 
“‘neck’”’ and that of Fig. 2 the case of an ‘‘indenta- 
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intersecting, the velocity of the electron in the 
neighborhood of the point of self intersection tends 
to zero, while the time for passage of the segment 
in the neighborhood of the point of self intersection 
goes to infinity logarithmically* with €9 (pz) (€ 

— €9(pz) la Almost the entire self-intersecting 
trajectory is travsersed by the electron in a finite 
time, but then the electron takes an infinite time 
to approach the point of self-intersection; passage 
through this point does not occur classically. 

In coordinate space in the (x, y) plane the 
motion differs from the motion in momentum 
space, aside from a proportionality factor, by a 
rotation through —7/2° 


6 \ u,dt = —cp,/eH, 


Let us now proceed immediately to the deter- 
mination of the function y. For the singular case 
of orbits which are symmetric with respect to the 
two axes for arbitrary pz (which, it is understood, 
is possible only for selected directions of the mag- 
netic field), this was done by Zil’berman.® How- 
ever, it is precisely in this (and only in this) case 
that there is no correction to the level separation 
which is an oscillating function of H. The thermo- 
dynamic quantities themselves have not even been 
found for this special case. 


y= \ oydé =cp,/eH. (1.14) 


2. FORMULATION OF THE PROBLEM 


Suppose that in the absence of a magnetic field 
the dispersion law has the form 


& = 2 (Px Py: Pe): (2.1) 


Then!»? the Hamiltonian operator in the magnetic 
field should be obtained by replacing Px by Px 


894 M. Ya 

— (heH/ic) 8/apy: 

x / ; ; Hh 

e=0(PetA 5, Py» p:) A == 1G; Ay=———. 
‘ (2.2) 


It is understood that formula (2.2) still does not 
determine the energy operator so long as we are 
not given the rule for symmetrization of the non- 
commuting operators Ad/apy and pp. The correct 
rules for symmetrization can be stated starting 
from very general considerations (cf. Zil *berman* 
and I. M. Lifshitz and Kaganov‘). 

However, the precise symmetrization is not 
necessary for the solution of the questions we are 
interested in (finding the levels in the neighbor- 
hood of points whose contributions to the thermo- 
dynamic quantities are not exponentially small), 
since it is sufficient to know the operator € 
written to terms including A?. To this accuracy, 
€ is already determined by the requirement of 
Hermiticity’. 

As a matter of fact,’ any two Hermitian opera- 
tors which are obtained from (2.2) by different 
symmetrizations can obviously differ from one 
another only by an even number of commutations 
(A is pure imaginary! ), that is, by terms of no 
lower order than A?. Consequently, to find the 
energy levels, i.e., the eigenvalues, of the equation 


rp =e(Px+ Ad/Opy, Py, Pz) P(Px; Pur Pz) 


= ep (Px, Py, Pz), (2.3) 


the operator € can, in accordance with what we 
have said above, be given for example as follows. 
If 

e(P.-t 6) py, Pz) = Dir On (Px, pz) py 


we may define € as 
a 1 ( 0 \i a R Q A 
& = Siz ir (Px p2)4(4 cre p+ pu(A ap, | {- (2.5) 


Equations (2.3) — (2.5) are already sufficient 
for solving the problem. Now we shall show that 
there is an infinite degeneracy with respect to Px 
(in the quasiclassical approximation), so that even 
for the determination of y(H) in our case we can 
ceteP. = 0in (2-3)e— (2.5). 

We shall show for the general case how, to an 
accuracy of terms of order A, this follows directly 
from (2.3). (Zil’berman? first proved by direct 
calculations that there was an infinite degeneracy 
with respect to Py.) Setting 


(2.4) 


» = exp {S/A — P,p,/A}, (2.6) 
and introducing the notation 
as om Oe 
ee anit s= { sr (ps) dp y DEO) ona (257) 
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we find the equation for T (py, Pz) where pz is a 
parameter: 


(Tx, Py» Pz) + = Advx/dpy = €; (2.8) 


and this equation is just as general as (2.3) and 
(2.5). 

Since (2.8) does not contain Px, it is already 
evident that with the same accuracy as before (up 
to terms A’, inclusive) there is an infinite degen- 
eracy with respect to Py. Equation (2.8) also 
shows that, to this same accuracy, for the deter- 
mination of the energy levels in equation (2.3) we 
can formally set Py = 0, writing the equation in 
the form 


€(Ad/Opy, Py, Pz) Pi = EP p, = p exp (Pxp,/A). (2.9) 


To find the levels when there is a self inter- 
section, it is sufficient to solve (2.9) in the neigh- 
borhood of the point of self intersection and to join 
on to the wave function in other regions where one 
can use the usual solution*. 

Before we go on to determine the energy levels, 
let us make one further comment. The classical 
orbits € (px, Py; Pz) =€, Pz = const, in general 
are asymmetric with respect to the py axis (Figs. 
1 and 2) [except for the region near the point of 
self intersection, where the symmetry follows 
from equations (1.5) and (1.6) ], and the turning 
points do not lie on the px axis. However, since 
the quantization is determined only by the corre- 
sponding areas, it is natural to expect that a de- 
formation of the curves far from the singular point, 
i.e., the point of self-intersection, will have no ef- 
fect on the quantization if this deformation does 
not change the areas of the orbits S(€) and 8S/2e. 
This theorem can be proven rigorously. Using it, 
we can simplify the problem by assuming that the 
turning points lie on the p x axis. 

If in addition we have the case shown in Fig. 1, 
a still further simplification is possible — re- 
placement of all the curves by curves which are 
symmetric with respect to the px axis and have 
the same area as before and the same value of 
OS/de. We note that, as is clear from (1.13), 
symmetrization of the operator (2.9) in the neigh- 
borhood of singular points is not necessary in 
general. 


3. DETERMINATION OF ENERGY LEVELS 


As was shown in the preceding sections, the 
determination of the quasi-classical energy levels 
in the general case reduces to determining the 


*It is therefore more convenient in solving to use (2.9) 
instead of (2.8). 
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largest eigenvalues of Eq. (2.9), when the turning 
points of the corresponding orbits (2.9) lie on the 
Px axis. To do this in the quasiclassical case, we 
must join the solution far from the point of self~+ 
intersection with the solution near this point. The 


joining is accomplished as usual in the region where 


the solution far from the point of self intersection 
is still valid, and where one can still use asymp- 
totic formulas for the solution near the point of 
self intersection. (Such a region is known always 
to exist in the quasiclassical case.) In doing this 
it is sufficient to restrict oneself to considering 
orbits close to the point of self intersection, since 
the arguments given below are suitable for ‘‘dis- 
tances’’ Ae in energy from the point of selfinter- 
section such that Ae « €, while corrections to 
levels because of the presence of two orbits with 
possible transitions becomes exponentially small 
already for Ae > pH (€ > pH!). 

Comparing the coefficients for the linearly inde- 
pendent functions, we obtain a system of homoge- 
neous equations whose determinant must be equal 
to zero. This gives the energy levels of the sys- 
tem. 


4. INVESTIGATION OF THE LEVEL STRUCTURE 


The level system when there is a self inter- 
section has the form (n an integer) 


+khr —_ 
cos (S, +S, + 9(k)) = — VienE cos (S1 ¥ S2), (4.1) 


£2 &=S:+S2+ 9) 


+. .cos~ cos (S, ¥ S;)}= (2n +1), (4.2) 


=hi 
1 { e 
V 2cosh 2kn 
eF = cos (Sy Se) \ 


(2) = Eis Nese | 
jx (2) =S,+£S2-+ 9 (2) — cos Vdeoshien 


== (27 -—- |)in., (4.3) 
ial 4 T (/a + tk) -1 
p(k) = 2 if hs a In F on a tan tanhkx, 
S € — £0 (P;) —_— 
Spa k= gee Vim. (4.4) 


Here the upper sign refers to the case of ‘‘necking- 
in’? (Figs. 1 and 3) and the lower sign to the 
‘‘indentation’’ (Figs. 2, 4); the meaning of S; (pz) 
and S,(p,z) is clear from Figs. 5 and 6.* (It is 
understood that after determining the function 
e{1:2)(n, p,) from Eqs. (4.2) — (4.4) we should 
still take account of the presence of spin by adding 
both to €")(n, pz) and €@)(n, pz) the term 


*In the case of a potential well with a ‘‘hump’’ (Fig. 7) 
S(k) = S/2h, &=(e—e) Vm [2A VU" (ll 


where S is the area of the orbit in phase space. 
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+eh/2myc, where my is the mass of the free elec- 
tron; for brevity we shall not write down this term 
which is of no interest to us. ) 

First let us consider the limiting cases when 
the orbits are still far from the point of self- 
intersection, i.e., |k| >> 1 and Ok) = 02 Tk 
— + © jn the case of the ‘‘neck’’, or k— — © 
for the ‘‘indentation’’, 


Sy Se Se SS (n +>) wT, (4.4a) 


which corresponds to the usual quasiclassical 
quantization rules for a single orbit with area S, 
+ S. in the case of the ‘‘neck’’ (Fig. 5, k> 0) and 
with an area S; — S» in the-case of an ‘‘indentation’’ 
(Fig. 6, k< 0). 

If k— — © for the ‘‘neck’’ or k— + © for the 
‘*indentation, ’’ 


Si. = (11,2 =I i Tt, (4.4b) 
which corresponds to the usual quantization rules 
for individual orbits (Figs. 5 and 6). 

It may at first sight seem strange that formu- 
las (4.4a) and (4.4b) for |k| > 1 hold not with an 
accuracy which is exponential in |k|, but only 
with an accuracy 1/|k|, whereas it is physically 
clear that the probability of transition between 
different orbits associated with the tunneling effect 
is exponentially small. 

For Apz ~ po this is related to the fact that 
from the very beginning the accuracy of writing 
the equations and their solutions was not exponen- 
tial, but of order 1/n in formulas of the type (4.4a), 
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(4.4b), while in the formula for the energy the 
error was of the order of 1/n’. For Apz <« po, 
the non-exponentially small terms give a correc- 
tion to the usual quantization formulas for a single 
section, in the case of the geometry we are study- 
ing for the Fermi surface (the presence of a 
nearby saddle point). 

Let us follow this transition directly from the 
two-level systems (4.2), (4.3). As an example we 
shall consider the case of a ‘‘neck.’’ For k— @ 
it follows from (4.2) and (4.3) that 


S, + Sp = (2n+ 5)m, (Qn+1+4)4, 


i.e., these level systems have the same separation 
between levels and are shifted with respect to one 
another by half the level separation, so that alto- 
gether they lead to the usual equations: 


Si + Sp = (n + =)u. 


Now let k— — ~. Let us consider two cases: 


1) [SS*!) = 2m, S)=(n +m + 4)x, 
, Sy =(n—m 4+ 5)a, 


(m is an integer, [x] is the largest integer con- 
tained in x). 

Thus for k < 0, each of the branches ‘‘builds 
up’’ a level system corresponding in turn to one 
and then to the other of the individual areas, where 
each time we ‘‘build up’’ levels corresponding to 
the two areas. 

Let us follow this process in more detail. Sup- 
pose that, in a certain energy interval [(S,—S,)/7] 
is even. Then the first branch in this energy inter- 
val begins to form a level system corresponding to 
S,; and the second a branch corresponding to Sp. 
Later on, as the energy changes, [(S; — S,)/7] 
becomes odd and the first branch begins to extend 
the ‘‘work’’ of the second branch, the construction 
of levels corresponding to S,, while the second 
branch starts the building up of those correspond- 
ing to 8;. Later on the roles of the branches are 
alternated once again, etc. This process for 
larger and larger values of |k| is shown in Fig. 8 
(where, since k is in the argument of the arc cos 
in the exponent, it is practically sufficient already 
to have |k| > 1). 

Obviously, in the case of an ‘‘indentation’’ one 
can repeat these same arguments with a replace- 
ment of k by -k. 

2. Now let us explain how the distance between 


FIG. 8. Picture of levels for a self-intersecting trajectory. 
The solid lines show the first branch, the dotted lines the 
second; on the left € < €o(pz), on the right € > &(pz). 


levels changes [we are especially interested in 
this for levels near €)(pz)]. By using formula 
(1.13) for |k| <« kp, it is easy to show that the 
functions £2) in (4.2) and (4.3) are always 
monotonic differentiable functions, so that the dis- 
tance between levels in each of the branches cor- 
responds to Ak ~ (0S/ak)7! and never becomes 
zero or infinity. (For levels near the point of 
self intersection this was not obvious beforehand. ) 
As for the dependence of the distance Ak between 
levels on magnetic field, as one easily shows, it 
has an oscillatory correction. 

From formulas (4.1) — (4.3) and our remarks 
above, it is clear that the only case considered by 
Zil’berman,’ the case of a ‘‘neck’’ for S,; = S, =S 
is a case of degeneracy where 


2S + @(k) + cos-! (e-**/V 2cosh2k m) = (2n + 1)x, 


and where both for k > 1, as well as for -k> 1, 
there is a single equation system 


2S=(n+7)n (R51), S=(n+ pa (—k}), 


there is no ‘‘alternation’’ of levels as in Fig. 8, 
and there is no oscillation of levels with magnetic 
field in the neighborhood of Ey (pz). 

If we go over from closed sections of the Fermi 
surface to open sections, we should see a picture 
analogous to that described by us, but possibly 
complicated still more by broadenings of the 
levels (Zil’berman‘ considered only the special 
case of sections which are periodic throughout the 
lattice ). 
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Dispersion relations and the conditions for unitarity of the S matrix are used for the analysis 
of the elastic scattering of y rays by deuterons below the threshold for pion production. The 
low-energy limit is examined for the scattering of y rays by nuclei of arbitrary spin. The 
energy dependence of elastic yd scattering is deduced on the basis of the experimental data 
on the photodisintegration of the deuteron. The result differs decidely from that of the im- 


pulse approximation over a wide range of energies. 


It is found that it is not important to in- 


clude the influence of photoproduction of pions from deuterons in the range of energy consid- 


ered. 
1. INTRODUCTION 


‘The scattering of y rays by deuterons is an ex- 
ample of a process whose amplitude is decidedly 
affected by inelastic processes, such as the photo- 
disintegration of the deuteron and the photoproduc- 
tion of mesons. Inclusion of the influence of pion 
photoproduction, which is important at y-ray en- 
ergies near and above the photoproduction thresh- 
old, requires a rather detailed analysis of the 
processes 


ytd—-NNx, y+d—-d+n° 


and is not dealt with here. 

The influence of the photodisintegration of the 
deuteron on the elastic yd scattering near the 
threshold for photodisintegration, and the depar- 
tures from monotonic variation with the energy, 
which lead to a sharp decrease of the cross sec- 
tion, have been considered previously.! The pur- 
pose of the present paper is to make an analysis 
of yd scattering on the basis of dispersion rela- 
tions over a wider energy range, in which meson 
production still does not have much effect. 

The experimental data’ on the scattering of Y 
rays by deuterons in the energy range 50 — 100 
Mev do not fit into the framework of the impulse 
approximation,® and this forces us to carry through 
an analysis that does not involve this approxima- 
tion. On the other hand, the contribution to the 
scattering amplitude from meson-production proc- 
esses falls off rapidly below the threshold for 
photoproduction of mesons. 


We shall confine ourselves to the forward scat- 
tering. In the calculation of the dispersion inte- 
grals we take into account the cross sections for 
the electric-dipole and magnetic-dipole photodis- 
integrations. We begin with the phase-shift analy- 
sis, so as to express the imaginary parts of the 
scattering amplitudes in terms of the quantities 
that characterize the photodisintegration of the 
deuteron. We then consider the dispersion rela- 
tions for forward scattering and the low-energy 
theorem. The dispersion integrals are evaluated 
in the range of y-ray energies below ~ 100 Mev. 
The real and imaginary parts of the amplitudes 
are obtained, and the polarizabilities of the deu- 
teron and of nucleons are discussed. 


2. THE PHENOMENOLOGICAL ANALYSIS 


As is well known, the formulas for the electric 
and magnetic multipole waves yale (k) of a photon 
are (A=0,1) 


yo= = x Ck —p tele m—p. (k) ree (1a) 


he —i[ [key (1b) 


where k is the unit vector along the momentum of 
the photon in the center-of-mass system, Y7p (kK) 
are normalized spherical functions, and 


f= —(i+ §/ V2, 
t= (i—ij/V2 (2) 


— the eigenfunctions of the photon spin — satisfy 
the transversality condition 
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yo”) (ky = — hy 


If we write 


m=—aa() m= () waA(]) o 
= — ==] 1 Fs = ( 5 _ = ——. | — 7 

Fie V2 ‘) No 0] Y Vo ( 0) ( ) 
for the spin functions of the deuteron, then for the 

yd system we can construct eigenfunctions of the 


total angular momentum J’, the component Jz, 
and the parity from Eqs. (1) and (3): 


Ye Ws Gee eae (4) 

In the center-of-mass system (c.m.s.) all 
quantities in the final state are denoted by symbols 
with primes; for example, k’ denotes the direction 
of the photon momentum in the final state. 

By means of Eq. (4) we can write the scattering 
matrix. Jin the form 

(e'Te) = Dy Vyrh(k’) Vite (k) afi’, (5) 

ae 
where e and e’ are the respective polarization 
vectors of the photon in the initial and final states. 

Parity conservation requires that 


ayy = 0 for (— 1) (— 1/4”, (6) 


Time-reversal invariance leads to the symmetry 
condition 


Qhiie = Ajyt « (7) 
The usual arguments show that for forward 


scattering the spin dependence of the matrix T is 
of the form 
(e’Te) = A (e’e) + iB (S[exe])+ + C [(Se) (Se’) 

+ (Se’) (Se)] + + D[(S{kxe]\(S [ 

(8) 

Here § is the operator of the spin vector of the 
deuteron; its components S; satisfy the Duffin- 
Kemmer commutation relations: 


eS ie 5, Sy S/Se SxS) Sp= 07S; 2 8;8,. (9) 


Using the Stokes parameters to describe the 
polarization of the photon, as was done in our 
paper on yN scattering,’ we get without difficulty 
from Eqs. (2) and (8): 

(6: TC1) = A ¥ B(Sk) 4 


L(D + C)[2 —(Sk)"}, 


Si) (Sj) + (Sj) (SID. 


Ita) =D 058i = (Si ik 
(TG eal ) {(Si)? — (Sj) A) 


By means of Eq. (10) and the method developed 
previously‘ we can construct the density matrix of 
the final state and calculate all observable quan- 
tities. The unpolarized forward scattering cross 
section is given by 


Ke P+(S [kke’]KS [kxe])]. 
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dp (0°) te (C+D)P+2/C 
+DP+>|BP+-|D—CP, (11) 
and we have 
4nIm(A+>C+=2D)= qs, (11’) 


where o; is the total interaction cross section, 
including both elastic and inelastic interactions; 


q=|q|k. 

Let us turn to the phase-shift analysis. We in- 
clude the amplitudes for electric-dipole and mag- 
netic-dipole transitions. The magnetic-dipole 
transition is characterized by the matrix 


0 (0) (0) 
FP = DY flu (k) Yu (k) 
3 iM iM Ve Wee * 
= > Cim— r OMe? nr'Cyo iM Oi0 Morey Gus Ogee 
(12) 


where we have used the fact that for forward scat- 
tering 


Yim = 81m V (26 + 1)/40. 
From Eqs. (12) we easily obtain 
(ChFC, ) 4+ (CL FE) =e [oy + BiS3], 
(Fo) (are a Se 


* 3 3 1 : a 
(Gy FC_)= > a = Sr Bj D) (Sx iSy)”, 
* @: 3 1 ; 
(CoE GS) aaah Br BT 2, = 8x B; BY (Sx iSy)?. (13) 
For j=0, 1, 2 the quantities aj, Bj, yj are 
a; = 1 1 0 


(14) 
In obtaining the relations (13) we have used the 
relations 


GS.) he (SS), 


ny", Noto = 1 — Sz 


m1 —— Wes = (Sz =—— Se + i(S,Sy + SySx)]; 


nN, Sy = = Se - Ss: —1 (Sx5y ae SySx)]. (15) 


at 


The case of the electric-dipole transition is ob- 
tained from the relations (13) by replacing ¢, by 
i[g,.*k)=—¢, and fo by 1/tax kK) = 62) Come 
paring Eqs. (13) and (14) with Eq. (10), we get 


= oo > (a; + 
ge Bite +a) 
j 


a bial. 


The Perton for unitarity of he S matrix re- 
duces to the relation 


+ 28)) (al + af), 


yh 


(16) 
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S)ydoyd 


MIT (=k, —k, =e, =e, 

<T (kK), ke, €, S)rara ]=q\ dQntn Thane var 
(17) 
where q is the relative momentum of the yd sys- 
tem. Let us represent T,q—np in the form 


T d-snp = Dy V jem (nm) Y hn (kK) itn, (18) 


where j is the total angular momentum, l’ is the 
orbital angular momentum in the final state, and 
s is the total spin of the np system. 

Parity conservation requires that 


ce ee +1 = (aly 2 
The quantities dar, are connected with the partial 
cross sections for photodisintegration: 


Panay = (Qj+-1)|dey?, Wnoif! — (2j + 1) | di? 
(19) 


The total cross section for photodisintegration is 
given by 


Patera = 2 (27+ 1)Hd%, 2 +d]. (20) 


Substitution of Eqs. (18) and (5) in we (17) gives 


4x Im Qin AG) = G 2i(diiuyd 1) dit 1, (21) 
and using Eqs. (16) and (14) we get the results 
Im [A + — = (C+ D) |= is ay (a, + = 8,) (Im atm) 

/ 
+ Im a‘?)) = + Ovd—>1p ; 

Im A = (36,+ £6.) q/4n, 
Im B = (26, + 20, — 26,)q/4a, 
Im C = (— 36) +- > ot = o(?)) q/4n, 
Im D = (— 350") — 3. 6) g/4x, (22) 


where oj panhias nee partial cross section for 
photodisintegration in the state j, including the 
TRCCObR Zit ). 


3. CROSSING SYMMETRY AND THE DISPERSION 
RELATIONS 


The retarded amplitude for yd forward scat- 
tering can be written in the form 


ret 


<p je'N e| p> 
= — on? i \ dtze—iee « Pp’, pe | iS) (2) [e’j (z/2), 


ej (—z/2)] |p, w>, (23) 


where yp and yw’ are the spin indices of the deu- 
teron. 

For the advanced amplitude we have the analo- 
gous expression 
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cw’ [e’N“e| > 


— 2x2 Gea <p’, p’ | (— z,) le’ (2/2), (24) 

ej (— 2/2)]|P, HD. 

For the case of forward scattering the deuteron 

momentum p can be set equal to zero. 
Considering the relations complex conjugate to 

Eqs. (23) and (24), we get 


ret(adv) mpyret(adv) (= 


(qye|p >” = <wleN (25) 


pj e’N gye|p’>. 
Interchanging the order of (e’j(z/2)) and 
(ej(— z/2)) in Eqs. (23) and (24) and changing the 


sign of the variable z, we arrive at the relation 
cu’ feN7*4) (gy e |p > = <p’ eNO ghe’ |p. (26) 


Let us represent nret(adv) in the form (8). 
The conditions (25) and (26) reduce to the follow- 
ing symmetry properties of the scalar functions 
AX. 1B (CO, IDE 


Arettade) (v)" = iene v), BrAI) yy)" —. Bey). 
Cee Nay. = cret(ade) (—v), pret(ede) (v) = prea) _ v); 
(27) 
As? (v) a Atm (— v), Be (v) ee ee (— v), 
Cite (v) = cre (= v), D**”(v) a ip (= v). 
(28) 


Denoting hereafter the quantities A(v), C(v), 
and D(v) by Ly(v), Ly(v), and L3(v), respec- 
tively, and B(v) by L,(v), we write the disper- 
sion relations for the scalar functions in the form 


2y2_  dvimL, , 4(V) 
Re Eig.a(ve)— Re La, g(0) = og 
; ave ¢ dvimL 
Re L4(v,) —vy Re L, (0) = —*P | me ae (30) 
Vd 0 


where vq is the threshold for photodisintegration 
of the deuteron, approximately equal to the binding 
energy of the deuteron. 

In order for it to be possible to use the rela- 
tions (29) and (30) for an actual analysis, it is 
necessary to know Lj; .3(0) and L4(0), i. e., to 
calculate the yd scattering amplitude in the en- 
ergy region close to zero. The result of the cal- 
culations carried out in the following section is 
that 


Rel, (0)=—e/M, Rel... (0) =0, 


Re Li (0) = (4) —e /Ma), (31) 
where py is the magnetic moment and Mg the 
mass of the deuteron. 
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4. THE LOW-ENERGY LIMIT FOR yd 
SCATTERING 


Thirring, Low, Gell-Mann, and Goldberger® 
have shown that the limiting values at Vo = 0 of the 
scattering amplitude and of its derivative with re- 
spect to the photon frequency are determined by 
the statistical properties of the system, for sys- 
tems with spin 1. 
Low, we shall show that analogous results are also 
valid for systems with arbitrary spin. 

The S matrix for the scattering of photons from 
the state (q, e) into the state (q’, e’) is given by 
the expression 


S’ = — €1qj0;(4499,)—*, (32) 


qijp-= iP Lit) Gy) et 4 * dxdy: (33) 
Using the technique of Low, it is not hard to 
get the results* 


Si = YP + Ady + Bein Sp + D(S;S; + S;S)), (34) 


A (qq) + B(S [qxq])+ D [(Sq’) (Sq) + (Sq) (Sq’)] = 909;C, 
(35) 


<a— q'| jo | 9> <a | fo | 9D 
E (q) — E (0) -- q 


(36) 


2 4 , tf 
eS pg —p—a) >| 


pet diol=¢ a | 
E(q’)-—E()+% 


Following a method developed by 


_ (2x)4 ees: oo <a—"a jp i1d>< ali, o> 
Se ey oe ee eel >| E(@)—EO— 
| ee Sime Sess Ea (37) 


E(q’)—E(0) +4 

The summation in Eqs. (36) and (37) is taken 
over the spins of the particles involved in the re- 
action. 

Let us consider the case in which the states 
|q > and so on are eigenstates of a system with 
spin S. For the calculation of Eqs. (36) and (37) 
we need the expression for the current matrix 
<p,|j|p,> in the low-energy region to accuracy 
v/e, and for <q’ |jy|q> to accuracy v7/e7. It 
turns out that these matrix elements can be de- 
termined with the required accuracy on the basis 
of general principles. 

Since j and jg are Hermitian operators and 
the interaction is invariant under three -dimen- 
sional rotations and time reversal, the most gen- 
eral form of the matrix element of the current is, 
in the approximation in question, 


<po|i|P1> = (e/2M) (Pi + Pz) + iuSx[P2— Pil 
= c {S (S, Pi + Pe) sig cS; Pi + Pz) S}; 
*This is the most general expression for an arbitrary S, if 
we are not concerned with terms with energy dependence higher 
than linear. 


(38) 
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(Pel jo|Pr>o = a+b (py + p3) + 4 (Pipe) + éf (S [Pox P1]) 

+ A [(Sps) (Spi) + (Sp2) (Sp2) + g L(Sp:) (Spz) + (Spe) (Sp,)], 

(39) 

where e is the total charge, ws = py is the total 
magnetic moment, and the quantities a, b, c, d, 
f, h, g are invariant constants. 

Under Lorentz transformations j, behaves like 
a component of a four-vector. Being an irreduci- 
ble representation of the inhomogeneous Lorentz 
group, the wave function |p, w> transforms in 
the following way: 


[p,w>—| p,m >’ = Ry (L, p)| Lp, w’, (40) 


where Rup’(L, p) is the rotation of the spin in the 
Lorentz transformation, which has been treated 
by a number of authors.°®)? 


Let us consider two coordinate systems. In 
one 
Pi=9, Po=p, 
and in the other 


Pip = Eg = V @+ MM, 


(41) 


The second system moves with the velocity 

— q/Eq relative to the first. For the Lorentz 
transformation from the first system to the second 
we have to accuracy v7/c? 


R(L, p) = 1 + i(S [pxq])/2M?. 
We also have to accuracy v/c 
<p + q|i]q>’ =e (p+ 2q) /2M + ip [Sxp] 
+ ¢{S(S, p+ 2q) + (S, p + 2q) S} 
=(P|j9>+ (q/M) <p] j]9> 


= ep/2M + ip [Sxp]+-c[S (Sp)+-(Sp) S] + aq/M 
2 


(42) 


(43) 
and to accuracy v/e 
<p + q] iol a>’ =a4+-5(p? + 2pq + 2q?) + d(pq + 9”) 
+ if (S [pxa])+ 4{S, p + 4) (S, p+ q) + (Sq)(Sq)} 
+ g {(S, p + 4) (Sq) + (Sa) (S, Pp + )} 
= [1 —i(S [pxq])/2M?] E,M™ [<p | jo |9> 
+ (gM, <p|j|0>)] = a— ia (Slpxq])/2M? + aq?/2M° 
+ bp? + h (Sp) (Sp) + e (pq) /2M? + ip (S [pxq]) /M. (44) 
From Eq. (43) it follows that 
C=, 


=e, 
and from Eq. (44) that 
f=p/M—e/2M?, 


d + 2b = e/2M?, g=h=0. 
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Finally we have the covariant expressions 
<po| J] p> = e (Pi + Pe) /2M = ipSx [Ps — Pal, 
<paj fol Pry =e +4 (u/M — e/2M?) (S[p_ p,J) 

-- € (Pips) /2M* + 26 (pi —pe)’, 
and, as must be so, the first of these is the same 
as the matrix element of the current of a nonrela- 
tivistic particle interacting with a magnetic field 
(cf., e. g., the book of Landau and Lifshitz’). It 
turns out that the term contained in the expression 


(45) makes no contribution to the final result. 
By means of Eq. (45) one easily gets 


S = i(2n)*6 (p'+-q'—p—q) (4909,)? fe*(e"e) /M 
—2ie (S [exe}) M(u— e/2M) — (ipt?/qo) (S [lexabfe’q']) 
— (iew/Mqq) \(eq’) (S [axe’])— (e’q) (S [qxe])]} (46) 
or for the matrix T 
—T =e? (e’e) / M — 2i (e/M) v (u —e/2M) (S [exe] 
— i (u?/vXS[lexq]}xfe’xq']])— (ieu/ Mv) [(eq’) (S [q’xe’]) 
— (eq) (S [qxe})]. 
For forward scattering, in particular, we have 
(48) 


from which the result (31) indeed follows for S = 1. 

In the energy range below the threshold for 
photoproduction of mesons from deuterons the 
terms that depend on the spin make an insignifi- 
cant contribution to the cross section, since the 
mass of the nucleus is doubled in comparison with 
that of a nucleon, and the magnetic moment is 
much smaller. 


(45) 


(47) 


— T =e? (e’e)/M —iv(S [exe])[Mo/S — e/MP, 


5. RESULTS OF THE ANALYSIS. DISCUSSION 


Experimental data on the photodisintegration of 
the deuteron are available right up to ~ 500 Mev.® 
The results of the calculation of Re [ Ly + (7) (Ly 
+ L3)], for which it is sufficient to know the total 
cross sections, are shown in Fig. 1, where the 
values of the real part of the amplitude are repre- 
sented as fractions of e'/ Mpc’. The photon energy 
is measured as a multiple of the threshold for 
photodisintegration of the deuteron: vy/vg = yp. 
The diagram also shows the energy dependence of 


= ey 


wea, aS|s, 


FIG. 1 
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one 
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the imaginary part of the quantity Ly + (7/3) (Le 
+ Ls). 

In the energy range considered, vy < 100 Mev, 
the dominant contribution is that of photodisinte- 


- gration with v & 75 Mev. For the other amplitudes 


a more detailed analysis of the photodisintegration 
is required. If we assume that the contribution 
from photodisintegration with vy < 80 Mev is also 
decisive for the other amplitudes and use the anal- 
ysis of de Swart and Marshak,’® it is possible to 
estimate the dispersion parts of all the scalar 
amplitudes. But for yd scattering the spin-de- 
pendent amplitudes play a much smaller part as 
compared with the case of yN scattering. Figure 
2 shows the energy dependence of the yd forward 
scattering. With increase of the y-ray energy 
the yd scattering cross section at first shows a 
marked decrease as compared with the Thomson 
limit, and then (v 2 4 Mev) rapidly rises, and in 
the range 20 < v < 80 Mev reaches values larger 
than (e%/Mgce?)* bya factor four. 

Inclusion of the magnetic-dipole absorption, 
especially near the threshold, leads to an additional 
sharp ‘‘dip’”’ of the cross section,! with a total 
half-width ~ 200 — 300 kev. The width of the total 
decrease of the cross section is considerably 
larger. 

The large influence of inelastic processes that 
involve the deuteron as a whole, in addition to the 
processes involving the individual nucleons of the 
deuteron, makes it impossible to apply the impulse 
approximation to elastic yd scattering over a 
wide range of energies.* The presence of the in- 
elastic process of photodisintegration of the deu- 
teron has an especially strong effect on the polar- 
izability of the deuteron. If, as A. M. Baldin has 
shown, the polarizability of nucleons is entirely 
due to the process of meson production, on the 
other hand the main contribution to the polariza- 
bility of the deuteron, and of nuclei in general, 
comes from photonuclear processes at much 
smaller energies. 


*In a preprint received very recently, Schult and Capps 
have made a new examination of the corrections to the impulse 
approximation for yd scattering and have come to a similar con- 
clusion. 
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It follows from Eq. (29) that the polarizability 
of the deuteron is given by 
pt Sy iss 

(49) 

An analogous formula is also valid for other nuclei. 
Dipole absorption plays the fundamental role in the 
total interaction cross section o¢(v). When this 
is taken into account Eq. (49) goes over into the 
well known formula of Migdal'! (cf. also reference 
12 Ve 

Substitution into Eq. (49) of the expressions 
(41) and (46) of reference 1 gives for the sum of 
the electric and magnetic polarizabilities of the 


deuteron 
meres ene is (3 63 ile & 
Cd = Mo ( e) \64 (| haa ey Me 
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d he os he 
Oe as [Re (Ly + */3 La + 7/sLs)hva0 = an? 


de == Am = 


(50) 


which agrees with the result of Levinger and Rustgi 
(cf. reference 12). 

The presence of sizable contributions from 
photodisintegration in the yd elastic scattering 
amplitude and in the polarizability of the deuteron 
prevents our obtaining reliable conclusions about 
the polarizability of neutrons from the experimental 
data on the scattering of low-energy y rays by 
deuterons. 

To get information on the magnetic polarizabil- 
ity of the deuteron one must evidently have a much 
more detailed analysis of the photodisintegration 
of the deuteron and of processes of photoproduc- 
tion of mesons from deuterons. * 

Strictly speaking, the treatment carried out in 
the present paper is valid only for forward scatter- 
ing. In the dipole approximation, however, the 
main results remain valid for other scattering 
angles also. But we have not ‘made a direct com- 
parison with the experimental data, since in the 
experiments’ inelastic scattering of y rays by 
deuterons, 

ae Oi Men ty Deore 
was observed along with the elastic scattering. 
Recently A. M. Baldin (private communication ) 
has examined the corrections to the impulse ap- 
proximation in the inelastic scattering of y rays 
and has arrived at the conclusion that for this 
process also there are appreciable corrections 


*All conclusions concerning the magnetic polarizability of 
the proton are very sensitive to the assumptions that have to 
be made in the analysis of the photoproduction of pions. When 
one uses the analysis of Watson it follows from the results* 
that the magnetic polarizability of the proton is small. (In the 
case of the analysis of Watson it goes to zero.) This conclu- 
sion evidently is not in contradiction with the experimental 
data.** 
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associated with the photodisintegration. 

Thus we can evidently conclude that the results 
of an analysis that takes into account the photo- 
disintegration of the deuteron (and the production 
of mesons), and the experimental data on the scat- 
tering of y rays by deuterons in the energy range 
~50—100 Mev are in agreement with each other. 
For a more reliable comparison of calculated re- 
sults with experiment one first needs an analysis 
of the inelastic processes over a wider range of 
energies. 

The writers are grateful to A. M. Baldin, V. I. 
Gol’danskii, and Ya. A. Smorodinskii for numerous 
discussions. 
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The influence of a relatively weak electric field on the velocity distribution of plasma elec- 
trons in the range of high velocities is considered. An expression for the stationary electron 
distribution function is obtained and analyzed. The magnitude of the flux of runaway electrons 
in a completely ionized plasma is determined. The effect on this flux of neutral plasma par- 
ticles is taken into account. It is shown that under certain conditions instabilities in the 
plasma may occur during the development of the discharge which are due to the runaway 
electron flux. The results obtained are in qualitative agreement with experiment. 


1. INTRODUCTION 


As is well known, the frequency of collisions of 
an electron with ions, and also with other electrons 
in the plasma, falls off sharply as its velocity in- 
creases. Therefore, friction is always negligibly 
small for electrons possessing a sufficiently high 
energy. If a constant electric field is present in 
the plasma the velocity of such electrons increases 
continuously with time; they are usually called 
‘‘runaway’’ electrons. 

Clearly, ina very strong electric field (or in 
a plasma of sufficiently low density) all the elec- 
trons are accelerated by the field, i.e., become 
‘‘runaway’”’ electrons. In a weak field only very 
fast electrons will run away, i.e., those whose 
velocity v exceeds a certain critical value vg. 
The velocity vg depends in an essential manner 
on the magnitude of the field; in a weak field it is, 
naturally, much larger than the average thermal 
velocity of the electrons in the plasma and, there- 
fore, the number of runaway electrons is not very 
great in this case. In order to determine it we 
must know the way in which the density of elec- 
trons having a velocity v ~ ve varies, i.e., we 
must know the velocity distribution for the elec- 
trons for v~ ve. The corresponding problem 
must, naturally, be solved taking collisions into 
account (since they determine the critical veloc- 
ity ve, and, consequently also the number of run- 
away electrons), and is therefore very complicated 
in general. In previous papers! only some numeri- 
cal calculations for completely ionized plasma 
have been carried out (Dreicer, Bernstein and 
Rabinowitz ), and also a solution has been obtained 
for a very strong electrical field when collisions 


may be neglected in the first approximation 
(Kovrizhnykh). 

The investigation of the phenomenon of runaway 
electrons in the case of a weak electrical field ina 
completely ionized plasma is the aim of Sec. 2 of 
the present paper. The effect on the runaway elec- 
trons of neutral particles in the plasma is taken 
into account in Sec. 3. 


2. THE DISTRIBUTION FUNCTION AND THE FLUX 
OF RUNAWAY ELECTRONS IN A COMPLETELY 
IONIZED PLASMA 


The equation for the electron distribution func- 
tion f(v, 6, t) in the domain of high velocities 
(v > vkTe/m) in a completely singly ionized 
plasma situated in a constant uniform electric 
field E has the following form* 


ie ec sin 9 seat @{ yay, (v) [Pre 4 of |} 


ot m Ou v op v2 du “m 0v 
ee SO ee Oil © 
Sine ap Sin bart =O. (1) 


Here, as usual, e, m and Te are the charge, mass 
and temperature of the electrons; k is the Boltz- 
mann constant; @ is the angle between E and v; 

Ve (v) is the collision frequency of an electron of 
velocity v with other electrons in the plasma: 


*In the velocity range v SvkT./m the terms in Eq. (1) 
which describe collisions between electrons should be written 
in a more complicated form (cf., for example, references 2 and 
3). However, this circumstance is not essential in our case in 
view of the fact that in a weak field (E < E.i), which is the 
only one considered in the present article, any significant de- 
viations of the distribution function from the equilibrium one 
appear only at high velocities, v > V/kT./m (cf. below). 
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Ve (V) = (4se4N./m?v8) In (mu2D/e?), (2) 


where Ne is the electron density, D = VkTe /4Te*Ne 


is the Debye radius. We have further 


v(v) = v;(v) + ve (v) (1 — kT ./2mv?) 


giving the frequency of collisions of an electron 
with ions and with electrons [vj(v) is also given 
by formula (2), but with Ne replaced by Nj]. We 
shall in future, as usual, neglect the variation of 
the logarithmic term in (2) and set my’ = mv, in 
the argument of the logarithm, where ve is the 
characteristic Ua of the electrons under con- 
sideration: mvé * kTeEci/E (cf. below). 

For subsequent developments it is convenient to 
go over to the dimensionless variables 


u=v/VRT./m, 
G=% (V kT./m) E = 4ne*N m~'2 (RT .)—*2 In (mv2D/e?) t. 


ik == Gost). 


In terms of these variables, Eq. (1) assumes the 
following form 
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where Egj is the characteristic (critical) field 
in a completely ionized plasma: 


cs == 
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kT a 2 ) 


N (RI, 
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(here in the last equation Eg; is in v/cm; kTe 
and mv are in ev). In what follows we shall con- 
sider only the case of a weak electric field E 

< Ecj. We note that the field Ee utilized in 
Dreicer’s papers!” is related to Egj by the ex- 
pression Ec = %EciTe/Tp. 


A. STATIONARY SOLUTION 


Under stationary conditions (8f/8r = 0) it is 
natural to seek the solution of equation (1a) in the 
form 


f = Cexp {9 (4, p)}, (4) 


where C is a certain constant determined by the 
normalization conditions. The function ¢(u, p ) 
must then satisfy the following nonlinear equation: 


of [nud paw] (SP 
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Before undertaking the solution of this equation 
we shall point out one essential characteristic 
feature of the electron velocity distribution in the 
domain of high velocities in the presence of a con- 
stant electric field. Under the action of the electric 
field the electrons acquire an additional velocity 
(with respect to the thermal velocity) directed 
parallel to the field. It is redistributed among 
other directions as a result of collisions of elec- 
trons with each other and with ions. The change 
in the distribution function due to the collisions is 
described by the last two terms in (1). The first 
of them describes the change in the absolute value 
of the velocity or of the energy of a fast electron 
colliding with another electron (as is well known, 
the change in electron energy in a collision with an 
ion is very small). The second term describes the 
change of only the direction of the momentum as a 
result of the collision. Collisions with electrons 
as well as collisions with ions contribute equally 
to such changes. 

In a weak field (E « Egj) in the domain of 
thermal velocities (u ~ 1) the distribution func- 
tion is, naturally, close to Maxwellian. Under 
these conditions collisions between electrons are 
of little significance; in particular, the Maxwellian 
distribution function results in the vanishing of 
that term in (1) which describes the change in the 
absolute value of the electron velocity as a result 
of a collision. Under these conditions the principal 
role is played by collisions accompanied by a 
change of only the direction of the velocity, as a 
result of which, at thermal velocities, the addi- 
tional velocity communicated to the electrons as a 
result of the action of the field turns out to be uni- 
formly distributed among all the directions. Under 
these conditions the distribution function depends 
primarily only on the absolute value of the velocity, 
as is well known (cf., for example, reference 3). 

At high velocities, when the collisions are in- 
frequent and when as a result of this the electric 
field can produce considerable deviations of the 
distribution function from Maxwellian, the situation 
is significantly different. Under these conditions 
[for u> (Ecgj/E)'/4 > 1] the most important col- 
lisions turn out to be those between electrons ac- 
companied by a change in the absolute value of the 
velocity. The reason for this is that the gradient 
of a function of the Maxwellian type increases 
rapidly (in absolute value) as the velocity in- 
creases: |df/du| ~ uf; therefore for large u the 
change in the distribution function resulting from a 
change in the absolute value of u is very large 
[this can be clearly seen from Eq. (1)]. The last 
term in (1), describing the change in the direction 
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of the velocity, is comparatively small; conse- 
quently, the redistribution of the electron energy 
over the different directions of the velocity is 
hindered. Therefore, for large values of u, when 
the collisions are infrequent and the electric field 
can produce a large increase in the component of 
the velocity uz over a mean free path (the z axis 
is parallel to the field), this direction of the veloc- 
ity must be strongly favored. The velocity distri- 
bution of the electrons for high velocities must ac- 
quire a directional character. 

Taking into account the above peculiarity of the 
distribution function in the domain of high veloci- 
ties it is natural to seek the solution of Eq. (5) in 
the form of a series in powers of uw in the neigh- 
borhood of pp =1 (i.e., near the z axis, since pu 
=cos 0): 


9 (48) = (Hs 1) +H — 1) (GE) 
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On substituting this expansion into (5), and on 
equating terms containing various powers of wu 

— 1, we obtain the following chain of equations for 
the functions @, Pi, Po,...-: 
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Equations (5) can be easily solved by succes- 
sively terminating the chain of equations. By set- 
ting as a first approximation ¢,; = 0 and by omit- 
ting for simplicity small terms (of order 1/u’) 
we obtain 
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In the next approximation, on setting g = 0 we 
obtain g = 9)" + of), o, = 9$”, where 
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etc.* Naturally, the stationary solution under dis- 
cussion has sense only up to the runaway-electron 
iene, Gey tre Ib — u°E/Eci S @. 

In order to determine the convergence of the 
sequence of successive approximations we rewrite 
expressions (6) and (7) for @ and gj, by intro- 
ducing the new variable z = uw’E/Eci: 


g@ = — (Ea/E) (-2—F2), 
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From this it is clear that the expansion is in fact 
made in powers of the parameter (E/Eci)'”, 
which in the case of a weak field E « Egj is 
always small. 

Thus, in the case E « Egj the stationary elec- 


tron distribution function has the following form at 
high velocities (u? = mv?/kTe 2 V Eci/E) 
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*We can also indicate a somewhat different, but a more con- 
sistent, method of solving the system of equations (5). In par- 
ticular, with the aid of Eq. (5a) we can easily express the 
function P, in terms of 9; with the aid of Eq. (5b) we can ex- 
press 9, in terms of 9, and Qj, etc., i.e., in the final result 
we can easily obtain a solution of the system of equations (5) 
in which all the functions 9,, 9,, 9, ... will be expressed in 
terms of ,. In order to determine the function Q, it is neces- 
Sary to use an additional condition. Indeed, a stationary elec- 
tron distribution is established both when there exist no 
sources of particles, and also when there are 5-like sources 
of particles; naturally, the distribution in the two cases will 
be different, although Eq, (5) is valid in all cases. The con- 
dition imposed on the sources (or on the flux) of electrons is 
the required additional condition for the determination of 9, 
(cf., for example, reference 3). In particular, in the case under 
consideration at present there are no sources of particles; 
consequently, the total flux of particles over any closed sur- 
face must be equal to zero. This condition leads to a certain 
complicated integral equation for the function ®,. A solution 
of this equation obtained by the method of successive approxi- 
mations leads to expressions agreeing with (6) and (7). 
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where the normalization constant is C 

= (m/2TkTe)?/"Ne (Ne is the electron density ). 
For not very high velocities v’ ~ kTe /m (or 
more accurately, for vx (kTe /m)vV Eci/E) the 
distribution function (8) is close to Maxwellian.* 
For large velocities v’ > (kTe/m)VEgji/E the 
distribution function (8) differs from it consider- 
ably: as the velocity increases it falls off signifi- 
cantly slower than the Maxwellian one does. 
Moreover, in the high velocity domain the distri- 
bution function (8) acquires a directional character, 
which is in complete agreement with the qualitative 
analysis of the solution of Eq. (1) carried out ear- 
lier. The directional nature of the distribution (8) 
is most clearly manifested for v? = 2kTeEcj/3mE. 
The average angular spread 


8 = \ 6f (v, 6) dQ VF, 6) dQ 
has in this case a minimum value: 
0 = Onin = (27n?/8)"(E/E ci)". 


It is of interest that not only at speeds v’ 
< 2kTeEci/3mE, but also at high speeds v’ 
> 2kTeEci/3mE (i.e., near the runaway-electron 
limit), does the distribution function become less 
directional. 


B. THE FLUX OF RUNAWAY ELECTRONS 


The average velocity of an electron parallel to 
the direction of the field vz = uz(kTe Gia) te is 
much greater in the high velocity domain than is 
its velocity in the direction orthogonal to the field 
vr =ur(kTe eye. Because of this, it is the dis- 
tribution with respect to the velocity uz which is 
particularly significant for runaway electrons: 


*It has been pointed out earlier that both the initial equa- 
tion (1) and the method of solving it utilized in this paper are 
valid only at high velocities. However, only at such velocities 
can the electron distribution function differ appreciably from 
Maxwellian. For low (thermal) velocities the electron distri- 
bution is Maxwellian, and the solution of (8) which we have 
obtained coincides with it. Consequently, the distribution 
function (8) represents well the nature of electron distribution 
over the whole stationary domain of velocities: E,jkT./Em 
=v SO, 

tAn analogous problem was recently investigated by 
Dreicer.* However, he assumed that the distribution function 
could be represented in the form f(v) = f,(v) + £,(v) cos 6, 
where |f,| <f,. He obtained the result that the distribution 
function is Maxwellian right up to the runaway-electron limit. 
As is clear from (8), the above assumption, and, consequently, 
the result obtained, are erroneous in the domain of high ve- 
locities v? > (kT-/m)VEci/E , and even more so at the run- 
away-electron limit vé = kT. Eq /mE. 
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On multiplying Eq. (1) by 2Tup and on integrating 
te over dur (neglecting small terms of order 
ut /uz,) we obtain the following equation for 
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is the mean square velocity of the electron in the 
direction orthogonal to the field (for a given uz). 
For the determination of u} we can utilize the 
stationary distribution function (8) obtained earlier. 
We then find that (for u3 < Eoj/E) 

f ae 2/8(1 —u2E] E,)” 


aie (10) 


The problem of finding the flux of runaway electrons 
has thus been reduced to finding the nonstationary 
solution of Eq. (9); we have obtained it earlier.° 

By utilizing this solution we obtain for the flux of 
the runaway electrons S the following expression: 


(ee) 
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where Ne = Ne(t) is the number of electrons in 
the principal stationary domain of velocities, Vey 
=Ve(VkTe /m) is the mean collision frequency 
for an electron. On taking it into account that 
Eci/E > 1, we can carry out the integration in the 
last expression. We then obtain 


fy ce = iy 

S=T- Nive i exp \_ze =a 2(ce) }. (12) 
It is shown in reference 5 that the flux of runaway 
particles determined by formulas (11) and (12) is 
established within a time Aty 2 (Eci/E)*/"vep. 
Therefore, the weakly nonstationary solution, (11) 
and (12), is applicable only if the parameters Ne, 
Te, E do not change appreciably during this time. 
In particular, since the density of electrons in the 
principal velocity domain Ne is decreased as a 
result of the running away process dNe /dt = — 8, 
then in order to be able to utilize expression (12) 
it is necessary to have SAty <«< Ne, i.e., it is nec- 
essary that the following inequality hold 


c 
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E exp | LE ( E ) t<1, 
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which, naturally, is always satisfied in the case 
of a sufficiently weak field E < 0.1 Egj. 

If we estimate the flux of runaway electrons in 
the simplest possible manner, assuming that the 
distribution function is Maxwellian right up to the 
runaway-electron limit (cf., for example, Harri- 


son’s paper’), we obtain* S ~ veNeexp { —Hei/2k. 


This expression for the number of runaway elec- 
trons qualitatively agrees well with the exact 
formula (12), although the quantitative discrepancy 
between them is quite large for large values of 
Eci/E. It should be emphasized that the agree- 
ment which we have mentioned is to a certain 
extent accidental. Indeed, as is clear from the 
exact calculation, the friction that determines the 
flux of runaway electrons is primarily determined 
by collisions between electrons which are accom- 
panied by an appreciable change in electron 
energy. This constitutes only a part of the total 
friction experienced by electrons in a plasma, but 
this part differs from the total friction only by a 
numerical factor. As a result qualitative agree- 
ment is obtained between an elementary estimate 
of the flux taking the total friction into account and 
the result of an exact calculation.T 

It should be emphasized that the assumptions 
made above in the calculation of the flux (neglect 
of terms of order ey tle the utilization for the de- 
termination of u% of the stationary distribution 
function, in the evaluation of which, moreover, 
only the first terms of the expansion in powers of 
the parameter E/Egj have been taken into account ) 
have enabled us to pick out only the principal 
terms in the exponential factor in formula (12). 
If the next approximations are taken into account 
this should lead to corrections of order unity in 
the exponential term. 


3. INCLUSION OF THE EFFECT OF NEUTRAL 
PARTICLES 


a) Weakly ionized plasma. The possibility of 
electrons being accelerated in a completely 
ionized plasma is a consequence of the fact that 
the frequency of collisions of an electron with ions 
and with other electrons falls off rapidly as its 
velocity increases. As a result friction is always 


*A similar expression for the main exponential term was 
also obtained in Dreicer’s paper.‘ 

tNaturally, other cases are also possible when there is 
no such agreement. For example, in the case of statistical 
acceleration mechanisms estimates of the magnitude of the 
flux of runaway particles made with the aid of simple for- 


mulas of the type given above turned out to be completely 
useless.* 
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negligibly small for electrons possessing a suffi- 
ciently high energy, and they are accelerated by 
even a very weak electric field. If the plasma 
contains a considerable number of neutral particles 
the situation is, in general, completely analogous, 
since the frequency of collisions of an electron 
with the neutral particles (atoms, molecules ) 

also decreases with increasing velocity in the 

case of electrons possessing a sufficiently high 
energy € 2 (3 — 5)€j, where €j is the ionization 
energy. However, for € < €i the frequency of col- 
lisions usually increases with increasing €. 
Therefore, in weakly ionized plasma, when the 
principal role is played by the collisions of an 
electron with neutral particles, only the fast elec- 
trons may run away ina relatively weak electric 
field; their energy must, in any case, exceed 

(3 to 5) €j. 

Because of this, it is possible to simplify con- 
siderably the kinetic equation for the electron dis- 
tribution function in a weakly ionized plasma 
f(v, 0, t) by utilizing the differential representa- 
tion for the integral due to the inelastic collisions 
of an electron with neutral particles (cf. reference 
3). In this case the kinetic equation assumes the 
following form: 


On Gaui Of sin 6 of Os OF E( 
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Here 


(13) 
F (0) = Nn f(t: + Ae) Qi (0) + Shox (0)| 


is the effective retarding force on an electron 
moving with a velocity v ina gas of density Np. 
Here Ae is the energy transferred to the knock-on 
electron, Qj(v) is the total ionization cross sec- 
tion, Qk (v) is the total cross section for the ex- 
citation of the level hwx. As is well known, the 


retarding force F may be approximately written 
in the form 


F (v) = (4ne*N,,Z | mv?) In(mv? / 8), (14) 


where € is some average excitation energy (the 
calculation in reference 6 yields € © Z x 13.5 ev, 
in particular € = 15 ev in hydrogen, € =30 ev in 
helium). For not very high electron energies the 
force F increases with increasing v, while at 
high energies it diminishes. It reaches the maxi- 
mum value of Fmax = 47e4NyZ/2.72€ for €max 

= 1.36.* 

It should be noted that if we use the calculation of Fax 
experimental values of the cross sections which, as is well 


known, are considerably lower in the neighborhood of the maxi- 
mum than the theoretical ones,’ then the value of the force 
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Ba, 
D(v)= 


we {er(ee + Ae) Q(v) + Sy on)®Q,(o)}, (15) 
k 

is the coefficient characterizing the velocity diffu- 
Sion of an electron. For subsequent discussion it 
is convenient to write this expression in the form 


D (v) = &:F (v) d(v) / 2m2v. (15a) 


Here d(v) turns out to be a very slowly varying 
dimensionless function of v; its values are close 
to unity. In the case of hydrogen, for example, 
d(v) *d =0.94, in the case of helium d = 0.99. 
Finally, vy(v) is the frequency of collisions of 


electrons with neutral particles: 


va(V) = Nn\Q(, 8) (1 —cos 8) dQ, 


where Q(v, @) is the differential cross section 
for the scattering of an electron by a molecule, 
including elastic scattering, excitation of all levels 
and ionization. 

The stationary electron distribution function in 
a weakly ionized plasma determined by Eq. (13) 
turns out qualitatively to be completely analogous 
to the distribution function in a strongly ionized 
plasma: with increasing velocity it falls off more 
and more slowly; at sufficiently high velocities it 
acquires a directed character. In the first approx- 
imation, just as in the case of the strongly ionized 
plasma, the distribution function is symmetric; it 
has the following form 


2 


2m ° uv du eE 
f=f) =fedex{—F\ Fol!—Falp (8) 
where vy is the lower limit starting at which Eq. 
(13) becomes valid: vo ~ (5ej /m )'/; f(v)) is the 
distribution function at the boundary vo. If, for 
example, the distribution for v = vp is Maxwellian 


Fmax is considerably diminished, while Ena, increases (for 
example, in helium such a calculation yields &,,, = 120 ev 
and Fmax = 6 x 10-7°N, dynes, while formula (14) gives 

Fmax = 10 x 10-*°N, dynes and Emax = 35 ev). Moreover, the 
differential representation of the integral due to the inelas- 

tic collisions of an electron with atoms utilized in Eq. (13) is 
valid only at sufficiently high electron energies € > €;. This 
condition is not sufficiently well satisfied even in the region 
of maximum retardation force, and more so when € < &,,,. AS 
a result of this the values of the force Fmax, and, consequent- 
ly, also of the field Ec, (cf. below) are determined here only 
very approximately. We also note that the expressions given 
here for the retarding force F and for the diffusion coefficient 
D are valid only at not too high plasma temperatures, when 
exp{—fiw,/kT} «1; for kT > fio, ~ & it is necessary to take 
into account that some of the molecules are in an excited state 


(cf. reference 3). 
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in the temperature Te, then we have* 
f (Uo) = (m/ InkT.)"N, exp {— mo? /QkT;} . 


For sufficiently high velocities v > vo, the 
account of f(v9) naturally introduces only a small 
correction in expression (16) for the function f(v). 

As is clear from (16), the limit for the station- 
ary solution v = ve is determined by the condition 


F (u;) = eE. (17) 


From this it may be seen that the stationary solu- 
tion exists only under the condition 


E < Eon = Fimax |€ = 40@3NnZ [2.726 = 7 - 10°9N,V/em 
(18) 
Consequently the field Eey is the critical field in 
a weakly ionized plasma. 
When condition (18) is fulfilled only electrons 
of velocity greater than ve are accelerated. 
Naturally, the flux of runaway electrons is in this 


case determined by the expression 


dN, 2in ° v du eE 
ae cir faa (00) exP |— elas ra || 
mo2 EB 
a v3.f (Uo) exp {= lie) 
2neN ,Z In (mv? / €) 
gece 4 { Ee,d I (19) 
where mv” = (0.3 to 0.4) mv4, vip = = 2kTe/m. 


the last expression we have taken into account xe 
fact that the function d is practically independent 
of v and may be replaced by its average value d. 
We note that the last exponential factor in (19) 


may also be represented in the form 
ao 
eA, 


A = 8ne*N,Z | dtaas An fod 
€ 


exp \- 


Here the constant A turns out to be a very large 
quantity, Az 10. This means that the flux of run- 
away particles for E < Een is not large; it falls off 
very sharply with increasing ratio Een/E, consid- 
erably faster than in the case of a fully ionized 
plasma [cf. (12)]. Qualitatively the nature of the 
dependence of the flux of runaway electrons on the 
intensity of the field E in a weakly ionized plasma 
is almost the same as ina strongly ionized plasma, 
which is as it should be. 

*For v < v, the distribution function f(v) can, of course, 
differ considerably from Maxwellian. For example, in inert 
gases the Druyvesteyn distribution holds up to & ~ &, while 
above €; there applies a function f(v) which falls off even 
more sharply with increasing velocity (cf., for example, refer- 
ence 3), 
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b) Arbitrary degree of ionization. The equation 
for the electron distribution function in the domain 
of high velocities for an arbitrary degree of plasma 
ionization is completely analogous to Eqs. (1) and 
(13) discussed previously; only we must now take 
into account in this equation collisions both with 
neutral particles and with free electrons and ions. 
The stationary solution of this equation has at high 
velocities the same character as before; in the first 
approximation the following expression holds for 
f(v) 


f F (v) + mov, (v) —eE 
[ (v) = fF (0) exp { ae \ mu dv &,F aah [2 =n = =| : 
Sy (20) 
where all the quantities have the same meaning as 
before .* 
The boundary ve of the domain in which the 
stationary solution is valid is determined by the 
condition 


F (v,) + mueve (Uc) —eE = 0, (21) 


and, correspondingly, in the first approximation the 
flux of runaway electrons is given by 


F (v) + mov, (v) —eE 1 
é,F (v)d(v)/24 kT mov, (o)f : 
(22) 


where R(vc) is some effective frequency which 
varies from eE/mvg to ve) (E/Ec)'/” depending 
on the degree of plasma ionization. For sufficiently 
high degrees of plasma ionization [when the elec- 
tron distribution in the principal domain of veloc- 
ities is Maxwellian (cf. reference 3)] the expo- 
nential term in formula (22) can be written in the 
form exp {—Ec/4E}; if the next approximation is 
also taken into account (cf. Sec. 2) the expression 
for the flux assumes the form 


mo dv 


(3) 
arn 


S = R (v6) vif (00) exp {— 


ra) 


° 


S = Neo (E | Ec)" exp {— E./4E —V2(E-/E)"}, (23) 


where Eg is the critical field: 
EID, 
E,= 4ne*( Ne fe 


e2 


2 
mucD 


—.2 
+ NpZ n=) [(er.nein 
e/| 
At high degrees of plasma ionization formula (23) 
agrees with (12), while at low degrees of ionization 
(in the first approximation) it agrees with (19), as 


e2 


e,d mov? 
re N22 (24) 


*If the electrons in the principal stationary domain of ve- 
locities do not have a Maxwellian distribution, then in formula 
(20) we have to replace kT, by mv}/3, where mv+/2 is the 
average electron energy. 
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it should.* At low temperatures kTe < €; the 
field Eg increases monotonically with increasing 
degree of plasma ionization. 

c) Instability of a spatially homogeneous plasma. 
It was shown above that the flux of runaway elec- 
trons in a plasma in the case of a relatively weak 
electric field increases sharply with increasing 
electron temperature and usually falls off with 
increasing degree of plasma ionization. Both 
these quantities vary appreciably in the course of 
the development of a discharge in a gas in a con- 
stant field. The flux of runaway electrons varies 
correspondingly. 

It is obvious that the magnitude of the flux S is 
uniquely related to the value of the electron distri- 
bution function with respect to the velocity vz 
(the z axis is parallel to the field E) in the 
domain of very high velocities, beyond the limit 
for runaway electrons v3 > vi = EgkTe/Em: 


E 
F (v;) = F (= (¢— to) \= sp S (40): 
From this it follows that if the flux S(t)) decreases 
with time then the distribution function F (vz) ac- 
quires a region in which OF / dvz > 0, since 
OF 
Ov, 


anus 
CE Oly 


m> dS 
e2B? dig © 


However, it is well known that a spatially homoge- 
neous plasma may become unstable with respect to 
longitudinal excitations® (plasma waves) if the 
distribution function has a domain in which 8F/dvz 
> 0. The criterion for instability 


1 (OF / 0vz) 0209 /2NVF 1 
can in our case be rewritten in the following form 


(— dS /dty) (At)? @)/ Nev = 1. (25) 


Here At =t — ty is the time which will have 
elapsed from the instant ty) when the flux begins 
to decrease to the instant t when an instability 
will arise in the plasma; wy = (4me*N/m)!/* is the 
plasma frequency. The characteristic size of the 
excited inhomogeneities is X ~ eEAt/mwy [the 
time At is determined by relation (25) ]; their 
characteristic frequency is w ® wp. 

An experimental investigation of runaway elec- 
trons in a helium plasma placed in a constant 


*For low degrees of plasma ionization formulas (23) and 
(24) given here, which take the second approximation [i.e., 
terms of order (E./E)”] into account, are valid only for hydro- 
gen (Z = 1). For other gases the coefficient V2 in front of this 
term must be replaced by /Z +1; the index of the power of 


the ratio E/E, in the factor preceding the exponential is also 
changed. 
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electric field was carried out in a stellarator.? 

In this case the electron temperature at first in- 
creased sharply, but later if the field was lower 
than Ep © 1.5 x 10°pyv/em it stayed for a certain 
length of time at an almost stationary level kTe 

~ (0.5 to 0.9) ej (cf. references 10 and i). Dur= 
ing this period (the period of the temperature or 
the current ‘‘plateau’’) the degree of plasma ioni- 
zation qj continued to increase slowly. Therefore, 
the flux of runaway electrons diminished, since at 
a constant temperature the flux decreases with in- 
creasing degree of plasma ionization. Conse- 
quently it was maximum at a time close to the 
instant of formation of the plateau; in this case the 
field is given by Eg = Ee min & (50 to 35) E. Con- 
sequently, the total number of runaway (acceler- 
ated) electrons is given by* 


AN, =\ Sd =S ee ) es 1078) Ny. 
Further, in virtue of the fact that during the 
current ‘‘plateau’’ the flux of runaway electrons 
decreases with time, an instability of a spatially 
homogeneous plasma should arise. The criterion 
(25) for instability to occur will be satisfied after 
a time 
{ N 


“Oodg,/dt- aa — One —= Ono See 


Wess ( 
elapsed since the beginning of a decrease in the 
flux. Consequently, such an instability must arise 
during the current ‘‘plateau’’. Experimentally,’ 
bursts of hard x rays were observed just at this 
time, due to the impact of a large number of ac- 
celerated electrons against the walls of the vessel; 
they are generally accompanied by powerful micro- 
wave radiation from the discharge at frequencies 
tou 1 63) X 10!! (under these conditions the 
plasma frequency is of the same order of magni- 
tude). Apparently, it can be concluded that these 
bursts of radiation during the current ‘‘plateau’’ 
(according to the terminology of reference 9 — 
bursts of ‘‘type A’’) are a result of the mech- 
anism for the instability of a homogeneous plasma 
indicated above. 


*The first of the numbers quoted here corresponds to the 
case E =0.6 Ep, the second corresponds to E = 0.9 Ep [in 
making these estimates the values of Te(qi, E/Ep) calculated 
in reference 11 were utilized]. It should also be emphasized 
that the total number of runaway electrons is very sensitive to 
the parameters. For example, if the temperature or electron 
density is changed by 10% then AN. changes by almost an 
order of magnitude. In virtue of this, an investigation of the 
flux of runaway particles (with respect to number and to the 
energy distribution of the fast electrons) could serve as a good 
method for the measurement of electron temperature. 
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We should also point out another type of in- 
stability produced by runaway electrons in an 
equilibrium plasma pinch confined by a strong 
longitudinal magnetic field.* This instability is 
associated with the inhomogeneity of the electron 
density in the pinch, and arises only in the case of 
a high degree of plasma ionization. Indeed, the 
electron density in an equilibrium pinch falls off 
as it approaches the boundary: Ne— 0 as r—a. 
Correspondingly the field E,(r) also decreases: 
Ec (r) > Een as r— a, with Een being very 
small at sufficiently high degrees of plasma ioni- 
zation. Therefore, even if in the principal region 
of the pinch the electric field E is weak (E 
<< Ec), yet ina layer of thickness 
kT ,D 

e2 


ON 
Ar = ERT. /4ne8(=*) in 


near the boundary of the pinch it is always strong 
(E 2 Ec). In this layer, therefore, all the elec- 
trons run away at once. Therefore, in this region 
the plasma consists of a stream of electrons 
moving among the ions. As is well known, ® such a 
system is unstable with respect to excitation of 
plasma waves as soon as the velocity of the elec- 
tron stream vy exceeds their mean thermal 
velocity. If an instability arises the amplitude of 
those waves builds up most rapidly whose wave- 
length is given by % = vy /wy = Dv) /( kTe /m)”?. 
Their frequency w is determined in this case by 
the following expression: 
RT ,D\"/2 

a) 


w= (ERT. | 2°em'+M™* In 


M */s 1 1 
21.2. 10° (5?) (kT) “EB”. (26) 


Here M is the ion mass, Mp is the proton mass; 
numerically kTe is expressed in ev and E in 
v/em. The velocity of the stream required for 
the excitation of the above instability, vo 

= (2 to 3) (kie/ mn is attained after a time 

At = my) /eE has elapsed since the electric field 
has been switched on. The excitation of such an 
instability must be accompanied by a burst of 
radiation at a frequency of order w determined by 
formula (26), and also by a sharp decrease in the 
current associated with the runaway electrons, 
i.e., by a decrease of the total current I) by a 
quantity of order lAr/a. At the same time x rays 
may be completely absent since the instability is 
excited by electrons of low energy € = mv /2 

~ (2 to 5)kTe. 

*The whole investigation is carried out here without taking 
into account the magnetic field Hy due to the current itself. 
This is only valid in the presence of a strong external longi- 
tudinal magnetic field H, > Hy. 
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The methods of quantum field theory are used to study the effect of the interaction between 
particles on the oscillations of the magnetic moment of a Fermi gas. The forces between 
the particles are assumed to be of the short-range type, and the calculations are made in 
the gas approximation. Values are found for the changes of period and amplitude of the os- 
cillations of the magnetic moment that are caused by the interaction between particles. At 
not too low temperatures the amplitude of the oscillations contains a factor that decreases 
exponentially with decrease of the magnetic field. 


ibe In the study of the magnetic properties of a de- 
generate Fermi gas the interaction between par- 
ticles is usually taken into account only by the in- 
troduction of a generalized dispersion law to re- 
place the free-particle relation between energy 
and momentum (L. D. Landau, ! I. M. Lifshitz and 
A. M. Kosevich”). A paper by Dingle® has been 
devoted to effects of the finite widths of the energy 
levels of the particles, which are also due to the 
interaction, but in this paper the width is intro- 
duced in a purely formal way and is assumed to be 
the same for all levels. 

Therefore it is interesting to study the effects 
of the interaction between particles on the mag- 
netic properties of a Fermi gas in the framework 
of the microscopic theory. 

In the present paper we examine this problem 
for the simplest model, assuming that the interac- 
tion between the particles is of the short-range 
type. Our final results apply to the domain of not 
too low temperatures [cf. the condition (13) ], at 
which the influence of the magnetic field on the 
collisions of the particles can be neglected. This 
condition, however, is used only at the last stage 
of the calculation as we have arranged it, so that 
it is possible to study the character of the approx- 
imation and find the region of applicability of the 
results. 

2. The thermodynamic quantities that charac- 
terize a system of interacting particles can be ob- 
tained by means of the one-particle thermodynamic 
Green’s function 


G (Fa ai th =f) = CT (0) ¥" (Fa 2) SBD SOM, 


where 7*, ~ are the operators for creation and 


annihilation of Fermi particles in the ‘‘thermody- 
namic interaction representation,’’ S(8) is the 
thermodynamic scattering matrix (8 is the recip- 
rocal of the temperature ), and the averaging is 
carried out with the density matrix of noninteract- 
ing particles. 

The quantity most simply expressed in terms 
of the Green’s function is the density of the gas, 


0 : 
Re oy ee Pete 0): (2) 


where p= p3/2m is the chemical potential and Q 
is the thermodynamic potential per unit volume of 
the gas. Knowing the Green’s function G, we can 
use this formula to find Q and then calculate the 

magnetic moment per unit volume, which is given 
by 


e 99 (3) 


mc Ow ”’ 


F) 
M = — 592 


where w = e3C/mc is the Larmor frequency of a 
particle in the magnetic field . 

Following the work of Abrikosov, Gor’kov, and 
Dzyaloshinskii* and of Fradkin,® we expand the 
function G(r,, 3; t) in Fourier series with re- 
spect to the variable t: 


G(r, fa; t) = 4 Bs G (14, f2; Pa) oP 


Pa 


(= =F" a, k=0,+1,...). 


Using the fact that the Green’s function G(r, 
r,; t) has a discontinuity at the point t= 0, 


G(r, %2; +0) — G(r, tes — 0) = 6(r, — ra), 


we get: 


913 


914 ie 


ay G(r, 2; Ps) = > {G(r1, fe; + 0) + G(r, ra; — 0)} 


Ps 


= G (ry, re; 0) + 5 


Therefore the formula (2) can be rewritten in the 
form 

N= limsple Gt pp) oar. 4) 

ron |B 

To calculate the Green’s function G we shall 
use the Feynman-diagram method, using a solid 
line for the Green’s function of noninteracting 
particles in the magnetic field, Gp (Yr,, Y; ty — te), 
and a dashed line for the interaction potential 
Vitiw— Yo) 0 (t, —t>). Che tunction G) (ry, To; 
p,) is of the following form: 
Go(T1, 2; Pa) = Saree 1) Go (%; Pa) p, (Ts), 

a (5) 

where @ =(n, pz, q) is a set of quantum numbers 
for the particle in the magnetic field* 


ea = o(n++) + p2/2m, 


tp, (tr) = (2m) * exp {i(p,2 + gy)} Pn (x — g/mo): 


and n(x) are the wave functions of an oscillator 
with the frequency w. 
Noting that 


\ dgetmoub, (E + +), (8 —F) 


= exp{—"P (x2 + yh La FP (x? + yh 
[ Ly (x) are the Laguerre polynomials], we bring 
Eq. (5) into the form 
{i x1 a Xo ( 


nia 


tn — Ws) mo) cay 


1— 92)9N} Ln {> Ue 
exp {ip, (z1 — 22)} 
7 @ (n+) + p?/ 2m — w+ ips 


Go (Ti, f2; Pa) = exp 
x SI exp = 
iO 


hs) (yi — y2)*}| \ dp 


Oe (x1 = #2)? + Ly 


By considering an arbitrary diagram for the 
one-particle Green’s function, one can verify with- 
out difficulty that G(r,, Y; py) is of the form 


G(ry, Te; Ps) = exp te i (x, 


+ ¥2) (1 — Yo) mol G (rr — tas pa); (6) 
where G(r, — 9; py) is a function that involves 
only the difference of the coordinates, r, — ro. 


Let us expand the Green’s function G(r, Y9; 
P,) in terms of the functions Jq(r). We get: 


*Here and hereafter fi = 1. 
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- 2 tha, (Fi) Py, (2) G (1, 5 Pa)- 


It follows from fee (6) that the Green’s function in 
the a representation is diagonal in the variables 
Pz,» q: 

G (%, Ae 


G (fy, To; Pa) 


> pa) = 8 (Par — Pz) 8 (41 — 92) G (1, M2; Pers Pa), 


where the function G(ny, Ny; Pz; p,) does not de- 
pend on the variable q. 

The density of the gas, defined by the formula 
(4), is expressed in terms of the function G(n,, 
No; Pz; Py) in the following way: 


R= — can Sp y 4 dp. {5m Gin, ny Pz. Pa) — 5h. 
Ps 
(7) 


3. The Green’s function G(Yr4, Y%; py) satisfies 
the well known equation 


(H)—w-t ip,) G(r), Pa oy) 
+-\dr'S (rn, rs pd G(r’, 


where Hy is the Hamiltonian of a free particle in 
the magnetic field and 2 is the mass operator 
which takes account of the interaction between the 
particles. In the @ representation this equation 
takes the form 


T2; Pa) = O(t1 — fo), 


(Ea, — Ub + 1p) G (a1, Oe; Pa) 
+ Dd) D (aa, 5 p4)G (a, oes pa) = Sayass (8) 


We shall calculate the mass operator = in the 
gas approximation (cf. the paper by Galitskii® ). 
Then, as can be seen from the diagrams shown in 
Fig. 1 (which have weight factors — 2 and 1, re- 
spectively ), the quantity 2 can be connected with 
the four-fermion vertex function IT: 


ioe het L.) 


es 


X (a4, Qe; Pa) 


X {TP (41, %33 Os, M2; Pa + D4) 
— 20 (a1, M3; 2, Os; Pa P,)}- (9) 


(The function I corresponds to the shaded squares 
in the diagrams. ) 


FIG. 1 
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In the gas approximation the quantity IT corre- 
sponds to the set of diagrams shown in JTS WGN 
was stated above, the solid lines in the diagrams 
correspond to the function Gy(rj, Yr2; py) and the 
dashed lines to the function V(r, -—Yr,). Applying 
the method developed by Galitskii,® we can get the 
equation satisfied by the operator Eg): 


Ns + Ne 
Hy +3 — 2 — ip 


P (ps) = (Ps) +1 (pa) I (ps), 


Po (Ps) = V —V[H — 2u — ip} V. (10) 
Here H? and H} are the Hamiltonians of the 
first and second particles in the magnetic field in 

the absence of interaction; H = iby + H3 +V; and 


Mio = [1 + exp {8 (Hie — Pp) 


The quantity I'(a 4, @ 9; @3, 4; py)is the matrix 
element of the operator I'(p,) inthe a represen- 
tation: 


DG, ha; 5,04; Ps) = (04, 2 |T(p4)|%3, Hae 


We now note that in the Schrodinger equation 
for two interacting particles in a constant magnetic 
field one can separate the variables belonging to 
the center of mass and to the relative motion of 
the particles. Therefore it is convenient to go 
over to a representation in which both the Hamil- 
tonian that describes the motion of the center of 
mass, and the Hamiltonian that describes the rela- 
tive motion of two noninteracting particles, are 
diagonal. In this representation the matrix ele- 
ment of the operator I'9(p,) has the form 


<4A |TV (pa) {a’ A’ = Onno (A, Oo; Ps), 


where a =(n, pz, q) is a set of quantum numbers 
for a particle with the mass m/2 and the charge 
e/2, and A=(N, Pz, Q) is a set of quantum num- 
bers for a particle with the mass 2m and the 
charge 2e, in the magnetic field «. 

The quantity I')(a@, @’; p,) can be connected 
with the amplitude Tyg’ for the scattering of par- 
ticles with the mass m/2 and the charge e/2 by 
the short-range potential V(r) in the magnetic 
field K: 


915 


Wa Cacti ad be ere Sr 
? 4 (4 >I 2 aa aa Ey —&, +10 


1 
ee 


en =o (n+ 2) + pm, £4 = o(N+ 7) + P2/4m. (11) 


4. The scattering amplitude Tgq’, which has 
been calculated in a paper by Skobov,’ is of the 
form 


Tax = gn (—22) on (— 


where g(x) is a wave function of an oscillator 
with the mass m/2 and the frequency w, fy is the 
scattering amplitude of particles of zero energy in 
the absence of the magnetic field, and 


2g 1 


mo / 1-ifoK (e,)’ (12) 


K(e)= > > [mo (tg — n — §)]—/s 
n=0 


(the quantities ng and € are connected with the 
energy € by the relation «= w(ny) +‘ —- &), 
On ce 1): 

Thus to determine the Green’s function in the 
gas approximation it is necessary to calculate the 
quantity I)(a@, a’, py), using the expression (12) 
for Tq@q’, and then, in accordance with Eqs. (9) 
and (10), to find the mass operator 2 that appears 
in (8). It follows from the expression for K(€e) 
that the quantity f=f)(1+ if, Ke) differs from fp 
only in the regions 0 < ¢<£, and 1— {,< 2 <1, 
where &) = ¥mwf%. In the formula (9) for the mass 
operator = the main contribution for B7! « yp ob- 
viously comes from the energy range yp — p71 
<€y < utp; therefore if the conditions & 
< 1 and B! > wéy are satisfied we can neglect 
the difference between f and fy. In what follows 
we shall assume that these conditions are satisfied. 

For 6! < wé, the difference between the quan- 
tities f and fy can be important, since the region 
in which the step of the Fermi function is smeared 
out can enter one of the intervals (0, &)) or (1 
— &), 1). In the present paper, however, we shall 
not consider this low a range of temperatures. 

As is customary in the study of the magnetic 
properties of a Fermi gas, we shall assume the 
magnetic field weak enough so that w«< yw. Thus 
we are assuming that the following conditions are 
satisfied: 


Poio<1, ofp<l, — (/p)? (Pofo)?< (Bp) *<!. (13) 
The scattering amplitude then takes the form 
ele SE ee 
Tae! = 2 Pa ( waar) Ow ( ). 


Since w< yp, large quantum numbers n are im- 
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portant; therefore in Eq. (11) we replace the sum- 
mation over n” by an integration over kt, where 
k? /m =w(n" +4), k = (ky, kz): 


2q 2q' 
mo ) Pn’ (— a) 


4 
4 
Feces 


4 
ame ee ; 
ae teal ek Pe 
The fractional error so introduced is of the 
order of (w/p)!”, and by the conditions (13) it is 


ji 4 
To (a, &; pa) = oar o(— 


j fo 0 dk 
(fo 4 9 \ a 


{ m 


x 


small. In fact, let us use the Poisson summation 
formula 

> F (n+ 1/2) =\ F (x) dx-+2 a(—v4 F (x) cos 2urxdx. 
n=0 0 r=1 0 (14) 


In the case in question, by Eqs. (11) and (12), the 
function F(x) is 


F(x)=f2 (dt 


4 
; ane: wx —e, + i0 


» (Pn (—29" smo)? 


4 
= k2/m + wx +e, — 2 —ipg A (230)? 


co 


= EE \ pan eee ee 
2 (2m)? "0 = k2/m-+ wx —e, + i0 


22s ces Sash al ara 5 
k2im + ox +8, — 2 — ips 


Making the change of variable wx = k}/m and in- 
tegrating over the angles of the vector k = (kt, 
kz), one easily verifies that the ratio of the sum 
of the oscillating terms in Eq. (14) to the first 
term, which we are keeping, is of the order of 
(w/p)t?. 

Writing the operator equation (10) in the a@ 
representation and replacing the summation over 
the indices n, n’, N, ng in this equation and in 
the relation (9) by integration over the variables 
Pt» Pt Pe pt3, with 


pim = o(n + 1/2), 
Pi/Am = 0 (N + 1/2), 


p2/m = o(n' + 1/2), 


otisrad pig/2m = @ (m5 + 1/2), 


2 (01, %; Pa) = 8(pa — Pz2) 8 (Gi — 2) San, (Pi, Pa), 


BED pals Se (cia fy n(2aP +k) 
— 2 (PSP —k)} {a (p) + [exp a(S + -PteP _ 9.) 


| — eel to dp 
| } R?/m — (p — p’)?/4m — pp + p?/2m+ipg a \ (2m)8 
Bs dp’dk 

Baar 


4 


Sn m—(p— py 4am * 


N ( , 
Rip )p 

/ 
(15) 
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where 


M (p) = [1 + exp {B (p?/2m — p)}]* 


and the quantum number n, is connected with the 
variable p, by the relation p;, /2m = =w(n, +). 

By making estimates as we did for the calcula- 
tion of Ty(a@, @’; py), we can verify that the terms 
omitted in the function 2 (a,, @; py) do not ex- 
ceed (w/p)!” (pofy)*u. Also it follows from Eq. 
(15) that 


Re Dy (p, Pa) =a Re 2 (p, = Pa); 


Im=(p; ps) = —Im2Z(p; — ps). (16) 


We note that the quantity =(p, py) does not de- 
pend on the angles of the vector p and has differ- 
ent analytical forms in different ranges of varia- 
tion of the variables p and py. It is important 
that in the first approximation in the gas para- 
meter Pof) this quantity is real and positive; the 
difference between the analytical expressions for 
> in the different ranges of p, py arises only in 
the second gas approximation. 

In what follows we shall need the value of the 
mass operator* 2(p, py) for ipy=p — p?/2m in 
the region of negative and nearly zero values of 
the quantity p — Pp (|P — Pol « Po): 


alzm ah) 


x (p, ee ip) — Ap+ = 


screld aie ieg yh o 
—-AP = s (pofa) [1+ 22 ™? (noha), 
= 1+ ah5 (oho) (7In2—1), T= apr (Pobo)?- 
(18) 


Substituting the expression (15) for 2 in Eq. 
(8), we find the Green’s function 


G ) 23 — —— Ss 
(a, oe Pa) &.— tt + ipsa+2Z(p, pa) 
Pt ul 
$e =9(m +3): 
5. Applying the Poisson summation formula 
(14), we rewrite the relation (7) in the form 


R=, 2 > he. 


(19) 


where ay 
m= — de | apa as {fD0(——4. 4s pa a 
—co 0 


4 
a st cos 2mrx. 


*The expression for the mass operator at temperature equal 
to zero has been obtained in a paper by V. Galitskit.° 
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Making the change of variable wx = pi / 2m and 
using the formula (19) for G, we get 


Die ia 4 
OY ies Sat 
(2s0)8 a {5 2 p?/2m — w+ ipa + 3 (p, pa) 


Pe 


(20) 


The quantity My is real in virtue of the relations 
(16). 

We note that by neglecting the oscillating terms in 
= we incur a fractional error of the order (pofy)? 
in Ny. 

Integrating over the angles of the vector p in 
the formula (20) and dropping the nonoscillating 
terms, we rewrite %; in the form 


m / mw \' 2mirp 
2m? ( r ) Acie ee 


co 


gee = as 


2nirz/a@ 


Ue Na Sal e 
= r) pa) Z+ ipa+ % (2, pa) 


dz, 


(21) 


where z= p?/2m — pl. 

To calculate the integral that appears in Eq. 
(21), we introduce an analytic function y (Z, Pa) 
that coincides with the function 2(z, p,) in the 
region of negative values of z close to zero. Us- 
ing the fact that for Bu > 1 the main contribution 
to the integral in question comes from the region 
of small negative values of z, to accuracy (Dpofy)? 
we can replace the integration of the function 


e2MrZ/Hr 7 4 ip, + =(z, p,)]~ along the real axis 
by integration of the function e?”"2/%[ z + ip, 

+ 5(z, p,)]~! around the contour shown in Fig. 3. 
According to Eq. (17) the pole of the integrand is 


given to accuracy (Delp) by the expression 
Zo (Pa) = — ipatn’/m + Ap — iv (1 — 28% p?/n°), 
and to accuracy (Dpof,)* the residue at the point 
Zo is unity. Therefore the final expression for 
ROSS is 
A ee 
ne = = (=) = Sit [= H+ An) — +] 


ae ited «8 ® 


4ur 
oT 


202r 


x Djexp {— Bo (2k + 1)— 
k=0 


(22) 
Integrating the expression (22) for the density 
of the Fermi gas with respect to uw and neglecting 


@ 


FIG. 3 


[ (2 ‘Be sale 


its 


terms proportional to the gas parameter Pofy, we 
get the following expression for Q, the thermody - 
namic potential per unit volume: 


Q = OES Eto, 


r==1) 


= (=e)" ; cos [= (u + Ap) +| 


x eK \- 


Qese _ 
i 


2m2r 4mr 
Bo OT 


Oh 1) [2x See ale 
(23) 
Using the formula (3), we find the oscillating 
part of the magnetic moment 


5 E(B)" Bs [So a 3] 


hi 4sr 4 
(Qk + 1) — | (2k + 1p— Ft 
(24) 
6. If the condition wr > 1 is satisfied, as it is 
in the temperature range 


H (0/1)? (Polo)? <B <p (0/1) (Pofo) >> 


the formula (24) takes the form 


Me = 


(Er Aen fart \3/2 : 2mr 
M, =— 7 <(4) £ sin | a (p 
+ Sp) —4]sinh= a x (25) 


This same sort of expression for the oscillating 
part of the magnetic moment is obtained, accord- 
ing to a paper by I. M. Lifshitz and Kosevich,’ if 
one starts from a dispersion law which is of the 
form 


{ *— 
&(p) => p?»— Ap + ~—". ® (p — py) 
near the Fermi surface. 
In the temperature range p >> 8! 2% w(w/p)!? 
x (pofy)7? we can confine ourselves to the first 
term of the sum in Eq. (24). This gives a formula 
for MSC which is analogous to that obtained in a 
paper by Dingle,°® 
ose al 2 m \"/2 pu . 2mr 

ae tae 


ra 


{ oer ne (26) 
where Ay, m*, and 7 are defined by the formulas 
(18). 

The writers express their gratitude to A. I. 
Akhiezer and I. M. Lifshitz for valuable advice, 
and to Yu. A. Bychkov for helpful discussions. 


! Appendix to article by D. Shoenberg, Proc: 
Roy. Soc. A170, 341 (1939). 


Ske) I. A. AKHIEZER and S. V. PELETMINSKII 


21. M. Lifshitz and A. M. Kosevich, Doklady 6V. M. Galitskii, JETP 34, 151 (1958), Soviet 
Akad. Nauk SSSR 96, 963 (1954). Phys. JETP 7, 104 (1958). 
3R. B. Dingle, Proc. Roy. Soc. A211, 517 (1952). TV. G. Skobov, JETP 37, 1467 (1959), Soviet 


4 Abrikosov, Gor’kov, and Dzyaloshinskii, JETP Phys. JETP 10, 1039 (1960). 
36, 900 (1959), Soviet Phys. JETP 9, 636 (1959). 

5k. S. Fradkin, JETP 36, 1286 (1959), Soviet Translated by W. H. Furry 
Phys. JETP 9, 912 (1959). 242 


SOV iE SPAY SICS JEP 


VO TUMOR 2. 


NUMBER 5 NAN oro 


SOME PROPERTIES OF DRESSED PARTICLE OPERATORS IN FIELD THEORY 


M. A. BRAUN and Yu. V. NOVOZHILOV 
Leningrad State University 
Submitted to JETP editor May 25, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1317-1322 (November, 1960) 


We investigate the properties of dressed OSG le operators, defined as producing single par- 
ticle states when acting on the vacuum. Haag! has shown that the dressed particle creation 


operators have a strong-convergence limit for infinite time. 


for the annihilation operators. 


We show that this is also true 


Assuming the possibility of a coupling-constant expansion, we 


show that the dressed operators cannot satisfy the causality condition in its usual form. 


1. INTRODUCTION 


le one could construct a field theory based on 
“‘dressed’’ particle operators (as opposed to the 
usual ‘‘bare’’ particle operators), one would no 
longer need to go through the renormalization pro- 
cedure; in principle such an approach, making use 
of no nonphysical quantities, would be the more 
systematic one. Nevertheless, the actual use of 
dressed operators is still restricted to the Schro- 
dinger representation, for the properties of the 
corresponding Heisenberg operators are not yet 
well enough understood. It is known only that for a 
large time the dressed creation operators con- 
verge strongly to the so-called in and out creation 
operators! and that the dressed operators cannot 
satisfy the bare-operator commutation relations 
so long as the interaction fails to vanish.!” 

In this communication we establish some other 
properties of dressed operators. Section 2 dis- 
cusses some equivalent definitions of dressed op- 
erators. Section 3 extends Haag’s results! to anni- 
hilation operators [strictly speaking, we shall 
prove not that the dressed annihilation operators 
converge strongly to the bare one, but, like Haag, 
the somewhat weaker result of Eq. (13)]. Section 
4 is devoted to causality properties of dressed 
operators. In it we show that these operators can- 
not satisfy the causality condition in its usual form, 
i.e., that their commutator does not vanish on a 
space-like surface. The proof is based on perturb- 
ation theory. 

For simplicity we shall deal only with scalar 
particles of a single kind. 


2. THE CONDITION THAT THE OPERATORS 
DESCRIBE DRESSED PARTICLES 


Let us define a local Lorentz-invariant dressed 
particle operator Q(x) by the condition that 


Qr) (k, 


Here |0> is the physical vacuum, |k> isa 
single-particle state corresponding to 4-momentum 
k (with k? =p?) and such that 


<k| kD = 2k, (k —k’), (2) 


t)|O> = [k). (1) 


and, as usual, 


> 


Q(+) (Rk, Xo) = + i a (x) go eth 


= =F i \ a4 \@ (x) 55 _ etihe — ertkx 


Qi}. 3) 


Condition (1) agrees well with the physical meaning 
of a dressed operator. 
We now define in and out operators according to 


Ata (x) = Q(x) + \ AMP (x — x’) (2) ax’, §(X1) 


— pH?) Q(x’). (4) 


It is known! that the Peale t) operators are 


independent of t and that they satisfy the usual 
free-particle commutation relations. It is known 
also that 


= ( 


Asp (Ri) «-- Al (Rn)|0> =}hr «.. Raden 


is an energy-momentum eigenstate describing n 
particles with 4-momenta ky...kp (with kj =u’) 
before collision (and similarly for out operators ). 
Further, 


AS? (k)]O0> = Abie (k)|0> =|R>. 


The relation between Q(*) (k, t) and, for in- 
stance, At) (k) is, according to (3) and (4), of the 
form 


ASD (ft) = QH (ke, t) i \dtxO(t— x) j(xer™. 5) 


Condition (1) that the operators describe dressed 
particles states that 
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920 


An (Rk) = Q© (k,. 1} > 


= i\ dsxd (t — x) j(xye™™ (OO) 
from which it follows immediately that 


j(x)|0> = 0. (6) 


Note that this equation has been obtained as a 
consequence of (1). It is clear also that (1) is a 
consequence of (6). Furthermore, it is seen from 
(5) that (6) implies also that 


[ASD (k) — QO (k, 1)]]0> =0, 


so that 
(7) 


Thus conditions (1), (6), and (7) are shown to be 
equivalent. Any one of them may be used as the 
condition that the operators describe dressed par- 
ticles. 

We remark also that together (1) and (7) lead to 
yet another form of this condition, likewise equiva- 
lent to those above, namely 


Ae (x) 10>. 


Q (k, t)|0> = 0. 


Q{x)|0> = (8) 


This condition was used by Greenberg.” 

As a further remark we point out that all this 
can also be formulated in terms of state vectors. 
To do this we introduce the asymptotic states W4, 
satisfying the conditions 


CFT | P2> =G(I, 2)=d(1 


4,5 


» 2)+¢(1, 2), 


CHT 2>n =9(1, 2)4+T™ (1, 2)(E,—E,Fi0), (9) 
(where g(1, 2) and T(+)(1, 2) are smooth func- 
tions) as well as the requirement that the vacuum 
and single-particle states of ¥@ are |0> and 
ees respectively. The relation of this to the pre- 
viously defined dressed operators is given by 


le epeeeees) =1O'm (enwO)\iee an GQ) 4(Raet0)t OSs) (10) 


3. STRONG CONVERGENCE 


To study the behavior of the dressed operators 
as t— +, we go over in the usual way to wave 
packets and introduce the Q(+) (X)) operators, 
which are defined analogously to those of Eq. (3), 
except that etikx is replaced by f(#) (x), a posi- 
tive- or negative-frequency solution of the Klein- 
Gordon equation with mass pu, orthonormalized 
according to 


eae ee 
0 


i (eo (11) 


and such that (f§))* = £0. 
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By postulating the behavior of the vacuum ex- 
pectation values Q(x) for equal times, Haag! has 
shown that 

Qa, (Zt). 
Here the symbol = indicates strong convergence, 
and |a@,...@p>in(out) is an n-particle in (or out) 
state in which the wave function of the m -th parti- 
cle in x-space is fay, (ear 

We shall show that if the vacuum expectation 
values behave according to Haag’s postulate, then 
in addition to (12) we have 


QD (t) 10> Slo... ondin(outys (12) 


Cr (+) 
Qs,” es yee Oe ene 
m<n 
Sp,0 a, 1% 12+; in (out)? mp>n 
1+—(+)o00 ={5 BL. «atte ieee min (out) (13) 
(the sum is taken over all permutations i,...ip 


Oli, xls 
It is known that (12) does not, strictly speaking, 

imply 

= AY? 


(+) 
Qa in (out) 


as t—+>—(+)o, 


although this convergence seems highly probable 
(see, for instance, Haag’). Similar considerations 
relating to (13) lead one to believe that 


QD? = AS}, (out) aS L—+—(+)c 


and that therefore the difference between Q (x) 
and Ain (out) (x) converges strongly to zero as t 
—> —— (+) oo 

Equation (13) is proved in analogy with Haag’s 
proof of (12). For simplicity we consider the case 
m-=ne=1. Consider the expression 


COQ (@) OP == OL yO Gy cal 


pbs (t) QL? (t) — QE” (4) QE? (t) —Baal|0> (14) 


for large |t|. As Haag has shown, the vacuum ex- 
pectation value of products of Q() (t) operators 


reduce, as |t|— © (up to terms of order taylaio 
the sum of products of vacuum expectation values 
of pairs of Qf (t) and Qs (t) operators taken in 
the same order as in the original product. In par- 
ticular, for (14) we have, as |t|— oO, 
<0] Qa? QB? | 0> <0} Qf? QL” JO» 

— 0] Qk? QE? |0> 01k? QL” |0y 

— <0] Qa” Q5 | 0> <0] QL? QF 0» 

+ (0 Qh QE? | 0> <0/ QL? QF? | 0» 

— up <0 Qa? Qs? [0) + Ldap (01 QL QS | 0) + dap. 


We now find by using conditions (1) and (17) that 
this expression vanishes, or that 
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Tim 1 1Q5? (4) Qa? (£) — QL? (4) OF? (2) — bu6] |0> | = 0. 
On the other hand, we know that QR Y(t) |o> 
= 0, so that 
Qs (t) Q” (¢)|0> = 8.0] 0, 
t—>+ 00 
qve.d. 


4. CAUSAL PROPERTIES OF DRESSED 
OPERATORS 


It is well known that the condition that Q(x) be 
a dressed operator does not define it uniquely. 
One is then led naturally to look for additional 


restrictions which will pick out the most ‘‘physical’’ 


or “‘convenient’’ of all possible Q(x) operators. 
One would suppose that the causality condition 
would serve this function (see, for instance, 
Greenberg” ); we write the condition in the form 


[Q(x), Q(y)] = 0 (x—y)* <0. 


In this section we will show that dressed oper- 
ators cannot satisfy (15). Since the commutation 
relations of the Q(x) operators are not known, we 
shall make use of perturbation theory. Actually 
what we will show is that the condition that the op- 
erators describe dressed particles leads to 


[ Aincout) (y), i(*)]=-0 for <a 0: 


This means that in the first approximation in the 
coupling constant g, the commutator [Q(y), j(x)] 
~ 0 for (x —y)* < 0. It follows then that 
[Q(y), Q(x)] # 0 for (x — y)* < 0, also in the 
first approximation in g. If the perturbation 
theory expansion converges at least asymptotically, 
this means that the causality condition (15) cannot 
be fulfilled (except perhaps for special values of 
g such that the higher approximations cancel the 
first). 

We proceed to prove (16). Let us expand the 
current j(x) ina Fock series in the Ajn (or, 
equivalently, Aoyt) operators: 


for (15) 


(16) 


; S ¢ a@py dq. Fan (Pleo Pp (Gio l) 
ee a Maege ae Vil n! 

m, n=0 

ASS pie Alp On) Aw (Gi) 2 Aln (4n) (17) 


(here pi = di =p”). Considerations of Lorentz 
invariance lead to 


fmn(P1---Pm|91--- nl *) 


= exp {i (S}p — D149) *f mn (Pr-- 


where ~mn is a scalar function symmetric in the 
pj and qj separately. Because the current is 


» Pda aiGn)s 


Hermetian, 
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Qmn (Pi oie) Pm! 1 tae n) = Qnm (41 9.15) Gaon ene [Dia 


Let us think of the @mn functions as expanded 
in a power series in the coupling constant, and let 
us consider only those terms linear in g (which 
we shall denote henceforth simply as @mn). We 
remark that all the Yy yp cannot vanish in the first 
approximation in g, for this would contradict the 
very meaning of a coupling constant. 

As a basis for proving (16) we shall use condi- 
tions (6), which leads obviously to 


P50 = Vins 0. (18) 


The commutation relations of the Ain are well 
known, and there is no difficulty in calculating the 
matrix elements of the commutator of Ajp(y) and 


j (x) between any in states. We obtain 

Zmn (Y, 2) Fas hPa -Pm| (Ain (y), F(8)11 91 - + - ndin 
~ aa? t(D — Do) | \ te 
X {Ptr a(kPr + P| dr Gre" YO Vim +1 
= Pm, nti(Pr +++ Pm| RG. --Gr)e®?GOVn+1} — (19) 


(in the integrand k? = TN. 
Let m = 0, n =~ 0. It then follows from (18) that 


Zon (y, x) 


= (20) exp {— ix Dig} Fee gan (Bl dn): 
(20) 


The right side of (20) cannot vanish for (x — y)? 
<0 so long aS Qin # 0. Indeed, for xy = yp we are 
left with the ordinary Fourier transform. If the 
right side is to have a 6 -function singularity, the 
integrand must contain a polynomial in |k|, which 
is clearly impossible because of the 2k) in the de- 
nominator. Thus if [Ajn(y), j(x)] = 90 for (ya 
< 0, we obtain 


Qin = Qn = 0. 


Now consider the case m=1,nz#0,1. We 
have 


Lin == V 2(2n)~ 


sexp {i (o — dia) xf 
VE eh (Y—*) Won (k, P\q- «= Qn): 


Similar considerations lead to the conclusion that 
fon = One = 0: 


Continuing in this way we can prove finally that 
if [Ain(y), j(x)]=0 for (x — y)’< 0, all the 
Ymn functions vanish, contrary to assumption. 
Thus we have proven (16). 
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In conclusion we should like to mention that it 
seems to us quite natural that the dressed opera- 
tors do not satisfy the causality condition in the 
form of (15). This must, of course, be related to 
the smearing out of the physical particles over 
some region whose radius is of the order of 1/p. 
This behavior of the dressed operators, however, 
is a serious obstacle to using them in constructing 
a Lorentz invariant formalism for scattering 
theory. To obtain such a formalism is the fore- 
most problem in the theory of dressed particles. 
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A simple approximate method is developed for the determination of the magnetization of the 
lattice or sublattice and of other quantities in ferro- and antiferromagnetic materials. The 
method is applicable over the entire range of temperatures, and takes into account the de- 
pendence on the dimensions and form of the magnetic system. The question is discussed of 
the antiferromagnetism and ferromagnetism of small particles and polymer chains, an ag- 
gregate of which may be considered, under given conditions, to form a ‘‘paramagnetic 


fluid,’’ 


One of the highly interesting current problems 
is the study of ferromagnetism, and especially 
antiferromagnetism, of finely-disperse substances, 


polymers, and possibly, individual macromolecules. 


(We are concerned here also with the paramagnetic 
region, i.e., with temperatures above the transition 
temperature.) It is clear even from general con- 
siderations that magnetic methods can be highly ef- 
fective in the study of the cited objects. Hence we 
shall limit ourselves here only to referring to the 
experimental data that point to the anomalous mag- 
netic properties of certain nucleic acids and arti- 
ficial polymers.! The nature of these effects has 
not yet been elucidated, but even if it is not re- 
lated to antiferromagnetism, as we assume,’ an 
analysis of the properties of ferro- and antiferro- 
magnetic materials of the ‘‘polymeric type”’ will 
nevertheless be necessary. For this purpose, we 
must have a simple method for the approximate 
calculation of the magnetization of the lattice or 
sublattice and of other quantities, as functions of 
the dimensions and form of the specimens (small 
particles, films, polymer chains, etc.) over as 
wide a temperature range as possible. 

Such a method is developed below, based on a 
certain self-consistent generalization of the theory 
of spin waves. The results obtained may also be 
of interest in the case of bulk ferro- and antiferro- 
magnetic materials, since the expressions derived 
are approximately correct for all temperatures. 
Here we have based our treatment on the ordinary 
model of localized spins with exchange interaction 
(see, e. g., reference 3), which in itself deviates 
greatly from reality. However, the results thus 
obtained have, to a considerable degree, a general 
character. That is, they are independent of the 


model within broad limits, and may be derived in 
a semi-phenomenological manner.‘ It would be 
somewhat more consistent to develop the theory 
directly by the latter method, but both approaches 
are permissible in the final analysis. However, 
we found it more convenient to proceed from the 
model representation. (Besides, while in the 
semi-phenomenological approach one commonly 
limits the treatment to the terms which are quad- 
ratic in the components of the wave vector, we 
have used more general expressions. ) 


1. FERROMAGNETISM 


We shall write the Hamiltonian of a system of 
spins hS; in the usual form:*»" 


= i SSS) Ne es 
jl j j 


Ua gen | 2nic, J > 0, (1) 


{SjSk} = Sf Sk— SKS] 


= 105.5), 2+, (Sj)? 4 (Sy) 1 t9)) ee OS a2) 

In Eq. (1), the summation over 1 is carried out 
over nearest neighbors, each pair of spins being 
represented twice. (Thus, the quantity commonly 
designated as the exchange integral is exactly 
equal to J, while the interaction energy of a pair 
of spins is equal to 2JSjS_.) H is the magnetic 
field intensity, and Ha is the effective field of the 
magnetic anisotropy, both lying in the direction of 
the z axis. In Eq. (1), we can also easily take into 
account anisotropic terms of a more general form, 
but shall not do this here. 

We transform to the variables 


923 


924 


S, = N~iexp (iAj)S;, Sj = ND) Sy exp (— Adj) 
j r 


Yexp i (uw — ja) = Mba, (3) 


j 
where N is the total number of particles (spins), 
j is the radius vector of the j-th lattice point, and 
the wave vector A also takes on N different val- 
ues. If the spins are located at the points of a 
simple rectangular (orthorhombic ) lattice with 
lattice parameters a,, a), and ag along the axes 
x =1, y = 2, and z = 3, while the specimen has 
dimensions nyaj, Nga, and nga; along these axes, 


N = fyNoNs, A; = 2nm;/nia;, — ni ]2<<m:<nj/2, 


tp ==, se Wy see coe 


Here we assume that nj >> 1; in the contrary 
case, boundary conditions are essential, and then, 
for example, mj =nj/2-—1. The limitation to the 
case in which nj; > 1 is not obligatory, and does 
not prevent an approximate study of very small 
objects, for example, with nj > 10. 

In terms of the new variables, 


H = — IZ SS —w(H + Ha) N*SS, 
a 


SS A OA Z¥x = Dyexp (ial), (4) 
1 


where Z is the number of nearest neighbors. 
Rae 


S= = ; {HS6} = (On + oa) SZ 
+ Son" pa Ce Ne Sey) 


Sy =— (@4+@a) Se 


+ Se N" Di (1. — Tre) (Si Se—. —Si. Se), 
a 
Oy = pH /h = geH | 2mc, o, =p ,/h, @y = 2JZ is. 


(5) 


We shall now consider that the system has been 
magnetized along the z axis, so that the mean 
value of the z component of the total spin Stotal 


= 2; Sf = N'/*s@ is large in comparison with the 


2 
root-mean-square values of the quantities Se Bal 


wy Sia = NV°stY_ The quantity S% will be con- 
sidered to be a classical quantity, and will be con- 
veniently designated as ni/ nS, where nS is the 
mean value of the z component of the total spin 
per particle. This condition has the following form, 


where the brackets < > denote the statistical 
mean value: 


NS = 3 <StotaD => > <(Stota> (6) 
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As we shall see, this condition is not at all suffi- 
cient, but when it is obeyed, the linearization of 
Eq. (5) may lead to reasonable results. Proceed- 


ing thus, i.e., replacing Sj by gC N!2ns, we 
have : 
Si = Onn, SX = — )S}, 

©, = @4 + OAH + ONS [1 — (Ya + Y-2)/ 21, (7) 


Here we assume that WA = WA)7, since the field 
Ha itself vanishes for n= 0 in the self-consistent 
approximation, and in the simplest case, HA is 
proportional to 7n (i.e., HA = HA, n, Where Ha) 

= const.). Equation (7) is Berived from the Henle 
tonian* 


Hy =) We (SIS. + SESE) 


On (Ph + Qi + Pho + Ga) 
ei 1 
= > Thon (m =- a 
A 


{S384} =iN-“S§=inS, Sira=VnS/2h (Qu iQn), 
‘ i = V 9S / 2h (Pry iP 2), {P1Qum} a iNbimOry- (8) 


Thus, the excitation energy is equal to a sum of 
oscillator energies. 

If we assume that 7 = 1, the expression ob- 
tained obviously corresponds exactly with the ordi- 
nary spin-wave approximation. At low tempera- 
tures, under the assumption that saturation (7 = 1) 
occurs at T = 0, the spin-wave approximation for 
ferromagnetic materials is very good.*’’ On the 
contrary, at increased temperatures, and espe- 
cially at T ~ @ (@ is the Curie point), the or- 
dinary spin-wave approximation is completely un- 
suitable. This latter situation is quite understand- 
able, since with the decrease in the mean spin 7S 
occurring as the temperature is raised, the fre- 
quency of the spin waves must decrease [see Eq. 
(7)], a fact not taken into account. In this regard, 
we may hope that, without fixing the parameter n, 
but rather, by determining it by the self-consistent 
method, we may construct a theory having a region 
of applicability considerably greater than that in 
which 7 = const. 

To determine 7, we shall use the exact opera- 
tor equation 


AO, (Mey + Nae + | 


= 
“3 


(Sj)? + (Sj)? + (Sj)? = S(S + 1), 


averaged over the states of the system. If we also 
take into account [see Eq. (8)] the fact that 


*The prime denotes summation over positive values only 
of A=(A,, A, »,). In order to avoid introduction of the quan- 
tum numbers n) and ny, into Eq. (8), we have assumed that 
ny, =m, (A2 0) and ny = ny, (A< 0). 
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1 
«SjSj + S/S} = me (SiS ose ys 


' S 


we have 
2nS 2 
“Wr Dima +S + ((Sj)*) = S(S + 1). (9) 


Obviously, for spin /, (SF )? =4/,. Then,‘in a state 
of thermal UE a tt in which n) 

= [exp (hw, /kT ) — 1]', we obtain the following 
equation for 7: 


O, = Oy + Magn 4 3 (1B) a. (10) 


At low temperatures, at which 1-7 «1, Eq. 
(10) coincides with the result of the ordinary spin- 
wave theory:? 


SN (1 — yn) = Difexp wo) 
a 
Ox, = OH + O49 + WS (i—B 5). (11) 


If in Eq. (9) we assume that <1 S42 >= 7S" for 
spin S> 5 then on going to low bon ceratired we 
obtain Eq. (11), with the substitution of S + ue for 
S. In order to establish complete correspondence, 
we may assume that 


<(Sj)?> = 1?S? — S (n? — 1)/2. 


Then the equation for 7n is: 


ho, 
GP=1)(S—p)+n = 1— 21 Si (exp = 
® = On + @Aoh + te a (12) 
For S= be this equation goes over into Eq. (10); 
at T— 0, it goes over into Eq. (11); while for T 
— @ it gives a reasonable result (see below). In 
other respects, however, it is not as firmly based 
as Eq. (10). 
In the high-temperature region (near the Curie 
point @), the parameter n <1, and 7(@) = 0. 
Hence, by using the expansion 


(ex — 1y 2 =1/x—1f.4+x/12—x9/720+4.. 


in the first-order approximation, for H=0, we 
obtain 


*In the case of a spectrum of quasi-particles having energy 
levels depending on the energy, as is known, the ordinary for- 
mula for fn may be derived from the expression for the entropy. 


= 
Fags 2 osc0s Al} via 


925 


i? = A(1—T/9), 
a 


= (S+ 7/2) SJ/RF, 
S+ 4/2 


wc - ae. _ BA ay 
w (2 2icos al) = Z, b= +5: 
Such a law for the magnetization 


M = pSNy/V = const V1—T/0 


(13) 


(here V is the volume of the specimen) must be 
obtained when fluctuations are neglected.® 

For a simple cubic lattice (with the number Z 
of nearest neighbors = 6, and with lattice para- 
meter a), upon replacing summation by integra- 
tion, for 6 = 0, we obtain 


a adn 
as (zm)3 \G — >i coon) 
I 


du dv dw 


7 aa \\) i re 


(14) 
Thus, for spin S = Bs we have k@/J = 1.98 and 
n* = 1.98(1—T/®). In addition, calculations car- 
ried out in the paramgnetic region for the model 
being studied under the same conditions give values 
k@/J = 1.93, 1.92, and 1.83.9 "'! The excellent 
agreement obtained is better than might be ex- 
pected. This may apparently be explained by the 
smallness of the role of large values of A. For 
the relatively long wavelengths in Eq. (14), the 
spin-wave approximation, starting with a state with 
magnetic moment M(T)=yu7(T)SN, must be good. 

We note that attempts to widen the field of ap- 
plicability of the spin-wave theory by means of 
some self-consistent treatment have been made 
previously.‘2-!5 However, the method of calcula- 
tion used by Heber’? and Schafroth'*? seems to us 
to be more complex, while the results either do 
not apply at all'* to the region T ~ ©, or are 
poorly applicable. In the papers of Bogolyubov and 
Tyablikov,'“*® double-time retarded and advanced 
Green’s functions were used, and then Eq. (10) 
was derived approximately for spin '/,, with wa, 
= (0. The method given above for deriving this 
equation seems to us to be not only simpler, but 
also physically clearer. In addition to the compar- 
ison of values of k@/J given above, the results ob- 
tained by Tyablikov’® and the comparison of the 
latter with other solutions give evidence that Eq. 
(10) is correct at low temperatures within an ac- 
curacy of terms of the order of T~*”, inclusive. 
For H #0 and T>@, it is correct within an 
curacy of terms of the order of 1/T. 

Thus, there is every ground to consider that the 


—1,,+ (1+ 6) JSZ/3k0 ’ 


926 


very simple self-consistent treatment applied here 
gives good results. The character of the approxi- 
mation is not associated here with concrete ex- 
pressions for the frequencies w). In other words, 
by using Eqs, (10) and (12) with frequencies w, 
=wH+wA+f(A)7n, where f is some reasonably 
selected function, we arrive at a phenomenological 
self-consistent theory of spin waves. The essen- 
tial limitation here is actually the fact that the 
original Hamiltonian in Eq. (1) commutes with 
che 0) Sj. We shall not carry out here the 
possible generalization of the self-consistent 
theory to the case in which there is an anisotropic 
interaction of a more general type. Rather, we 
shall consider further only ferromagnetic materials 
of small dimensions. 

Within the framework of theory being discussed, 
we retain Eqs. (10) — (13) in this case, except that 
we cannot go from summation to integration in all 
directions.* Thus, for thin films, we must retain 
the summation in the direction perpendicular to 
the plane of the film. For long ‘‘fibers’’ we must 
apply summation in two directions, and for paral- 
lelepipeds, in all three directions. In the case of 
a simple cubic lattice with dimensions nya, nga, 
and nga: N = nyngn3, and 


2 2 —i 
outa a Bo = COs oe cs a) 
NyNehs Ze ny ne ng , 
Lylols 
H 
oe m;=0,1,..., n,/2. (15) 


In the three-dimensional case in sufficiently 
large systems, the factor taking into account 
anisotropy plays in certain respects simply the 
role of a convergence factor, eliminating the in- 


*The presence of spontaneous magnetization in ferromag- 
netic materials and the magnetic effects associated therewith 
may be taken into account to a certain degree by the introduc- 
duction of the field Ha. However, this field depends on the 
form and dimensions of the specimen, just as does the magneti- 
zation itself. We shall not consider this important magnetic 
moment in this article, just as we shall not in general analyze 
the question of the nature and magnitude of the anisotropy field 
Ha. For the antiferromagnetic materials, in which we are chief- 
ly interested, the entire problem of the relation of Ha to the 
dimensions and form is, in a certain respect, considerably less 
critical, owing to the lack of spontaneous magnetization. How- 
ever, in the case of the ferromagnetic materials, the corres- 
ponding relation may be taken into account to a certain degree 
as the result of the solution of magnetostatic problems. Be- 
sides, in both the ferromagnetic and the antiferromagnetic ma- 
terials, the form and dimensions of the specimens exhibit, of 
course, an influence on sufficiently long waves. Hence, in the 
region of sufficiently low temperatures, the problem of the de- 
pendence of various quantities on the dimensions and form re- 
quires special study (for the latter remark, the authors wish to 
thank M. I. Kaganov). 
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finite term in F for the case m,; = My, = m3 = 0 
[see Eq. (15)].* However, in the one- and two- 
dimensional problems, the results already depend 
fundamentally on 6. Thus, for an infinite chain of 
spins we have: 


i¢ du aoe 
oa \BTE PI ease ~ BV 8" 


0 


re 5<l1. (16) 
In view of Eqs. (13) and (14), we have for such a 


chain, 
a = [V28 (8 +4) /b|Vntaol. 


At the same time, it follows from general sta- 
tistical considerations’® that a phase transition in 
an infinite one-dimensional system is impossible, 
i.e., © =0. The same is naturally true in the 
Ising model,'® which corresponds to the limit of 
strong anisotropy. 

With regard to the discussion above, we note 
firstly that the introduction of the field HA = HA” 
is in itself an approximate method, and introduces 
an additional element of self-consistency. Ac- 
tually, the true interaction in one separate direc- 
tion has the form >) SFS7,41> but this expression 
has been replaced by one of the type <S*> > Sf 
=o) Sf. As a result, the effect of the aniso- 
tropy field is equivalent to the effect of a certain 
external magnetic field bringing about the appear- 
ance of a magnetic moment in the chain for T = 0. 
Secondly, even independently of the problem of the 
nature of the anisotropy field, the original intro- 
duction of the mean quantity <sf> = 7S is permis- 
sible in the statistical calculations, in general, 
only under the condition that the fluctuations are 
small. In other words, in addition to condition (6), 
the following condition must be fulfilled: 


((An))> <<<)? =v, (17) 


Ayn = )— <n 
(to avoid complicating the notation, we shall write 


*In this regard, one of the ways of calculating sums of the 
type of (15) is simply the omission of terms with m, = m, = m, 
= 0, anisotropy being simultaneously neglected (see, e.g., 
reference 16). The results of such a calculation are given be- 
low for illustration (for the most recent experimental data on 
films, see the paper of Neugebauer’’): 


(nyngn3)*(oc CN00) (64,64,64) (32,32,32) (16,16,16) (4,4,4) (4,4, 16) (4,4,64) 
F= 0.2526 0.29 0.32 0.37 0.66 0.75 1.7 

(mingng) (8,8,64) (4,16,16) (4,64,64) (8, 16,16) (8,32,32) (8,64,64) (8,128,128) 
P= O67 0.55 0.61 0.32 0.41 0.42 0.44 


It is clear from Eqs. (13) and (15) that it is possible to 
neglect the terms with m, = m, = m, = 0 if NS > 1. When 
Nd < 1, obviously F ~ (N5)-'. However, in this case the 
conditions for validity of the approximation are not fulfilled 
(see criterion (21) below). Hence, and also in view of the 


requirement nj > 1, by no means all given values of F can 
be used. 


THEORY OF FERRO- AND ANTIFERROMAGNETISM 


n for <n> whenever this does not lead to confu- 
sion). 

For a concrete application of condition (17), as 
well as for a more complete test of the linear ap- 
proximation used here, we would, of course, have 
to determine all of the physical quantities from 
the next order of approximation. However, we 
shall not go through this involved procedure here, 
but rather, shall estimate the fluctuation of n 
within the framework of the semi-thermodynamic 
theory. Near the Curie point, neglecting fluctua- 
tions,® the thermodynamic potential per unit vol- 
ume can be expressed in the form 


OD = DM) + an? + — By + p(grad n)?— nHpSNV+, (18) 


where 7(r) is the characteristic parameter, !®8 
for which we may also select the quantity <> 
used above, as applied to a state of incomplete 
thermodynamic equilibrium. Assuming that 


An — > nae, 


as usual, we then determine the thermodynamic 
fluctuations at H=0 (for more detail, see refer- 
ence 8 and the literature cited there ): 


<|mPP> = AT / (By + 2p22)V, 
<(An)?> = C{ (An (ry)? av > = DK im, 


D) = (PO /On?)nn  Do=—4e (at T <9), 

No = <Mequi= —%/B=%e(9—T)/Be (at T <8), 
14 = 0 (at, 1-0); (19) 

Equation (18) may be used under condition (17) 
at temperatures not too far from the Curie point 
(for » « 1), and for wave vectors \ K Amax 
= t/a. However, in order to make the estimates 
in Eq. (19), we must carry out the summation or 
integration up to values } ~ Amax. AS a result of 
such an estimate and the use of condition (17) for 
the three-dimensional case, criteria may be ob- 
tained, which have previously been discussed in 
reference 8. In real ferromagnetic materials, the 
situation is rather unclear, but apparently condi- 
tion (17) is well obeyed when AT > 10~© (in the 
case of metals this condition may be even weaker). 

It is obvious from Eq. (19)that the fluctuations 
are greater in the two-dimensional, and especially 
in the one-dimensional case, than in the three- 
dimensional case. Thus, for an infinite chain 


(20) 


SPA 
Further, from Eqs. (13) and (16) we obtain 


i ~(kO/J)\(1—T/®), kO~S*®V pHa; 


In view of (18) (or more exactly, from the condi- 
tion that 0/07 = 0), in the region T > @ in the 
presence of a magnetic field 


1 = SNH /2Vo = wSNH / 2Va',(T — 0). 


At the same time, we may derive from Eq. (12), 
for H + 0 and T > @, the equation n = (S + %) 
x wH/2kT. Hence Q@ ~ KN/V =k/a (in the one- 
dimensional case, N/V = N/L= 1/a, where L is 
the length of the chain and a is the distance be- 
tween neighboring spins). Finally, the coefficient 
p ~ Ja, since for the shortest waves (A ~A ax 
=n/a), the energy p(dn/dz)* ~ prAdnax ~ p/a 
must be of the order of the exchange energy J/a 
per unit length of chain. 

In view of all that has been said, condition (17) 
acquires the form 


We ~ 5 (B= T)S> (Any) ~ kT /10VR(O—T)d 


or 
(© — T)/O3>(J/kO)”? > 1 


(We assume that T ~ ©, since all of the estimates 
refer to the region near the Curie point, and have 
been made with a corresponding degree of preci- 
sion). The condition which we have derived ob- 
viously cannot be fulfilled. Thus, for an infinite 
chain the approximation is indeed inapplicable, in 
agreement with the general results. From this 
example, the procedure is clear by which we may 
test the region of applicability of our approxima- 
tion. 

We note that a finite chain (two- and three- 
dimensional systems not yet being discussed) can 
be ferromagnetic (possess a magnetic moment) 
even for T #0 (for an infinite chain, long-range 
order essentially vanishes, while any finite set of 
spins may possess a magnetic moment differing 
from zero as the result of short-range order). In 
the case of finite systems, condition (6) is also es- 
sential. According to Eqs. (3) and (8), 


Bs — Boo Vy Ox 
total — Sj = N"S), 
j 


<(Sfotad”> = NV <(So)> 
= 
= nSN (79 + +) = nSN{ (exp ie | a 
Oo OF + ® ao" 


Hence, condition (6), within the region in which 
fiwy=)/kKT «1 and wH K WAyn, acquires the form 


928 
SV RT [hoaSN = V RT /WSH aN. 


However, if wH > WAgn, the following inequality 
must be satisfied 


WSS AT /ho,SN = kT /wSHN. 


(21) 


When T — 0, we have the condition 7 > 1/N in 
place of Eq. (21). For example, condition (21) for 
T~ 0, S~1, and kO/yHa, ~ 10° (@ ~ 10° deg K, 
Ha, ~ 10 oe) is reduced to the requirement that 

n >> 103/VN. Then, for 7 ~ 0.1, only sufficiently 
small particles having N < 108 fail to fulfill the 
condition. 

The problem of the behavior of systems having 
Hamiltonians of the type of Eq. (1) in cases in 
which conditions (6) and (7) are not fulfilled is 
highly interesting. Here we may expect very pecul- 
iar properties, in particular a high susceptibility 
xy, Showing a tendency toward saturation even at 
not very strong fields. More concretely, we have 
in mind systems for which the Curie point © « J/k 
(and as a particular case, ®©=0). Then, in the 
region @ < T < J/k, a law of the type yx ~ 1/(T 
— @) apparently need not hold true, since the in- 
teraction between the spins ~ J/k is still very 
strong. A system of spins in such a state may be 
designated as an ‘‘incoherent ferromagnetic ma- 
terial’ or a ‘‘paramagnetic fluid’’ with ferromag- 
netic interaction (see also Sec. 3). 


2. ANTIFERROMAGNETISM (GENERAL STUDY ) 


The Hamiltonian of the model being studied of 
an antiferromagnetic material in an external field 
H and an anisotropy field Ha has the form 


H = Yj JinSjSx — pH Dj (S; + Sx) —pHa 2) (S;— Sz). (22) 
i,k i,k ik 


Here the subscripts j and k denote the spins sit- 
uated at the points of the two sublattices 1 and 2, 
while the sign is chosen such that the exchange in- 
tegral for the antiferromagnetic interaction Jjk 

> 0. N is the total number of spins. We shall in- 
troduce the operators §, 9): 


S,= (77) DS. exp (— ai), 


S.= (7 ¥ “Di S2a exp (— ky, S..=(3)" >} Sy exp (ij), 
j 23 
where 8) 


{Si Shp} = iV 2/N Oye vapeur and its cyclic 


permutations; 


ed real eae 


Dexpli(A —p)i)= (/2) di. 


Further, the operator (22) acquires the form 
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H =4DI 2 ¥2S1, 292, -2~— BL (5)" H (Si, 0 + S2, 0) 


— (3) "Ha (Si,0— 2.0) 


2DJy, = D) Jucexp {id (k — j)}, 
k—} 
J = (2D) >) Inn r= 1, T= T. (24) 
kj 


Here the fact has been taken into account that we 
encounter identical terms twice in summing over 
j and k in Eq. (22). 
sions of the simple lattice being studied. Only 

nearest neighbors are assumed to interact (i.e., 
2D = Z = the number of neighbors). 
tain the equations of motion from Eq. (24): 


D is the number of dimen- 


We then ob- 


$1. = —(#Sia} 
ee 
Wo le > Tp. [So,=554, ea == i [Sas H min Ha}, 
» 


. wa 
So. = Wo Ve Di Tp. [S;,—pSe, r+] 
p 


4DJ 


= (25) 


+ © [S:., H—Hal], o = 
We shall now linearize Eqs. (25) in the vicinity of 


the mean values: 
Sty et Spee 


N N 
=F <Se> = FS, 


(Stotate? = Sd = VS Sio=—5 mS. (26) 
k 


We have obviously made here the common assump- 
tion of the theory of antiferromagnetism that both 
sublattices possess a large mean spin (magneti- 
zation) directed along z or in the opposite direc- 
tion.» 20-23 Here we shall consider, in the ab- 
sence of an external field H, that n; = No, i.e., the 
system as a whole possesses no magnetic moment.* 
As is known, unlike in the ferromagnetic case, the 
problem of the quantum-mechanical nature of the 
eee state used in Eq. (26) is not yet very 
clear,’ but we shall not take up this important 
problem now. 

After linearization, Eq. (25) may be written as 
follows (with the fields H and Ha directed along 
the z axis): 


*We may consider analogously the case of ferromagnetism 
in which the magnetic moments of the sub-lattices are not 
equal in absolute value, even at H = 0. 
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Sta = (@SN2 + Osos + OH) S$ + @oSM72.S%. a, 
52,4 = — (@oSM, + Act — ©) S$, — oSms7rS4 >, 
st A= — (MSN2 + OaoNe + OH) S14 — MSNWAS3,2, 
$3. = (@oSm + 40% — WH) S22 + @oSNeXrSt» , 


{StaSi, a} = imS, ©f =pH/h, Os = pH ao/h, 
@ = 4DJ/h, 1. =o {S3,.S3, a} = — ineS. (27) 


Here, in the equations for S,_ ay we have assumed 


that (uh) HA = wA oz and in the equations for S) eo 
that (uh) Ha = WA m1, Where WA, = (uh) HA, 

= const. Of course this means in essence that we 
have had to introduce two fields Ha differing for 
the two sublattices, from Eq. (22) on. By consid- 
ering the fields HA to be proportional to T1,22 Wwe 
take into account very simply the fact that the 
anisotropy field Ha itself vanishes when 7, = 0. 
The system (27) is derived from the Hamiltonian 


h 
Eaxpa 


1 5S axG 
te Ine (@pSH1 + Oao| — @H) (S3,aS3,—2. + S3, 1S, =n) 


+b MoS¥a (Si,xS2; a + SirS3, 2). (28) 
We shall now transform to new variables 
Sia (Cin@ia G02) VS, 
Sra == (C4 gf Co, Po =x) V MSs 
Sen = (G91, + C1,292,2) V 108, 
Sz = == (69 Py. Gi Poa) Vins; 
{QnP mp} aaa 8im9ry » 
where 
C,. ve Co C5, = @3 33 CG C. his ie 
5 =P, / Vt — 93, = — 1) 1, 
= “M+ Ne ; he aNe m+ \? 2] 
p= (+ 8) (FEM) + [C+ 8G) | 
On == 0 = A0 
a Mp. 


In terms of these new variables, the Hamiltonian 
acquires the form 


H= Z Dd) of (Q1,2Qr,—a + Pi,rPi,—2) 
A 


+ @x (Q2,.Qe2, —2 +- Po, Reh) 
where 
(4-45) (mre + mp3) —2V mm hea i 
OQ. =. 045: oe + Orns 
‘ Pammalin 
(1 + 8) (mer? + mp3) — 2 V mine 14>, (29) 
@, = @S ; 5 Pg 
; Pras tt 


If we assume that 7; = 72 = 7); 


1 x ox 
yy (PoSN2 + Oot + On) (Si,aSi,—2 + Si,rSi,—2) 
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In order to express the Hamiltonian as a sum of 
Hamiltonians of harmonic oscillators, we shall 
transform to the variables 


Qa. = ae (91,2 = iq2,r), 


Qo. = 1% 


Po 47 = Vy + (Ps TP an) (Gixl mu) —lOrmOnne mnt S0) 


Pisa= Wwe (P1,2 + te, a), 


Ge) ota); 


In terms of these variables, the Hamiltonian op- 
erator becomes 


# =>) (ae +2, +4, +t )hot 


A>0 


: (93, at Ps, xt 93 a+ Pz ,)ho }. 


The matrix elements of the operators q and p are 
equal to: 

Gi.M, na =VOFN)/2=Gidia, » 
tinea: 


The eigenvalues of the energy of the spin waves 
are: 


H = >) EL eS ta} 


A>0 


(DEN) ne i= = (Don) ae ee (32) 


+ (ng.,+ ++ 1g. + +)ho;,, 
or 
H = Di(n} + p)hoy + (np +t)hoz. (33) 
r 


We shall use the following equations as conditions 
of self-consistency: 


(SI + (SI) = FB SiaSi 
+ SirSj,—.> = S(S + 1) — (Sj), 


(Sk) + (SE) = FD <SEaS3 
rN 


+ S3,153,-a> = S(S + 1) — (Si), (34) 
which may be written in the form 
mS (Go + Gor) = S(S + 1)— (Sj), 
mS (Go + Gor) = S(S + 1)— (Sk): 
eS PA 
Mle et 
2 (1 -+ 8)(m + te) / 2 V mine : 
~ NS et +8)? Lm + ma) / 2 V mnal? — hy” 
ow 2 pant + 1M Gy. = 4 GM + eR, . 
Pava NVGel ph ahah’ ND RR 
_— hot a 
ne exp Geo 1 (35) 
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For the case of spin %, to which we shall limit 
ourselves for simplicity, (S) = (Sf)? = Ne and 


m(Go+G$r)=1,  2(Go+Gbr)=1. (36) 
In the absence of a magnetic field, n, = yn. = 7 for 


an antiferromagnetic material, Eqs. (35) and (36) 
coincide, and for spin S = ib we have 


2™n it SE) 
Ryo ton) tae eg 
Hh | {+6 ho /kT —] 
it eae ET me 
lor= wv Lig yop — aye 
Wo 1 S\o 971 20, 0 4DJ 
o, = Ti+ syns b=, @ == -. (87) 
Obviously, when T = 0, 
n(0) = Jp. (38) 


For two- and three-dimensional lattices of large 
dimensions, the integral Jp converges even when 
6=0. Then Jp = (27r)-D i dA vil = 5s and ac- 


cording to Anderson,” J, = 1.393 and J; = 1.156. 
Thus, for the two- and three-dimensional cases,re- 
Spectively, (0) =0.72 and 7(0) = 0.865. The 
latter result agrees with references 3 and 20, but 
is more precise. For an infinite linear chain with 
56<«<1, Jp=Jd, 7 !|In6|. Hence, the value of 
7(0) is not zero. In fact, as in the ferromagnetic 
case, there is no long-range order in a linear anti- 
ferromagnetic chain. However, the result obtained 
by neglecting fluctuations seems more natural than 
that stated by Anderson.”° 

Near the Néel point, when 7 « 1, we have 


i = Ts ya ve ee tn 
ul =A(l 6) c= IW © leesoyeciranr gaat 
= 2 DJ DJ 


For the three-dimensional case, as 6— 0, 


“ 2 SSH 4 1 dy 
ae a z\ 


\ du dv dw’ 
» 1—[(cos u + cos v + cos a) / 3}? 


\ du du dw 
1 —(cosu + cosv-+ cosw)/3 


=1.516. (40) 


Hence, the ratio k@/J = 3J/kFg = 1.98, i.e., it is 


the same as in ferromagnetic materials (see above). 


Unfortunately, there have been no completely re- 
liable statistical calculations of k@/J for antifer- 
romagnetic materials, at least as known to us. 
According to the calculations in reference 24, 
which seem to be the most reliable,”* k@/J = 2.004 
for a simple cubic lattice. The necessary condi- 
tion for the applicability of the self-consistent ap- 
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proximation has a form of the type of Eq. (6), 
namely 


NnS>V (Sota) + 


It is easy to see that this condition (for high tem- 
peratures with H = 0) coincides with criterion 
(21). As T— 0, for antiferromagnetic materials 
the following inequality must be satisfied, instead 
of Eq. (21) 


nS>lNVE — (n<)). (41) 


We note that a certain self-consistent treatment 
in the theory of antiferromagnetism has already 
been carried out by Ziman”! for the purpose of de- 
riving corrections to the ordinary theory of spin 
waves; a paper on this latter subject by Oguchi2 
has recently appeared. In addition, P’u Fu-C’ho”é 
recently extended the method of Bogolyubov and 
Tyablikov'4 to the case of antiferromagnetism with 
spin ve in the absence of anisotropy. In the as- 
sumptions just given, the result obtained by P’u 
Fu-C’ho”6 and that derived above [see Eqs. (38) 

— (41) ] agree; this may serve as a test of the cor- 
rectness of the methods of calculation. The use 

of different methods here seems essential to us, 
since the comparison with the results of references 
24 and 26 gives us additional confidence in the ef- 
fectiveness, and in general, in the quite high ac- 
curacy of the method of calculation which we have 
used. 

In order to calculate the parallel susceptibility 
X\} we must know 7; and 7, in the presence of a 
magnetic field. We shall assume that 


ho, /kAT<1, m=nt+n, tkw=n+n, 


where 


Oho, /RT)<n. 


Then, we obtain from Eqs. (36) and (37), by ex- 
pansion in series to an accuracy of first-order 
terms in hwy/kT, nj, and 7}, 


In ol = 


mo + Jor) + 110 (Go + GBr) / Ondo mi 
+ n[0 (Go + GY) / Onelo ne 
nRhoy /kT = 0. 
m2 (Jo + Jor) + [9 (Go + GSr)/Onilon 
+ n[0(Gpo + Gbr)/ Onelo ns + NRO” / kT = 0, 


1 7 hw, \2 
R= q d|(coth gr) —1] = q D( sinh 


hw, \—2 
a Z 
no + Jor) = 1. (42) 


The subscript zero in the derivatives with respect 
to n, and m2 indicates that they are taken for "4 
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=.= 7, where 
7 2 : 
ne (Gur — Gbr)| = . > 


= pa | (coth ia 


NRT & RT 


0 (n* — n-) 
On 2 


0 


poe 


ON, 5 J 


? 


0 
(@F — @F) = @oS (1 + 8) (ni — Ne) — 20);,- 


Hence, as may be easily seen 


ee iat 2nRhw,, | kT 
N, Ny» ‘en lS (haoS /RT)1 +8) nR+ >? 
S=",, hoy =H, = ae ho = 4DJ, 


manIN ; 
M,=(n+,) 5 Sw—(n +15) 2 Sp 


ges w?1?RNH 
Rwy (1 + 8) n2R + 2kT 


ere a | 


(43) 


where Mz is the total magnetic moment, V is the 
volume, and X,, 1s the susceptibility per unit 
volume. 

At low temperatures, when hw) (1 +6 )7?R 
<< GARY. 
how, .—2 


ET ) oe 


sinh 


wn? <a 
a 
oN 


For 7 = 1, this formula coincides with that derived 
in the ordinary spin-wave approximation.*! How- 
ever, even at low temperatures Eq. (43) is more 
accurate, since 7 * 7(0)=Jdp #1. Near the 
Néel point 

R= [2/n7(1 + 6)] [RO /2DJ)?Fa = "oF a(1 + 8) 
[see Eq. (39)], and consequently, 


pen = pen 
% (9) = sate Five 8D(i+6)JV° 


(45) 


3. ANTIFERROMAGNETISM OF SMALL PAR- 
TICLES AND CHAINS. PARAMAGNETIC 
FLUIDS 


The formulas derived in Sec. 2 permit us within 
certain limits to explain the dependence of the 
magnetization of the sublattices M,.(T), the Néel 
temperature ©, the susceptibility x), and certain 
other quantities on the form and dimensions of the 
system, as well as on various parameters (J, 6, 
etc). However, we cannot go into detail here on 
this set of problems, but shall limit ourselves to 
a few remarks. 

In the antiferromagnetic case [in distinction 
from a ferromagnetic system with the Hamiltonian 
of Eq. (1)], the magnetization of the sublattices 
M;,9 = + NSy(T)/2 depends on the form and di- 
mensions of the spin system even at T= 0. This 
fact is especially clear from Eqs. (37) — (39) and 
(43) — (44) in the limiting case of very small par- 
ticles, as is also the fact of the corresponding de- 
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pendences of the quantities @, yj), and n(T). 
point is that in a sufficiently small system, the 
first term having \ = 0, which is neglected when 
we go over to integration, plays the predominant 
role in the sums. At the same time, if we retain 
only this first term having ) = 0, we obtain (for 
On a49) 


The 


Jpn =V 2/NYV5, Fy=1/ Nb, 
0 = DJ /RFa =2JNb/k =pHyaN /2k, (0) = NV 6/2, 
(46) 
where 
8 = 20,,/@o, ® = 4DJ /h, O,) = BH ,,/h. 


For a large three-dimensional spin system, 
7 (0) = 0.856, and Fg = 1.516; hence it seems that 
the expressions in (46) might be applied, respec- 
tively, under the conditions N¥é6 « 1 [for 7(0)], 
and N6 « 1 (for @). However, in fact, there is no 
region in which the formulas of (46) are applicable, 
in line with the fact that the inequalities (21) and 
(41) are not fulfilled. Nevertheless, it follows 
from (46), just as from a more detailed analysis, 
that 7(0) and © become less in small particles. * 
The change in the quantities n(T)/n(0) and 
X(T) with decreasing dimensions of the system 
is even clearer. In fact, under the condition 
NkTHHA,/ (fiw) )* « 1, which is compatible with 
(41), in the temperature region in which hw)~» 
= wy) V6/2n « kT « k@, we may easily derive (for 
NV6 SS ile 


Jor = 2kT [pH aoNn, n(T) = 9 (0) (1 — 2kT / pH aN), 


(47) 


Hy (T) = (202 /VRT) (kT [Kh V/@,,)% (48) 


Thus, within a certain definite region, the dif- 
ference 1 —7(T)/n(0) and the susceptibility x, 
differ considerably from the values given by the 
expressions 


1—(T)/4 (0) ~ (kT / hoo)? andy, ~ (WN /kTV) (kT / hao)’, 


applicable to large systems.”* The result (45) is 
also of interest; according to it the value of x, at 
the transition point for a given J is independent of 
@(for 6 « 1). Hence it is clear that in the general 
case in the region T < © (for a given temperature 
T and for constant values of the other parameters), 
the susceptibility increases with the decrease in 

® which takes place in small particles, films, and 
fibers. 


*Naturally, as the dimensions of the system are decreased, 
the transition becomes less sharp, and strictly speaking, we 
cannot speak then of a phase transition. In practice, when 
N > 1 this fact is not essential. 
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Thus, the properties of antiferromagnetic finely- 
dispersed substances, polymer chains and struc- 
tures may be appreciably different from those of 
the ordinarily studied antiferromagnetic substances 
(above all, it would be expedient to compare the 
properties of one and the same substance as de- 
pending on the dimensions and form of the crys- 
tals). 

In the region in which the limiting formulas 
(47) and (48) are valid, the difference between anti- 
ferromagnetic specimens of differing forms is ob- 
literated. This is understandable, since the role 
of the form decreases as all dimensions are de- 
creased. In addition, for sufficiently thin films 
and fibers, the differences from the three-dimen- 
sional case may be very great, since long-range 
order is generally absent in an infinite chain, as 
it is also in a two-dimensional system with 6 = 0. 
In fact, according to Eqs. (37) — (39), for an infinite 
chain, 7(0) © t/|In6|, and © = J¥26/k. How- 
ever, in this case the approximation itself is not 
valid, in connection with the increase in fluctua- 
tions (see the analogous estimate for ferromag- 
netic substances at the end of Sec. 1). 

However, for finite chains, especially if they 
are short enough, antiferromagnetic ordering may 
take place. It is sufficient to say that we cannot 
make a strict distinction between long-range and 
short-range order in a finite system. However, 
with regard to short-range antiferromagnetic or- 
der, the latter is observed in a series of sub- 
stances (e. g., by neutron scattering) even at 
temperatures considerably above the Néel point. 

In this regard, we may also refer to the calcula- 
tion of the short-range order in an infinite 
chain.2”°*8 On the other hand, as has been men- 
tioned, our formulas are inapplicable to suffi- 
ciently small particles, as well as to antiferro- 
magnetic systems above the Neel point. This is 
associated with the use, along with the other mag- 
netic moments, of the anisotropy field HA = HA) 
which vanishes when the mean magnetization of 
the sublattice equals zero. The fact is that the 
appearance of short-range order is also associated 
with a certain anisotropy field H’,, which appar- 
ently is of the order of HA, for the given small 
group of spins. 

The region of very small particles and chains, 
as well as the paramagnetism of those systems 
having thermal transitions © « @) ~ J/k, is 
nevertheless very interesting. Hence, in spite of 
the fact that we have no pertinent quantitative re- 
sults, we shall consider this problem too. 

Ordinarily, © ~ @) ~ J/k, and correspondingly, 
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when ® « @, (in particular, when © = 0), we may 
expect that the formula x ~ const/(T +@) will 
not be valid over the wide temperature range © < T 
< @) ~ J/k. (A law of the type x ~ const/(T + @) 
will probably hold true for T 2 @ .) In the 
temperature range @ < T 2 @) (this range has 
no sharp upper boundary), the substance may 

be called either an ‘‘incoherent antiferromagnetic 
substance”’ or a ‘‘paramagnetic fluid’’ with anti- 
ferromagnetic interaction (the analogous concepts 
for the ferromagnetic case have already been 
taken up at the end of Sec. 1; in connection with 
this subject, the experimental data of Ryan, Pugh, 
and Smoluchowski”® may be of interest). As in the 
case of other fluids, it seems impossible, in gen- 
eral, to construct a consistent and sufficiently 
exact theory for such a state. Individual special 
cases may be exceptions (a long chain at low 
temperatures, etc).* We hope yet to take up this 
problem in its various aspects, but shall mention at 
present only the following. 

One of the possibilities for a qualitative under- 
standing is the comparison of the properties of 
fluids with those of a very highly-disperse crys- 
talline medium (the quasi-crystalline model). 
Individual ‘‘crystallites’’ of such a medium contain 
a small number of spins each. According to the 
hypothesis, these crystallites retain their high de- 
gree of order, i.e., within them 7 ~ 1 (or, say, 

n ~ 0.1) and Hi =HA,- Then, as might be sup- 
posed, the lowest excited state of the ‘‘crystallite”’ 
has an energy of hw,=), where 


Ox» = NOS V 28+ 0,~V ao, +, 


[see Eq. (29a)]. The susceptibility of such a sys- 
tem is determined by Eq. (48), which had also been 
derived by us previously.* Here, in the region 
Hy wowa,/k <«< T « ©, the susceptibility increases 
in proportion to T*. Then, probably, x goes 
through a gentle maximum at T ~ @) ~ J/k, and 
beyond this, decreases according to a law of the 
type 1/(T + @)). We note also that y depends on 
H even in fields of the order of Hy¥wWywA,/H. Such 
a model is very crude, and the corresponding es- 
timate of xy is not very convincing, but we should 
expect just this sort of dependence y(T, H) in 
qualitative terms for a ‘‘paramagnetic fluid’’ of 
the antiferromagnetic type. 

In view of what has been said, the attempt which 
we made? to explain the experimental data of 
Blyumenfel’d et al.! retains its content, but refers 


*We are familiar only with the result for the Ising model.!%*° 
In this case, y,, has a gentle maximum at kT ~ J. 
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now to the region of ‘‘incoherent antiferromag- 
netism.’’ Besides, within the framework of the 
model which we have studied, the very boundary 
between the properties of a very finely-dispersed 
antiferromagnetic system and those of a paramag- 
netic fluid of the antiferromagnetic type is oblit- 
erated to a considerable degree. In particular, 
internal magnetic fields must be observable (e. g. 
by the nuclear magnetic resonance method) in 
‘‘paramagnetic fluids’’ also, while a strong broad- 
ening of the paramagnetic resonance lines will 
take place as well. 

The theoretical and experimental study of 
‘‘paramagnetic fluids’’ is of great interest. How- 
ever, it was possible above, of course, only to 
pose questions and give some qualitative concep- 
tions which will be necessary in the subsequent 
analysis. In this regard, it may not be superfluous 
to emphasize in conclusion that the basic content 
of this article has not been connected at all with 
the concept of ‘‘paramagnetic fluids’’, since it has 
involved the region below the transition tempera- 
ture. 
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Results of a calculation of nuclear-cascade showers containing a given number of electrons 
at the observation level are presented. The distribution of the production levels is deter- 
mined for extensive air showers .containing 104; 10°, and 10° particles at sea level and at 
3860 m altitude. Various shower parameters, averaged over different production levels, 


are compared with experimental data. 


‘Wns experiments!” carried out in Pamir 

(3860 m altitude) in the course of many years 
have yielded very detailed information on the 
average parameters of extensive air showers 
(EAS) with a total number of particles from 104 
to 10° at mountain altitudes. The question arises 
as to what extent the experimental data correspond 
with present views concerning the elementary act 
of nuclear interaction over a wide energy range of 
the interacting particles. 

In experimental studies of the different param - 
eters of EAS, the total number of charged particles 
(i.e., shower size) at the observation level is de- 
termined, rather than the energy of the primary 
particle producing the shower. Because of fluc- 
tuations in the shower production level,® in the nu- 
clear interactions of the ‘‘leading’’ particle along 
the depth of the atmosphere,’ and in the character- 
istics of the elementary act of nuclear interaction, * 
the total number of particles at the observation 
level reflects the primary-particle energy only on 
an average baxis. in our calculations, we have 
taken the fluctuations in the shower-production 
level into account. Other fluctuations are not es- 
sential for the assumed model of the elementary 
act of nuclear interaction upon which the calcula- 
tions are based. The presence of nuclei with Z 
> 1 in the primary cosmic radiation has also not 
been taken into account, which leads to a slight 
overestimate of the fluctuations in the shower- 
production level. 


*The hypothesis that there is a strong influence of such 
fluctuations on the development of EAS has been discussed by 
Grigorov and Shestoperov.® In quantitative estimates, however, 
the fluctuations in the characteristics of the elementary act of 
interaction have been reduced to fluctuations in the shower 
production level. 


1, NUCLEAR-CASCADE SHOWERS PRODUCED 

BY PARTICLES OF A GIVEN ENERGY 

The EAS that are within the size range of 
interest at the observation level are nuclear- 
cascade showers produced by primary particles 
of 10 to 10 ev, 

The calculation of nuclear-cascade showers 
was carried out under the following assumptions: 

1. The cascade of nuclear-active particles 
consists of nucleons and 7+ mesons which, in 
nuclear interactions, lose energy for the produc- 
tion of 7’? mesons. The number of 7 mesons de- 
creases also as a result of the 7— p decay. The 
possibility of the production of other nuclear- 
active particles and their influence on the cascade 
process was not taken into account. 

2. To describe the elementary act of nuclear 
interactions of nucleons and 7+ mesons with air 
nuclei at E) > 10% ev, the hydrodynamical model 
was used,°® taking the traveling wave’ into account. 
The particle energy corresponding to the traveling 
wave was assumed to be 0.8 Ey (Ey) /uc?)7'/1°, where 
uw is the rest mass of the meson. The production 
probability of nucleons or 7 mesons of such an 
energy corresponds to the fraction of nucleons or 
m™ mesons among all secondary particles, assumed 
to be 0.27* and 0.73 respectively. 


*Such a fraction of nucleons among all secondary particles 
corresponds to a disintegration temperature of the hydrodynam- 
ical system Tx ~ 1.5 yc’. Preliminary calculations based on 
the fraction of nucleons corresponding to a disintegration tem- 
perature Tx ~ pc’? have yielded a lower number of nuclear- 
active particles in EAS at the observation level than that ob- 
tained in experiments. It is possible that, by taking hyperons 
into account within the framework of the hydrodynamical theory, 
we shall obtain a sufficient number of particles different from 
m mesons even for Tx ~ pc’. Incidentally, the value of 0.27 as 


the fraction of 7 mesons does not contradict certain available 
emulsion data.°® 
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3. The relations used for the description of the 
nuclear interaction of nucleons with energy Ep 
< 10° ev differ from the above-mentioned hydro- 
dynamical model only in one additional assumption, 
namely that the particle corresponding to the trav- 
eling wave is a nucleon. For t+ mesons with 
energy E) < 10! ev, the same hydrodynamical 
model was used, but without taking the traveling 
wave into account. Although this formal extrapo- 
lation into the low-energy region (down to 10'° ev) 
of the hydrodynamical-model relations does not 
have sufficient physical justification, the required 
characteristics of nuclear interactions obtained in 
this manner nevertheless do not contradict the 
experimental data in the corresponding energy 
range.° 

4. The nuclear-interaction mean free path in 
air was assumed to be Ay = 75 g/cm’. In the fol- 
lowing discussion, length is measured in units of 
Ao- 

5. The minimum energy of the particles taking 
part in the nuclear-cascade process was assumed 
to be 3.7 x 10? ev. 

In carrying out the calculations, the method of 
successive generations!” was used. The number of 
nucleons of the i-th generation of energy E found 
in a shower produced by a primary particle of 
energy Ey) was assumed to be 


Be 
d n 
Ni(EL EQ = \ N.-1 (e, E,) dine 
E 
Ey a 
+\ nz, (e, £,) dine (1) 
z 


and, correspondingly, the number of mm mesons is 
E, : 
1 (E,E,)= AE) \ Ni-y (e, E,)—— din E 


dings 
E 


E, - 
dx” 


+ Ai(E)\ nz, (¢, Eo) gipgd ine. (2) 
z 


where Aj(E) =[1 + k(E)/iJ? is a coefficient 
accounting for the decay of charged ™ mesons oe 
energy E, and k(E) is given by the expression 


Rk (E) = 1, ho / Po (E / pe) % cos 8. 


Here py is the mean air density in g/cm? at the 
depth 1) corresponding to sea level, p the 1 
meson mass, and Ty the lifetime of the 7 meson. 
An isothermic atmosphere was assumed. In Eqs. 
(1) and (2), dn®/d Ine and dn"/d In € are the 
spectra of secondary nucleons produced in the 
interaction between a nucleon or m+ meson respec- 
tively and an air nucleus, and dm/d In « and 

dr™/d In € are the spectra of secondary m™ mesons 
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produced in the interaction between a nucleon or 
m meson respectively and an air nucleus. The 
total number of nucleons and 7 mesons of energy 
=E ata depth x is given by the equations i 
co ES Be, AL 
N(SE, x) =3\ SNE’, By) ab’, 


(3) 


=~ m# (E’, B,) dE’. 


te Eh) = > i! 
The variation of Nng = N(=E, x) + 17+(=E, x) 
with depth x for E = 3.7 x 10° ev is shown in 

Fig. 1 for three values of Ey. In the summation, 
we cut the series off at that generation whose con- 
tribution to the nuclear-active component of the 
shower amounts to <1% of the total number of 
nuclear-active particles at the given depth.* 

In order to obtain the variation of the number 
of electrons with the depth x, it is necessary to 
add together the cascade showers from the photons 
produced in the decay of the 7’ mesons. The 
number of y rays of energy E of the i-th genera- 
tion, produced by the 7’ mesons in a shower with 
total energy Ep), can be assumed to be 


2 (E25 Eo) SPE eo) ALE) 


The quantity mt (E, E)) is determined by Eq. (2). 
The total number of electrons at a depth x, pro- 
duced by photons of energy =E produced directly 
in the decay of the nm mesons, is given by the 
equation” 


*The calculation was carried out by numerical approxima- 


tion. The error of the results is less than 10%. 
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P(E, t)dt dE, (4) 
where P(E, t) is the total number of cascade 
electrons produced by a photon of energy E if the 
cascade has traversed the depth t.) ‘This ex-— 
pression represents a good approximation for E 

>> B, where B = 7.2 x 10’ ev is the critical energy 
for air. For E < 10° ev, cascade curves calculated 
by the moment method were used. The variation of 
Ne (x) with the depth x for three values of Ep is 
shown in Fig. 2. 


2. INFLUENCE OF FLUCTUATIONS IN THE 
PRODUCTION LEVEL OF EAS 


By measuring any parameter of an EAS witha 
given number of particles at the observation level, 
we obtain an average over a certain energy range 
of the primary particles that have interacted at 
different altitudes above the observation level. The 
results of the calculations of the preceding section 
refer to showers produced by primary particles of 
a given energy. The distribution of the production 
levels and of the energies of the primary particles 
can be found if we know the energy spectrum of the 
cosmic radiation at the upper edge of the atmos- 
phere f(E)) dE) = AdE,/E” *', the depth of the 
observation level x), the mean free path of nuclear 
interaction Xo, and the relation between the 
primary-particle energy and the total number of 
charged particles in the shower at various depths 
in the atmosphere. In the range of production 
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FIG. 3. Production probability W at a given atmospheric 
depth of a shower having a given size at the observation level 
(Moscow or Pamir). (The depth is measured in nuclear-inter- 
action mean free paths.) 


levels and shower sizes of interest we can, with 
sufficient accuracy, substitute the number of 
electrons N(E), x) ® Ne (Eo, X) — X) (where x 
is the shower production depth) for the total 
number of charged particles in the shower. 

The number of showers observed at the depth 
Xq with a number of particles N and produced at 
depth x, is given by the expression 
+ OE 


aN dNdx, 


C (N, x)dNdx=Ae-*Ey (5) 


where Ey = Ey) (N, X) — X). The probability of 
shower production at various depths in the atmos- 
phere, given by Eq. (5), is shown by the histograms 
in Fig. 3 for two given values of N at mountain 
altitudes and at sea level. It can be seen that the 
maximum contribution is due to the showers pro- 
duced along the first nuclear-interaction mean 
free path. However, while the only appreciable 
contribution at mountain altitudes is made by the 
showers produced along the first three interaction 
mean free paths, at sea level it is also necessary 
to take the showers produced at greater depths 
into account. 

From a known distribution of the shower- 
production levels, we can calculate the energy 
distribution of the particles producing showers of 
a given size at the observation level. Such distri- 
butions are represented by the histograms in 
Fig. 4 for showers with a total number of particles 
N= 10°. The y axis denotes the shower-production 
probability W for a particle with a given energy. 
The dotted and solid lines show the distribution for 
sea level and for the mountain altitude (depth 675 
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TABLE I Table II. Mean free path 
Obser- N i i 
Saha for particle absorption 
level, m oe | 405 | toe in showers, g/cm? 
3860 | 2.6-1018| 2.401 | 1.6-4005 ets 
0 | 1.3-41014 | 0.9. 401 | 0.7-1018 neecchoe eg 


Observation level, m 


10¢ | 105 | 408 

g/cm?) respectively. The mean energy (in ev) of 
the primary particles which produce showers of a et 230 | 280 | 340 
given size N at sea level, obtained from analogous From the calculated altitude Pea tee 
distributions, is shown in Table I. Cepondenee pervect tie 

levels 3860 and 0m 210 | 210 | — 

It can be seen from the table that the relation 

between the mean energy of the primary particles The altitude variation of the number of EAS 
and the total number of charged particles at the calculated by us is in agreement with experimental 
observation level differs little from the usual data, within the statistical spread of the latter. 
factor relating the number of particles with the Showers with a given number of particles at the 


energy of the shower-producing primary particle.’ observation level are produced at a different alti- 
tude, and consequently have a different absorption 

ICN), cm~?sec~tsr— coefficient than at the observation level. The 
average calculated values of the absorption mean 
free path of the particles in showers observed at 
sea level and at mountain altitudes are shown in 
Table II. It can be seen from the table that the 
altitude variation of the showers does not depend 
on the average parameters of individual showers 
(see also reference 5). Using the altitude varia- 
tion of EAS obtained before (Fig. 5) and the size 
spectrum of showers, one can determine the ab- 
sorption coefficients of the shower particles” 
neglecting the fluctuations in shower development 
(lower row of Table II). 


FIG. 5. Intensity of EAS with size greater than N. I —cal- 
culation for mountain altitudes, II —calculation for sea level, 
© —experimental data** for mountain altitudes, A—experimen- 
tal data’® for sea level. 


The number of showers of a given size at the 3. ENERGY FLUX CARRIED BY SHOWER 
observation level (xp) can be obtained from PARTICLES AT THE OBSERVATION LEVEL 
Eq. (5) by integrating over x. The frequency of 


showers of size >N is shown in Fig. 5. The total energy of the nuclear-active component 


eh oe in showers of a given size at the observation level 
J(>N)= \ dN \ C(N, x) dx. X) was calculated from the energy spectra of 
a nuclear-active particles at different depths in the 
atmosphere in a shower produced by a primary 


The absolute intensity of the primary cosmic : : 
radiation was taken as £(E))dE, = AE@?-"dEp, particle with energy Ey. Nucleons and charged 7 
mesons, calculated according to Eq. (3), were re- 


garded as nuclear-active particles. If the differ- 
ential energy spectrum of nuclear-active particles 
in the shower produced by a primary particle with 
energy E,) at a depth x =x) — x is f(E, xX 

— X, E,)) dE, then the total energy carried by 
nuclear-active particles at the observation level 
in showers of size N is 


where the coefficient A was normalized to experi- 
mental data!’ for 10 Bev. The results of this cal- 
culation are shown by the solid line in Fig. 5. A 
calculation was also carried out based on the data 
on the spectrum of primary cosmic radiation from 
underground measurements. The result is shown 
by the dotted line in Fig. 5. Experimental data on 
the intensity of EAS are taken from reference 15. 


Emax 
It can be seen from the figure that the experimental ea Ras as 
ee he d Ej (E, %— x, E,)dE, 
data on the absolute frequency of EAS can be made &(N, x) = CrN | CUNE sax J I(E, %—%, Bo) 


to agree well with the calculation if, for the inten- 
sity of primary cosmic radiation, we assume an . 
intermediate value between the results of refer- C(N) 2) Be BCE. 
ences 13 and 14. : 


where 
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TABLE III 


Energy of nuclear-active 
shower component, ev 


N Altitude, 


m Calculation | Experiment 
104 3860 6.1012 ~4,4:102 
0 8.8-1012 Sil foal 
405 3860 4,.6-1018 S| loa i(O): 
0 the Poukgye SS ety 
108 3860 4.1014 ~2.3-1014 
0 8,2-1014 >1,2-1014 


Moreover, the distribution of shower-production 
levels x and the relation between x and Eg is 
given by Eq. (5). The limits of integration Emin 
=3.7x 10° ev and Emax < Ep represent the mini- 
mum energy of the nuclear-active particles that 
were taken into account and the maximum energy 
of the nuclear-active particles encountered in the 
calculated spectrum. The values of € (x9, N) ob- 
tained in the calculation are shown in Table III. 
The same table also shows the experimental data 
on the energy flux carried by the nuclear-active 
component of EAS.!8*!? A comparison of the exper- 
imental data with the calculation reveals an agree- 
ment only for showers with a total number of parti- 
cles N = 10‘ at an altitude of 3860 m above sea 
level. For the remaining cases, the calculated 
energy fluxes of the nuclear-active component 
agree with experimental data only in their order 

of magnitude. 


TABLE IV 

. | Energy of electron-photon 
a eu shower component, ev wanes 

Le Calculation | Experiment 
404 3860 2.8-1012 cay tN O24 4.4-102 
0) 2,3-1012 2-1012 3.5-4032 
408 3860 3,2-1018 2.3-1018 3.8-1018 
0 2.4-108 2-108 3.0:403% 
408 3860 3.4-1014 2,2-1014 4.1-10%4 
0 2.5-1014 2-1014 3.5-1014 


The energy of the electron-photon component in 
showers of a given size at the observation level 
cannot be obtained directly from the calculations, 
since the energy spectrum of electrons and photons 
was not calculated by us. The energy flux carried 
by the electron-photon shower component can be 
estimated, assuming that the shower-particle ab- 
sorption coefficient corresponds to the average 
cascade parameter § at the observation level. 

The results of such an estimate and the experi- 
mental data on the energy of the electron-photon 
component are shown in Table IV. The agreement 
of the calculated values with the experiment can be 
regarded as sufficient, especially since the method 
used can lead to an underestimate of the param- 


+ 
eter 5S and, consequently, to an overestimate of the 


energy. 
We can calculate more exactly the energy lost 

below the observation level by the electron- 

photon component of showers of a given size. This 

energy €(N, Xo), in addition to the energy of the 

electron-photon component at the observation level, 

includes the energy transferred to 7 mesons 

below this level. Using the notation introduced 

above, we can express the calculation procedure 

by the relation 


BN, 0) = aay) €| C(N, x)d “abet o(x’) dx’, 
where Ne(x’) =N for x’ =x) — x. The results are 
shown in the last column of Table IV. 

The corresponding quantity cannot be measured 
experimentally, and is usually estimated from the 
absorption of showers in the atmosphere as 4.4 
x 10°Na; where Ne is the number of electrons in 
the shower at observation level. A comparison 
with the values in the table shows that, by taking 
the fluctuations in the observation level into 
account, we cause a small decrease in the calcu- 
lated energy lost by the electron-photon component 
in the atmosphere. 


4. CONCLUSIONS 


1. The above calculations of various parameters 
of EAS of a given size at the observation level show 
that the study of the shower structure, for the pur- 
pose of obtaining information on the variation of the 
elementary nuclear act of interaction with the 
energy of the primary particle, can be carried out 
more efficiently at mountain altitudes, near the 
maximum of the nuclear-cascade shower develop- 
ment. At mountain altitudes, the number of parti- 
cles (shower size) at the observation level repre- 
sents sufficiently well the energy of the primary 
particle which produced the shower. In the inter- 
pretation of experimental data obtained at sea level, 
the distribution of shower-production levels may 
already change the energy of the primary particle 
producing a shower of a given size by a factor of 
ten. 

2. The assumptions on which the calculations 
are based lead to a satisfactory description of the 
composition of EAS at mountain altitudes, and 
agree with the experimentally observed altitude 
dependence of the showers. However, a number of 
parameters referring to the number of nuclear- 
active particles and the energy carried by them at 
sea level are markedly different from experimen- 
tal data. The main reasons for this discrepancy 
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are the assumption that the inelasticity coefficient 
of nucleon interactions decreases in the 10!! — 10? 
ev energy range, and the identification of all those 
secondary nuclear-active particles which are not 
™ mesons as nucleons. 

The authors wish to thank Prof. G. T. Zatsepin 
for his many comments on the results of the calcu- 
lations, and G. Ya. Goryacheva for carrying out 
many of the calculations. 
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We calculate the differential cross section for electron scattering by atoms in the Thomas- 
Fermi approximation with the Latter potential.’ Results of numerical integration are pre- 2 
sented for Ne, Si, and S, and these are compared with results obtained by the Hartree method. 


SEVERAL authors have used numerous different 
kinds of statistical potentials to calculate atomic 
energy levels and the corresponding eigenfunctions. 
Latter! and Gambos? have given complete reviews 
of the literature concerned with these problems. 

According to Latter the best results for the 
eigenfunctions and eigenvalues are obtained when 
one uses a Statistical potential of the form 


ZO ee! (1) 
LD (4) as 


— (Ze?/r) D (x), 
—e? lr, 


Oe 


where ©(x) is the well known Thomas-Fermi 
function for a neutral atom. He has shown that 
this potential gives more accurate values for the 
atomic energy levels than can be obtained ina 
calculation using the Hartree method.’ It is thus 
of interest to calculate the differential cross sec- 
tion for elastic electron scattering using this po- 
tential, and to compare the result so obtained with 
the result of a numerical calculation by the Hartree 
method in the first Born approximation. 

In the first Born approximation the differential 
cross section for the potential of (1) is given by 
the expression 


iN ® (x) sin Pxdx + a sin Px dx) ; 
0 Xo (2) 


The quantity P appearing in (2) is defined by the 
formula 


3°/s 74 7'/s 
I (9) a o/s s‘/s 04 yn? P2 


pex 3% hv sin (0/2) _ 3 pe sin (® / 2) 3 
3 97h my /* e2 Z'/s a o/s m/s e2 mz’! x 7 ( ) 


where ~v is the scattering angle, v is the electron 
velocity, and A is the corresponding wave length. 
The parameter x) in Eq. (2) is obtained from the 
relation Z@(x)) = 1. 


Noting that 
lee} lee) 
\ Ssinexdx = lim | e—* sin Px dx, (4) 
Xo a0 a 


we find that I(#) is given by 


3'/s pa 7/s 
I (3) = ols a‘/s 04 ,n2 P2 


Jou sin Px dx + 7% le (5) 


Numerical values of x) and ®(x) are found in 
the tables of Kobayashi and Taima.' 

The Table gives the dependence of I (8)/5.66 
x £0.) on A cin (v/ 2 ex 10° for three values of 
Z, as obtained from numerical calculations based 
on Eq. (5). For comparison we give also the re- 
sults obtained using the Hartree method.’ Detailed 
comparison shows that the two methods give equal 
results for large Z, whereas they differ consider- 
ably for low Z. 


10" 1(9),em? 
Shee ua 
— sip So = Ne Si S 
2 cm 
‘Hartree| Equa- |Hartree| Eque- | Hartree| Equa- 
method tion (5)| method!tion (5)} method | tion (5) 
0.4 4900 | 26708 | 70000 | 38346 | 57600 | 44555 
OWZ 3900 | 6315 | 13200 | 11053 | 17400 | 13707 
0.3 2180 | 2936) 4150] 5189] 6130] 6428 
One 1220 | 1465] 1830] 2468} 2600} 3021 
OFS 700 746| 1000] 1206} 4340] 1487 
0,6 420, 375 610 660 770 832 
OR 256 221 400 412, 480 527 
0.8 156 146 275 275 324 350 
0.9 106 101 188 185 222 233 
10) 72 70 130 125 160 141 
A 49 49 «94 +89 116 97 


The author expresses his gratitude to Professor 
P. Gambos for interest in the work. The author is 
likewise grateful to Ya. Vatso for aid in the numer- 
ical calculations. 
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The method previously proposed by the authors! for practical construction of angular opera- 
tors, in which one uses only differential operations, is applied to studying the change in the 
form of the angular operators resulting from the adding of a new orbital angular momentum 
or an integer spin to the process. Formulas for practical computations and examples are 


given. 
INTRODUCTION 


In studying processes in which more than four 
particles participate, the computation of the angu- 
lar operators (their definition and properties can 
be found in references 1 — 3) becomes very com- 
plicated and long. The practical question therefore 
arises of obtaining a complete set of angular op- 
erators for a given process on the assumption that 
one knows the angular operators for a simpler 
process. In its simplest form* this question can 
be expressed in the form of the relation 


or 
Q)% (a> >a) =F (a@+s—> a;). 


In other words, the operator 0) ‘‘adds’’ a new 
scalar particle to the process. However, it is 

not difficult to show that this question can be 
formulated as a special case of the problem of 
finding an operator 2, which changes the quantum 
number of one of the angular momenta in the reac- 
tion from 1 to 1’, without changing the number of 
particles participating in the process. This 
enables us to find a complete set of angular opera- 
tors for the process if we know just one term of 
the set. Therefore we shall first find the explicit 


*Associate of the Physics Institute of the Czechoslovak 
Academy of Sciences, Prague. 

tAssociate of the Institute for Atomic Physics, Bucharest, 
Rumania. 

tThe symbols a, aj, aj denote any particles or nuclei, s is 
a particle with spin zero, ‘f is the angular operator for the 
process written inside the parentheses. 


form of the operator 2, and then in Sec. 3 express 
Q in terms of Q 

It will also be shown that the proposed method 
can be used also for finding angular operators for 
a process in which, compared with the initial 
process, one scalar particle has been replaced by 
a vector or a tensor particle. 


1. CHANGE IN QUANTUM NUMBER OF AN 
ORBITAL ANGULAR MOMENTUM 


Let us consider reactions of the type 


Oy Gy; —> GG, 5 4G, (2a) 
and decays of the type 
OG Osan + a,. (2b) 


In processes of type (2a) there is one initial and 

k — 1 final unknown orbital angular momenta in 
the system of the center of mass. [In the decays 
(2b) there are no initial orbital angular momenta. ] 
If we also include the spins of all the particles in 
the processes (2a) and (2b), then there are alto- 
gether M initial and N final independent angular 
momenta, where 


0< M3, R—1<N <2k—I1, 


depending on how many particles with non-zero 
spin are present. If M and N are greater than 
unity, these angular momenta can combine with 
one another into total angular momenta; in this 
process the number of initial angular momenta 
increases up to 2M — 1 and the number of final 
angular momenta to 2N — 1. All these angular 
momenta and the corresponding quantum numbers 
will be denoted (without distinguishing orbital, 
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spin, and total angular momenta) by the symbol 1 
with different subscripts. 


Let us consider any process of type (2a) or (2b). 


Let us assume that its initial and final states are 
characterized by complete sets of quantum num- 
bers for the angular momenta. Let us consider 
three angular momenta lg, lp, le of the set for the 
final state, and assume that they are connected by 
the relation 


Iga lp sles (3) 


As yet we make no assumptions concerning the 
nature of the angular momenta lg and lb. The 
angular operator 4 with the quantum numbers lg, 
lp, and Ze can be written in the form 

Le 


ioe 
j= > Re cass (4) 
M=—I, 


Fg eit bal ae 
where 
[gl Lgmlp M—m 
Nie SS >) C, M : Wigm QiypM—m 


and where the X],M are functions of the other 
variables in the process, and do not depend on lg 
and Jp. If on the right side of (4) we substitute in 
place of the function WV the functions W with the 
same values of Ice and M, but with different 74 and 
1h, then the expression 


Deel = bio 

M 
is another angular operator for the same process. 
Therefore the transition from. ¥ (...lalpble...) to 
yw (...lalflc...) is equivalent to a transition on 
the right-hand side of (4) from WV to W, and can be 
described formally as follows: 


Oa ely ese) = 7 Cal lols 28, (5) 
i.e., we have 
Wall lite 
Oven = Ew, (5’) 
where the operator 2 depends on lg and lp and is 
a scalar with respect to simultaneous rotations of 
the spaces characterizing lg and lp.* 

The fundamental problem is to find the explicit 
form of QYS for the case 14 =la + r, lf =lp+ s, 
where r, s=1, 0, —1. All the other cases are 
solved by repeated application of the QT® (cf. 

Sec. 3). 
Let us use Johnson’s theorem: If there are 


*The angular operators 4f are scalar with respect to simul- 
taneous rotations of all the orbital and spin dynamical vari- 
ables of the process. 
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vector operators A, B with the commutation 
relations 
[daz, Aj] = i>) exp A, 
k 


[loi Aj] a 0, [baz, Bj] a 0, 


ea 3s — a &ijr Br (ijk = XYZ, Exyz = 1); (6) 
R 

then the matrix elements of their scalar product 
are equal [cf., for example, reference 5, formula 
(3.101) ] to 
ihe =F he ly ar S, ie M’| AB | La, lhe be, M» 

=g+ri Atl dy+s: Bil x6), Ou, (7) 

(oma es 


where the x°* are numerical coefficients having 
the values 


yt = — Lf (la + ly + be + 3) (la + by + be + 2) 
x (la + lo + 2 — 1c) (La + by + 1 —2.)]%, 
42° =— 4 [(le + la — ly + 1) (le + bp — La) 
X (le + ba + ly + 2) (la + lo — Le + TYE, 
Yd =F [(le tla — ly +N) (le + ba — ly + 2) 
x (Lo — ba + ly — 1) (le — ta + Lo)", 


YO? = = [lo — ba + ls) (le + la — by + 1) 
L) (le slp 1), 
Kt = — 2 (la + by + e+ 1) la + by + be) 


<E ly L.) eh) +L, le 1))*, 


with the symmetry properties yT§ (Ig, lp, Ic) 
= (—1)" * SyST (ip, la, Ic). The symbol 
<lqg + ri: Aila> is defined by the relations 


X (le + la + bo 4 


Mla + 1: Atla> = [la + 1)? — mi] 4 i, 42 1, ma) Az\te, mad, 
<lq' A : Iq> == m+ qe Mag | A, | bas ita. 

klg— 1s Anta) = (2 — 8) ne tie ee 3) 
Analogous relations hold for <lp + siBilb>. 

To raise or lower lg and lp we need operators 
Q°S whose matrix elements are all equal to zero, 
except for the one where we have on the left <Iq 
+ r, Ip + 8, Ic, m| and on the right | fa, Ip, Ic, m >. 
We shall write them as scalar products of two vec- 
tors A‘T), BCS) of the type of Eq. (6) which, ac- 
cording to Johnson’s theorem, should have the form 

Cla tr: A ilay = Mla 1: Al La) Brrr 
<lo + 8): BO ‘bey = Cy +8 B® Is) 855°. (9) 


Then, according to Eq. (7), the matrix elements of 
A(v). pS) will be 


Cla brs by + 84 bey M'|AOB|Iylg12M> = Cla +1 A ‘lay 
il, leas BS) ‘1p Ni Ore User © r /OMM’ (10) 
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Consequently, the operators 
QO (labo be) = AO B® [475 Clg +r: A: Lay ly + 8B iby) 
; (11) 
have the required properties [cf. Eqs. (5) and 
(5’) J: 
“(Uolel) Vie = Uomo 
In other words, 


ORC) (Coulee a G cle el, 4 sel... 


(12) 


where r, s = 1, 0, —1. 

In order for formulas (12) and (11) to be prac- 
tical, one must find the explicit form of the vec- 
tors A‘T) and B(s) having the properties (6) and 
(9). The next section is devoted to this problem. 


2. EXPLICIT FORM OF THE VECTORS A‘Y) 


The explicit form of the vectors A‘? depends 
on whether the angular momentum lg is the sum 
of two (or more) angular momenta or not.* 

1. Let us first assume that the eigenfunction 
Ylgmag iS a Spherical harmonic: 


Wigmg = Yigm, (P), (13) 


where lg = —i [p x 8/ap]. 

If lg is an angular momentum, then p will be 
the unit momentum vector p = P/P; if on the other 
hand lg denotes an integer spin, then p will be 
the spin variable qa. 

Omitting the mathematical derivations (cf. 
reference 8), we give only the final resultsT 


@ — wi pie? p-t A 0 
AM = Yt = pHa 2 pa — yo] =—i|Pxe|, 
jai dae ees (14) 


It can be shown by direct calculation that the 
vectors V*!, V°, V7 satisfy the commutation 


relations (6) and have the property (9). From (8) 
and (13) it also follows that 
G2 ive p= A 4, wip =, 
ft, op 
ies NRE (15) 


2. Now let us assume that the function ?~Jm is 


a combination of two or more spherical harmonics: 


Lyul,m— 
i Crean Nia ame (13’) 
*All the formulas of this section are obtained only for vec- 
tors A. The corresponding formulas for B“) are obtained by 
the trivial replacements 
AB, (eet Td ace at) My My, 1p— Q. 
*Here and in what follows we drop the subscript a on la, 


May eles 
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This corresponds to the addition of angular mo- 
menta 1=1, + 1,. If now we apply to ~ym a vector 
operator l,j (i =x, y, z), then, according to the 
general theory (cf. reference 5), we obtain a 
mixture of states %j,;, ~7 and 4. It is then suf- 
ficient to apply the projection operators Z)Z_, 
Z_Z, and Z,Z) where 


re 1), 
Zp (1) (0), 


in order to obtain the pure states #],,, vj, and 
pj-1 respectively. Thus it is easy to see that the 
operators A*! will have the form: 


Lo ie erat 


ASV SNF SZ eZ ily (16) 


The computation of V*! from formula (16) (cf. 
reference 8) gives the result 


Veal eer ed een) oe 
— 21 (¢+1)+4(4 +1) 
da(p 1) at (aed ee 


Oy) 


+4) [I 1a). (17) 


The operator A° is obviously the total angular 


momentum: 
A®°=VW=I1= I, + l, (CS) 


[cf. Eq. (14) ]. 
The matrix elements of the vectors Vou v° and 
Vv" are equal to 


inlet eel 
2 FER +1 ht ay 
K +e FEE 2) + — OP, 
Seve, 
Hai tV Uo ee 
Mg ee yl Seen ye 


All the other matrix elements are equal to zero, 
as they should be according to formula (9). 


ate 


PAV (lett = 
(18) 


3. ANALYSIS OF RESULTS 


1. Formula (11) determines the operator FS 
by means of which we can, according to (12), 
change the quantum numbers characterizing the 
angular operators ‘4 of a given process by one 
unit. The vectors AT) have the form either of 
the vectors V" of formula (17) or the vectors 
VY of formula (14), depending on whether the 
corresponding angular momentum Ig (whose 
quantum number is to be changed) can be written 
as a sum of two other angular momenta Ig; and 
lgo or not. 
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2. Increasing or decreasing lg, lb by any 
integer > 1 is achieved by repeated application 
of the operator 2°°. Thus, if we know one angular 
operator for the given process, we can by means 
of QFS obtain all the others. 

3. As was already stated in the introduction, 
the operator 2 can also be used for going over to 
a more complicated process containing one more 
scalar particle than participates in the original 
process [cf. formula (1) ]. This is related to the 
fact that the spherical harmonic Yo is equal to 
the constant 1/ V4m so that the introduction in the 
process of a new orbital angular momentum 1 
with quantum number 1 equal to zero reduces to 
multiplying the whole set of angular operators by 
1/V4n. For example 


n 
=I 
ye 
=a == | 
t} 
1 


pete, 


ML 
wel , 

(a, ++ ay = a, te s‘) ’ 
1 


Having determined in this way the angular 
operators for the new process for lg = 0, we can 
by using 2! (0, 2,1) increase the value of Ig’ to 
unity. Similarly, the operator 2" (1, I’, 1) in- 
creases ly from 1 to 2, etc. 

Let us take, for example, the process s; + Sy» 
— s{+ ss, characterized by the following angular 
operators, (7 is a Legendre polynomial): 


#1 (Si + Sa 3, aS, 


Multiplying by 1/V47 we obviously obtain #1s,1, 1 
(Ss, + Sp— s{+ sj + sj), where lg/=0 and I 
=0, 1, 2... According to (11), (15), the operator 


i 21 Aipe 
De ion t=O) Lea (19) 


QY (0, L, 1) = Vai VQ/¥" C1: VRN0y +r Vail 


increases Is from zero to unity: 
OY (0, , l) to, Tole hae l+-r, l+ 


For convenience we give the following general 
formulae which are useful in particular compu- 
tations: 


Vie (df (pr) = — i | Rx se] f (Or) = iipxr)/’, 


Wa) f (or) RES RaE (pr) 
=—(14+1)rf + (p—r (pr) f’, 
Vai () F (pr) = R~"— FR’ F (pr) = lef + (p—r (Pr) f’, 
(20) 
and note that 
Vii (1 =0)-1 =—r. (20’) 


By means of these formulas we obtain, for example, 


forer = 0) 


IO CPISCHERVanadgs>s CIUG Dd 


1 fp ppy8 
(4n)"  YWi(l-+1) 


and similarly for 7 + r =1 + 1(/] depends on p-q). 
Continuing further, we can obtain #lsé , 1,7 10r 
[gf = 2, 3, etc. For example, 


iL = r[pxq] 7, (21) 


peor ae 6s er 
Feu = ~~ (Anye [i+ 4) (21 —1) (21 + 3) Aah 


— 3(pq — (pr) (qr)) #: — 3 (r [pxql)? Pu}: (22) 


4. The introduction of an integral spin can be 
done in similar fashion. One need only make the 
formal substitution 


tee Or V And, tr Xe (23) 


In this way, we obtain angular operators for proc- 
esses of the type 
Si 1 oy Sor On: 


where vz is a particle with spin 1, 2, 3 etc. For 
example, in the case of a particle with spin 2, we 
obtain from (22) by using (23) 
4 = V5 2l+4 

~ -'3 pan [L(+ 1) (221) G1 £3)] 
— 3 (pq das — Pa 9.) P; — 3 [Px ]a [Px q[s 77} ec ep. 


or aol (E+ 1) P; 


We note that for spin 1 the form of the operators 
Q simplifies considerably if we use (20’) and (23): 


Lee 1 +1 tO} Be 1 0 


V+ 1) 2Q0+1) VIi+1 


? 


450 4 Lg 
Vi(2t+4) 
It is known that these operators transform the 
spherical harmonics Yj" into spherical vectors. 
5. Let us show on a few examples how one can, 

by this method, obtain from the operators for the 
reaction 

Sop ee ae (24) 
the angular operators for the reaction 


stwN 


> Sy Se + NG 


which were given in Tables I, II and III of our 
earlier paper.’ It is known that the angular opera- 
tors for the process (24) have the form* 


(+ 1) Pe + iP Py} (4x for j=l 44, = 14 Y, = j, 


(25.1) 
{(—(U + 1) opPy + oP.P;} /Anfor j’ =U 4 fa 
(25.2) 
{—UopPy — oP, Py} / 4 for j’ = l’ —1/, =14 1, = i, 
(25.3) 


*In the following we shall use the notation introduced in 
reference 3 and also used in Sec. 5 of reference 1. In particu- 
lar we recall that Py = [pxr], P, =r—p(p-r). 
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(Py —isP, Py} /4nfor j’ =i’ —1/,=1—1, = j, (25.4) 


where [ is the orbital angular momentum of the 


final state and the Legendre polynomials Py depend 


on p:r=cos 8. We note that s, s’, S; and s» cor- 
respond to particles with spin zero and without 
definite parity; if the parities of s and s’ are the 
same, only the first and fourth channels are 
allowed. 

a) The four angular operators of Table I in 
reference 3, corresponding to the quantum num- 
bers 1; = 0, 1, =I’, can be obtained from (25.1) 

— (25.4) by multiplying by 1/V4m: (11) = (47)717 
(2521), (12) = (4a) & (25.3). etc. 

b) The first four angular operators (II 1 — 4) 
of Table II in reference 3 can be obtained from 
(I 1 — 4) in the following fashion: 


Or — 0, +, j= 2) 152; 3; 4) = (Ul 1; 2; 3; 4), (26) 
where* 
Oe Vo a Va a ee: 


Let us, for example, verify the second of the 
relations (26). We have 


—oq(I 2) = (4n)—” {ly + 1) (oq)(op)P, 
—(eq)(oP,)7,} = (III. 2). 


We note that the angular operators (13) and 
(Il 7) can be associated with diagrams which 
clearly show the connection of the orbital angular 
momenta (cf. Fig. 1). The angular momenta of 
the initial state are on the right, those of the final 
state on the left. To each angular momentum 
there corresponds one line, where a spin is 
indicated by an arrow. From the diagram it is 
also clear how the operators © act. 


FIG. 1 


c) Let us calculate the angular operator (III 7) 
by means of (III 1) (cf. Fig. 2). We have 


Ql = V} V9, /y30 <2} V3 t => <le: V0: le» 


VEY 4 Vila (Qi, £3), 


where Vj and Vi are equal, according to (14) 
and (17), to the following expressions: 


*The results of Sec. 2 are valid for an orbital angular mo- 
mentum and an integer spin, but the relation V° = 0/2 analo- 
gous to the second of formulas (14), is also valid. 


FIG. 2 


V oe sri ols), Fi 
Tea I, 
The computation gives the result 
QQ? (TIT 1) = — (4st)—*[l, (2l, + 3)]—” {(é (21, + 3) Py gq 
— (2 + 3) (ar) (pq) + fs (ap) (rq) + (¢q) (pr)) Pz, 
— (3(oP,) (Pq) + ¢q (pr)? — 1)) Py}. (27) 
We note that in this way we can obtain the angular 


operators ina much simpler form than they were 
given in reference 3. 


= — t[Q*X0 / dQ); 
— i{RX0/ OR}. 


I 


CONCLUSION 


From the analysis given we see that the pro- 
posed method for computing angular operators is 
simpler than the algebraic methods which are 
usually used. In particular, it is simpler than the 
method given by the authors in reference 3, and 
besides it has a more general applicability. As is 
known, the algebraic methods (which make use of 
the Clebsch-Gordan and Racah coefficients ) lead 
to difficult computations which restrict their ap- 
plicability in angular and polarization analysis to 
only the simplest processes. On the other hand, 
the differential methods retain their simplicity 
even in the case of complex processes. Besides, 
if one knows one or more angular operators, the 
computation is simplified, since the proposed 
method is a recursion method. 
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The reaction N+ 1—-N+2+7 for 300 to 550 Mev incident mesons and the reaction y + N~ 
N+a+7 for 450 to 700 Mev y quanta are studied phenomenologically. It is shown that a simple 
model, according to which the production of a meson in meson-nucleon collisions proceeds 
mainly via the transition Ds/, => P3/, S3/, , is in agreement with all available experimental data. 


Tue reaction N+a7—~>N+2+7 for incident me- 
sons with energies of 300 to 450 Mev has been 
considered earlier! under the assumption that in 
the final state one of the mesons and the nucleon 
are created in the resonance state (*/,, */.) with 
an energy which is in most cases of the order of 
the resonance energy. The interaction of the 
second meson, which requires little energy, can 
in this case be neglected in comparison with the 
resonance interaction of the first meson with the 
nucleon. For incident meson energies above 450 
Mev this approach becomes incorrect, since the 
second meson will require more energy, and the 
interaction of this meson with the nucleon must 
also be included. The interaction of the two me- 
sons with the nucleon must be considered also 
for energies below 450 Mev, if the reaction pro- 
ceeds in such a way that the first meson and the 
nucleon do not in most cases interact with an en- 
ergy of the order of the resonance energy. In this 
case both mesons have an energy which is some- 
what below the resonance energy and interact 
rather strongly with the nucleon. 

In the present paper we consider the reactions 
N+a7-"-N+a7 +7 and y+ N—-N+2+7 for the 
case when the interaction of both mesons with 
the nucleon has to be accounted for in the final 
state. We shall use the approximation of a static 
nucleon; everywhere in the following we shall 
consider the mass of the nucleon infinitely large. 
As in reference 1, we assume that the energy 
dependence of the matrix element is determined 
solely by the interaction of the particles in the 
final state and that the meson-meson interaction 
is small. We assume further that the additional 
meson is created in such a way that in the final 
state one of the mesons and the nucleon are in 
the resonance state (7 whys while the other me- 
son has an angular momentum L which is either 


zero or unity. If the second meson has angular 
momentum one, it can enter into a resonance in- 
teraction with the nucleon. This interaction leads 
to the appearance of an additional factor in the 
transition amplitude qz2 sin 6(q)), where qd, is 
the momentum of the second meson, and 6(q) is 
the meson-nucleon scattering phase in the state 


(Jin): 
1. THE REACTION N+7—7N+7+7 FOR 
MESON ENERGIES OF 300 TO 550 MEV 


In this case the following transitions are pos- 
sible (the notation is the same as in reference 1): 


Ds),— P/,S2/,, P1,— Ps),01/,, Ps), —> Ps),Ps),. (1) 


The matrix element corresponding to these 
transitions has the form 


Ci, maingy sin 8 (41) Game sin’é (42) 
4 > Cee OS ae (qi)Y¥ em—m (qo); (2) 


qi and qd. are the momenta of the mesons, t is the 
isotopic spin of the system, A is the orbital angu- 
lar momentum of the incident meson, ay, are con- 
stants which must be determined by comparison of 
the calculated expressions for the cross sections 
with the experimental data. Since L is either 0 or 
1, the factor as sin 6(q)) comes into play only if 
i= eal 

The connection between the imaginary and real 
parts of re can be found in the same way as, for 
example, in reference 2, by using the unitarity of 
S matrix: 

Im (ai,) = aj, exp (— inj,) sin Nha» (3a) 
where nt is the meson-nucleon scattering phase. 
As intermediate states we used here only one- 
meson states. It follows from (3a) that 


(3b) 


ay -* bi exp (ini,)s 
t 


where biL is a real quantity. 
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a 
€ Ex tabyMev | Ey tap, Mev ibs fie ip i 
2,65 290 450 i OL 0.005 0.03 0,042 0,154 
2.9 340 300 | 0,4 0.018 0.08 0.09 0,30 
tei 380 040 0,9 0.049 0.20 0.24 0.66 
ae 420 975 “lacs OMG On35 0,43 0,86 
3,9 470 520 156 0.490 0.55 Onz0 0.90 
ort! 510 660 lew! 0.200 0,60 1,00 0,76 


With the help of computations analogous to those 
done by us in reference 1, we obtain from (2) the 
following expression for the angular distribution 
of the mesons in the center-of-mass system 
(c.m-s-) 

4nds /dQ = 6, + b, cos 8 + by (3cos? 6 — 1) / 2; 


by = (A, + Ap) /, + BI, 6b, =Cl3, b, = DI,+El,. (4) 


The quantities I,, I,, and I; depend only on the 
total energy of the system. Their values are given 
in the table; there we also list the value of the en- 
ergy of the incident meson or y quantum in the 
laboratory system. The constant coefficients A,, 
Ay, ..., E depend on the type of reaction and on 
the meson whose angular distribution we are con- 
sidering. All these constants for all reactions 
N+7—~*~N+7+7 are expressed in terms of six 
real parameters bjj,. The explicit form of the 
coefficients for various reactions is given in the 
Appendix. 

We can also obtain the energy distribution of 

‘the mesons, 


ds 

Taal 
i pou 6 (@) sin? 6 (e — @) 
(w? — 1)? ((e —@)?—1)? 


sin? 6 (@) 
1 (@?— 1)? 


sin? 6 (e — @) 


3) 
+0(e— 0) fo? —1V (e—0)? —1, 


| A 
ro 4 


VipeVMet Re 
>(V1+e2+V Mek?) 


(5) 


where w =v 1+ q2 is the energy of the meson 
under consideration, € = w; + W, is the total en- 
ergy of the two mesons, and k is the momentum 
of the incident meson in the c.m.s. As in formula 
(4), the coefficients A;, A, and B depend on the 
type of reaction and on the meson whose energy 
distribution we are considering. 

The behavior of the cross section (4) as a 
function of the energy is determined by the co- 
efficients bo, b;, and by. These coefficients de- 
pend on the energy only through the functions Ij, 
I,, and I. In the region of 300 to 450 Mev the be- 
havior of I;, I,, and I; is the same as that of the 
analogous functions introduced in reference 1; 
therefore, the behavior of the coefficients bo, by, 
and b, in this energy region will also be the same 
as that of the analogous coefficients in reference 


1. Formula (4) will thus also be in good agreement 
with the available experimental data in the region 
of 300 to 450 Mev, just as the corresponding for- 
mulas of reference 1. For higher energies there 
are not yet any data available with the help of 
which the energy dependence of the coefficients 

bo, by, and by could be tested. 


It is seen from the foregoing and from formula 
(4) that our present formulas for the total cross 
sections are in complete agreement with the for- 
mulas of reference 1, if the main contribution to 
the meson creation process comes from the tran- 
sition Dy, 53, S3/,- In this case and also for 
higher energies, the same relations between the 
total cross sections of the various processes must 
obtain as in reference 1 [formula (4)]. It follows 
from these relations that the ratio of the total 
cross sections of the processes 


ntt p—p-+1°+ nanan 4 


is equal to three. This does not contradict the ex- 
perimental value ielang ae (reference 3). Thisican, 
perhaps be regarded as evidence that the process 
mainly involves the transition We ee Ps, S¥, also 
at higher energies. 

Below we shall treat in more detail the case 
when the main contribution to the cross section 
comes from the transition D3, = Pay, 83, In this 
case the cross sections for the five reactions 
N+a—~-N+a7+7 are SANE SCe in terms ws the 
two unknown real parameters b;/2 9 and b3/2 


and the meson-nucleon scattering phases mg/ 
and aie, in a wide region of energies (300 to 


550 Mev). The ee ae, in the cross section 
in the form cos (13/2 ra aig ). The phase Hye 
is small; the same cannot he said of the phase 
"3h ,2 since there is a resonance in the state D3p 
at the energy 650 Mev. pS LAD according to 
Burrowes et al.,* cos nyp 2,2 is not smaller than 
0.85 for the energies under ie We 
shall therefore regard cos (13/2 ea m3 n as equal 
to unity. up 3/2 

The two parameters bis, 9 and Da‘, 9 can be 
determined from the data of Willis® on the summed 
cross section of the reactions 1* + p y 


an Dr +1 
and nm? +p—7n+a +7 and from the data of 
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Perkins et al. on the cross section of the reaction 
T +p—-nt+a +7 (reference 5). Then the cross 
sections of the possible reactions N+ta—~N+7+T7 
in the energy interval 300 to 550 Mev are given by 
the following expressions (cross sections in milli- 
barns ): 


o(n* + pon+a° -- 0’) = 0,5), 
6(p+mu sent+n' +m) =2.3h, 
s(t + p>p+ n+ a) = 1.6), 
6(pt+musn+ n+ n°) = 3.2h,, 
EL = Peed hp 


(6) 


Of further interest is the ratio of the number of 
fast mesons over the number of slow mesons for 
various reactions and various energies. This 
ratio can be obtained with the help of formula (5). 
It is equal to unity for the 7m in the reaction 
m+p—~-n+n+ and for the r° in the reaction 
nm" +p—-n+ 7’ + 7°. For the other reactions we 
have from (5): 

N( poe > pa ns at"; 0°) 

= (/, + 0,35/,) / (0.357, + Js), 
N(p+m ~n+n +2; wv) 

= (0,717, + 1.7/5) {1.7/4 + 0.7115), 
N(p-% >p--" 4 1°; w) 

= (1.3/4 + 0,8/) / (0.814 + 1,3/5). 


G(p = > Pe We 


(7a) 


If € =w,+ We, the summed energy of the two 
mesons in the c.m.s., then N(a*+p—p +7° +7"; 
n°) is the ratio of the number of neutral mesons 
with an energy larger than €/2 over the number 
of neutral mesons with an energy smaller than 
€/2 in the reaction r*+p—-p+7 +7". For the 
m mesons this ratio is given by the expression 


N (a* + p>p+ n+ 0°; a) 


=1/N(x*+p—>p4 


peony) (7b) 
I, and I; are functions of the total energy only. It 
follows from the data of Batusov, Bogachev, and 
Sidorov( see reference 5, p. 81) that for m and 
a inthe reaction 7 +p—-n+a' +7 at the en- 
ergy 290 Mev, these ratios are equal to 1.0 + 0.5 
and 0.45 + 0.25, respectively. Formulas (7) give 
the values 1.5 and 0.65 for these ratios, which is 
in agreement with the experimental data. 


2. THE REACTION y+N—-N+7+7 FOR 
Y QUANTUM ENERGIES OF 450 TO 700 MEV 


Two mesons can be created by photoproduction 
in the following reactions: 


Ve. V.AANISOVIGH 


ytnaorntnu +m, 
Y¥tnopt+qr +7, 


y¥tno>nt n+ qn. 


(ed eed Dag I GAL 
| p — fh oh 1 + ole 
y¥tp—op+m+n, 


(8) 


Since one of the mesons and the nucleon are 
necessarily in a state with the total isotopic spin 
ae , the transition amplitudes corresponding to 
these six reactions can be expressed in terms of 
the three independent amplitudes with total iso- 
topic spin V5 and projection be total isotopic 
spin us and projection a and total isotopic 
spin Ve (reference 6). With this assumption, 
each of these reactions can proceed via the fol- 
lowing transitions: 


El as Ps),83),, 
M1 ; E2Q—> Ps/,D3),, 


(9a) 


M1 — P»,py,, E2—> Pu py, (9b) 


The expression for the differential cross sec- 
tion can be obtained in the usual way; we find 
Ands /dQ = Al, + BI, + Cl3cos 6 

+ (DI, + El.) (3.cos? 9 — 1) /2. 

According to (8) and (9), the constants A, B,..., 

E will in this process be expressed in terms of 12 
constants. It is meaningless to express the coef- 
ficients A, B,..., E in terms of such a large num- 
ber of unknown constants. The constants A, B,..., 
E should therefore be considered independent for 
each of the reactions (8). Formula (10) allows us 
only to determine the energy dependence of the 
cross sections. 

Sellen, Cocconi, Cocconi, and Hart’ have meas- 
ured the cross section of the reaction y+p—->p+t 
t + @ ina wide energy interval. They obtained 
small coefficients in front of cos @ for the angular 
distributions of the 7 and m* mesons in the re- 
gion of 500 to 700 Mev. This indicates, perhaps, 
that the process goes mainly via the transition 
E1— P3/83/2. Estimates show that the magnitude 
of the coefficient in front of cos 6 in the angular 
distribution of the mesons can be explained by a 
ratio of 0.2 between the contributions from the 
transitions (9b) and the total cross section. 

If the process goes mainly via the transition 
El — P3,.83/., the total cross section has the form 


(10) 


The coefficients A for the various processes 
will be expressed in terms of the three constants 
d, (t are the isotopic spin variables). The ex- 
plicit dependence of the coefficients A on dt is 
given in the Appendix. The imaginary and real 
parts of the coefficients d, are connected by a re- 
lation that follows from the unitarity condition. 


RESONANCE MODEL FOR REACTIONS N+m—~>N+t+7+m7 AND y+N~oNait 


By a method analogous to that leading to (3), we 
obtain 
d: = c; exp (ig;), sin @; = CE Y¥pab49 SiN Tepe (12) 
t 
The quantities Be and Tg 75,2 were introduced 
in (3), and co; isa real constant. We have written 
the matrix element for the photoproduction of a 


single meson in the state D3/. in the form 


<n | Nn)>= Teo SiN Ny, EXP (2M5,,9)- 


Thus the six photoproduction cross sections (8) 
are in this case expressed in terms of three real 
parameters. 


Jmb 
we 
60 te 
/ 
e 
/ * 
/ Solid curve: total cross 
: section of the reaction 
| y+p7pt+m++m-;’ dashed 
Li) / curve: cross section calcu- 


! lated by formula (11) with 
/ A = 49 mb. 


Sis S00—*600 Ey tem, Mev 


Formula (11) gives satisfactory agreement with 
the experimental data,’ as is seen from the figure. 
The expression for the cross section obtained by 
formula (11) leads to a value which is smaller than 
the experimental value by a fourth in the interval 
500 to 600 Mev and larger by a fifth in the region 
600 to 700 Mev. 

In the present paper and in reference 1 we con- 
sider a rather simple model according to which 
the process N+ 1—~N+7+7 goes mainly through 
the transition D3), ~ P3/.83/.- This model predicts 
correctly the energy dependence of the coefficients 


in the angular distribution of the created particles.! 


Moreover, in this model all cross sections are ex- 
Le in terms of only two unknown parameters 
by’? ; and biz ate In this model it is therefore pos- 
sible to express all total cross sections and energy 
distributions of the created particles solely in 
terms of known functions of the energy, Ij, I,, etc., 
once two arbitrary different experimental quanti- 
ties are known. The three quantities predicted in 
this way (the ratio of the cross sections for 

ptm —-n+7 +7 and ptm—-ptnr +n’, the 
ratio of the number of fast 7 mesons over the 
number of slow a mesons and the ratio of the 
number of fast 7 mesons over the number of slow 
m mesons in the reaction p+ —~nt+a+7 for 
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an incident meson energy of 290 Mev) are in agree- 
ment with the experimental values. 

The energy dependence of the total cross sec- 
tion for the reaction y+ p—n+ a*+am isin 
qualitative agreement with the predictions of the 
model. However, owing to the paucity of the ex- 
perimental data on the photoproduction of two 
mesons, it is impossible to make a detailed com- 
parison. 


APPENDIX 


We give the expressions for the coefficients Aq; 
A», ..., E entering in formula (4) for the 7 mesons 
denoted in reference 1 by the symbol 71 (1): 
ee Dd) atyaty Re (aban), 


tt’ 


[3 = ») AG Arye | 


tt’ 


= By" 


i ~ BiBe ’) Re (i311) 


== ( ApH = O48" 5 BeBe’) Re (A/a) 
C= B(— FV gore —2V FB) Re (aba) 
+ (— ve ouBy + = 7 BiBr-)Re (ara) 


ie wate 
D=)) = Hy Re (ae/,90%/,9), 
tLe 
al — : = 2 
B= SM (—8V Pavan + 8YV arb —2V abe 
tk 


Da ff Be. t* 4" 
ols ByBy-)Re (@i/,102,,1) 


ir (= trot + = OB — 5 B:Ber) Re (aaa) . (A.1) 
A, is obtained from A, by replacing a; and ay 
by 6, and By. The numbers a; and #; for various 
processes are given in reference 1. 

We give now the expression for A in formula 


(11) in terms of dj: 


A= Di (aie + Bir) Re(dede). (2) 
tt’ 
at and 6, are numbers which for the various 


processes are equal to 
t 3/2 
By = CimprteCinian - 


t and 7 are the total isotopic spin and its projec- 
tion on the z axis in the final state, uw and v are 
the isotopic spins of the mesons, and 2 is the iso- 
topic spin of the nucleon in the final state. 


tt 3/oA-+-V 
bt = CypaprpvCiviyrr » 
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ANISOTROPIC PROPAGATION OF LONGITUDINAL ELECTROACOUSTICAL WAVES IN A 
DRIFTING PLASMA 


. LIPEROVSKII 
Moscow Power Institute 
Submitted to JETP editor June Hal, USO 
J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1363-1366 (November, 1960) 


The experimentally observed anisotropy in the propagation of low-frequency electro- 
acoustical waves in a low-pressure gas-discharge plasma is explained theoretically within 
the hydrodynamic approximation by including collisions between charged particles and 
neutral atoms. From the derived dispersion equation it is found that plane waves of a given 
frequency will propagate under certain conditions from cathode to anode with an increase in 
amplitude and from anode to cathode with a decrease in amplitude. This anisotropy is due 
mainly to the combined effect of charged particle — atom collisions and constant drift 
motion. In the presence of boundaries the anisotropy is enhanced. 


eer us consider the propagation of a plane longi- 
tudinal low-frequency wave in a plasma consisting 
of two kinds of charged particles, electrons and 
ions, drifting in opposite directions in a region 
filled with a neutral gas. The neutral gas is of 
such density, moreover, that the collision fre- 
quency of electrons and ions with atoms is about 
the same as their wave frequencies in coordinate 
systems moving with the drift velocities. 

To describe the oscillation process we shall 
make use of Vlasov’s! hydrodynamic approximation 
to the equations of motion, with an additional term 
to allow for collisions on the following model. We 
assume that in every collision with a neutral atom 
a charged particle loses its excess momentum due 
to the superimposed oscillation. If this excess 
momentum is directed against the drift velocity, 
the charged particle will be accelerated in the 
drift direction by the collision, and vice versa. 

Let An denote the totality of electrons with 
velocity up + uy. During a time At some of them 
(q;At) will collide with neutral atoms (qj, is the 
fraction of the electron gas that collides with 
neutral atoms per unit time). We assume that in 
the collision the electrons lose a fraction, k,, of 
their excess momentum. Thus, the total momen- 
tum change is Ap; = —q,k;m,u,AnAt. If we set 
Giki =, then the ‘‘friction’’ per unit mass due to 
collisions with the neutral gas is — q,U,, and, 
correspondingly, — q2v; for the ion gas. We 
assume that the wave oscillations are small and 
take the direction from the cathode to the anode as 


positive. 


The basic linearized equations for one-dimen- 
sional flow are as follows: 


2 
Ou, , Ou UT; Opi, et 
On Uno ones Po Ox | m Ey — hits ; 
Ov, Ov, aes UT, Od, \ e2 E . ( ) 
al 0x Goon Wn Tole 
Ouy | Ov Op, Ov; Ody = Od, 
Po ax 1 Mo Gx aye dy Ox 90x op» (2) 
OF, ey eg 
Ox An ( r1 if 7 (3) 


Here (1) is the Bernoulli-Euler equation, (2) the 
equation of continuity for the electron and ion gas 
respectively, and (3) Poisson’s equation. 

In these equations uy and vp represent the 
drift velocities, vT, =v 3kT;/m, and vT, 
=v 3kT,/m, the sound velocities, u,; and v; the 
velocity perturbations, p; and d, the density per- 
turbations, T; and T, the temperature, e; and e, 
the charge, m; and m, the mass of the electron 
and ion gas respectively, and qj, dy the collision 
rate between charged and neutral particles multi- 
plied by the average fractional loss of excess 
momentum. 

Since we are concerned with the propagation of 
a plane wave with a given frequency w, we seek 
solutions of the form 


hex Metso: 
(wt ) dy a dee’ (@ 2) 


(4) 


Proceeding in the usual way we obtain the disper- 
sion equation: 
w2, | ((@ + ok)” 


+ 02, /[(@ — oyh)* — 03,8 — igo +> igadgh] = 1, 


0 
Pr 272 


iqyuyk] 


v7.k* — iq@ 


(5) 
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where The following are the specific data for one of the 
2 2 a a oA experiments’: a discharge with i = 30ma, E)= 2 
Ca aac Tee As v/em, and T, = 2.05x 10° K was ignited ina He -filled 
For frequencies, wave numbers, and drift tube with a radius of 1.5 cm and p = 0.01 mm Hg. 
velocities that satisfy the relations Induced oscillations with a frequency v = 250 kc/sec 
© wm Il8le7, |Fl%, |Rlue |eleo mam <1 were found to move only trom the cathode to the ; 
Or? O27 Or ? Oe 7? Bor 7 — ox” Wor” Ove ’ anode. Under these conditions (see Engel’s book’ ) 


(6) 
we can neglect fourth-order terms in comparison 
with those of the second order. 

Equation (5) can be reduced to the form 


Up = 1.18 x 108 cm/sec vp = 1.20 x 10° cm/sec, the 

cross section for electron collisions with helium 

atoms is 0; = 2.53 X 107!° cm? while that of ions 

with helium atoms is 0) = 10 1077* cm*s The 

@? + 2Awk + Bk? — iDk —iCk =0, (7) density of the neutral gas is Na = SS 15G10 4 

A = uy, | Mm, — Vp, B= v2 — v2, + (u2— v2.) m/ me, atoms/cm? at 20 Cc and T, * 2000°K. . 

C = qm, | m, + qe, D = quuymy | mz — 4209, i On the assumption ineetne electrons and ions 
have Maxwellian distributions, the fraction of 

electrons colliding with neutral atoms per unit 

time was found to be 


where we have used the fact that w?,/wi) = m2) /m4, 
N, =N>, and m, >> m,. Substituting k =a + if 
and equating the coefficients in the real and imag- 


: F ~ Nove y | ug / uo \2\ 1 us ae fo tGg 
inary parts to zero, we obtain ay, | eo 0 ( pee iD [ie 
_ q Vu Uo lie ( Ll | | ee ce i ( el 
B= (4D 4+ @C) / (4B + oA). (8) (10) 
The dispersion equation for a appears as where i 
B faD+ aC \2 D saD + oC Os \ e-! dt, es 2kTy 
ee A408 = Boe 4 aa + = 2 en +A : (9) ce \ ao my 


Equation (9) has two real roots a, and Q», witha 
negative sign for a wave propagating from the 
cathode to the anode and a positive sign for one 
from the anode to the cathode, while f,; and p, 
represent the attenuation coefficients of the corre- 
sponding waves. If |D|>|wC/a| and |B| 

> |wA/a| then f; and £, have the same sign 
when qa, and ay are of unlike sign. When £;,, 

< 0, the wave from the anode to the cathode de- 
creases exponentially in amplitude, while one 
from the cathode to the anode increases (the 
equations are valid as long as the linearization is ). 
This anisotropy is due mainly to the presence of 
the coefficient D, i.e., to collisions with the atoms 
at a constant drift velocity. The mechanism re- 
sponsible for the increase in the wave amplitude 
can probably be discovered only by kinetic 


The formula for q,) is similar. 

Let us assume that in collisions with the walls, 
just as in collisions with neutral atoms, the charged 
particles lose the excess momentum acquired from 
the wave. For the fraction of particles colliding 
per unit time at the point (x, t), let us now take 
the ratio of the number of particles that have col- 
lided with the neutral gas and with the wall to the 
total number of particles in a volume contained 
between two sections perpendicular to the tube 
axis. 

The result is that the collisions with the wall 
add a term vay/RV7 to Eq. (10) (R is the radius 
of the tube). An analogous term is also added to 
the formula for q. 

Under the above conditions, assuming k, = Kk 
= 1, we find that q; = 1.19 x 10° sec"! and Qo = 2.20 


goad) teas nould be neice merely thatthe x 10° sec”. A graphical solution of Eq. (9) yields 
mechanisms of increase in longitudinal oscillations 

in the plasma currents, investigated by Filimonov,’ a = —0,48em", 8, = — 0,05em", 

have nothing to do with collisions. dt, = 0.45cem"?, B, = 0,12emr?, 


The oscillations discussed above are of an 
electroacoustical nature, as can be seen if one 
obtains the relationship of the wave amplitude on 
the carrier concentrations. 


Hence the phase velocity of the wave is 


V pm = 32,1-105 cm/sec. 


Equation (9) explains the experimentally ob- Since the wave is described by the factor 
served anisotropy® in the propagation of electro- exp (iwt + iax — Bx), we see that the first solution 
acoustical waves in a gas discharge plasma, and describes a wave with slowly increasing amplitude 
yields for the phase velocity of the wave a value propagating from cathode to anode. No increase 
that coincides with the experimental value. in amplitude was observed experimentally, but the 
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phase velocity of the observed wave? (31.8 x 10° 
cm/sec ) agrees quite well with the computed 
value. 

The second solution applies to a rapidly atten- 
uated wave from the anode to the cathode, which 
was not observed experimentally. If the bounda- 
ries are ignored, the anisotropy under the same 
conditions and in the same qualitative circum- 
stances will be less. 

In conclusion I wish to thank Prof. A. A. Vlasov 
for his interest and critical review of this paper 


and A. A. Zaitsev for his aid with the experimental 
comparison. 
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The problem considered is that of the radiation from a uniformly moving charge in a medium 
with random inhomogeneities. Expressions are obtained for the intensity, the polarization, 
and the directivity of the radiation. It is pointed out that as the threshold for the Cerenkov 
effect is approached there is a logarithmic increase of the radiated intensity. 


TN charge moving uniformly in an inhomogeneous 
medium must give rise to radiation due to the 
polarization of the medium. If the inhomogeneities 
of the medium are randomly distributed, then we 
get incoherent radiation caused by the polarization 
of these inhomogeneities. This effect can be re- 
garded as a special type of transition radiation at 
the inhomogeneities of the medium. It is obvious 
that these phenomena are analogous to the scatter- 
ing of light and can be described in terms of the 
scattering of the waves that accompany the motion 
of the particle. Unlike the Cerenkov effect, the ra- 
diation at inhomogeneities of the medium will 
occur also at speeds smaller than the phase veloc- 
ity of light in the medium. 

For the calculation we represent the field 
caused by the motion of the charge as a sum of 
plane waves (cf. e. g., reference 1). Whena 
charge moves with the velocity v the field pro- 
duced is excited by the charge and current density 
distributions 


o=e0(r— vt), j = evd(r — vb). 


When the electromagnetic field from these sources 
is represented as Fourier integrals describing the 
variation with the coordinates, the field is described 
by the following Fourier components A, of the 
vector potential and , of the scalar potential 


e 4 


e Vv F 
ot @ — 
k 2m k2 — we / ct 


= = SS ee —iot 
250c k? — we / c? Y 


Ax 
From this we have for the spatial Fourier compo- 
nents of the electric field, which depend on the 
time, 


te ov/c?—k/e 
2n2 k® — we/c? 


Bo o A, — ikg, = Cae (1) 
where k is the wave vector; € = € (w) is the dielec- 
tric constant at frequency w; w =k-v = kyv; v is 

the speed of motion along the x axis. 


Let us consider the radiation from the fields at 
the inhomogeneities of the medium, using the 
usual arguments of scattering theory. For scalar 
scattering on random inhomogeneities of the 
dielectric constant of the medium, the radiation 
is emitted from volumes that are small in com- 
parison with the wavelength. This corresponds to 
Rayleigh scattering at small particles or at fluc- 
tuations of the density of the medium, on the as- 
sumption of dipole radiation from the scatterers. 

The total intensity of the incoherent radiation 
in the frequency range dw is obtained by summing 
the intensities radiated from the individual scat- 
terers over the entire volume V: 


8104 Ve 
Mo, = 328 


(WV |/PoP dV do, 

: 

where N is the number of scattering centers in 
unit volume, and Py, is the Fourier component of 
the dipole moment of a scattering element with 
the polarizability a. Since P,) = aEy), the total 
intensity is given by 


8nwt V eNa® 2 
nf ered EES (IE. dV do. 
We see that the scattering properties of the me- 
dium are entirely determined by the extinction 
coefficient 


8104 
5 = 


4 —— 
aa Na® = Vo? 


(2) 


The extinction coefficient has the dimensions of an 
inverse length. The distance L = 1/s = 1/No is 
essentially the range of radiation in the scattering 
medium; L is determined by the scattering either 
at fluctuations of € or at scattering particles 
which are characterized by a cross section o. 

The integral of |E,|? over a volume that is 
unlimited in the y and z directions and is of 
length 7 in the x direction can be expressed in 
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terms of the Fourier components Ex by the 
formula 


Bi \\ ExEx dky dk. 


0 —Co 


IN VE. |’ dx dy dz — & a 


Thus we get for the radiation from unit path length 
in the frequency range dw the expression 


: dl, __ 4m*sc Ve 
ldo v2 


iN E,E, dk, dk:. 


Using the relations (1) and (2), we break the inte- 
grand up into two parts, 


eee 2sc2 Ve \\ f (@ /v)? (eB? — 1)? 
CANS ae) emmy 320 ae 2 2 
ce J) (ojo)? (428%) + B+ BP 


Rit 1 2 
ies = | 
i [(@ /v)? (4 — eB?) + ee an Pye dky dk, (3) 


where f = v/c. For the integration it is convenient 
to change to polar coordinates in the plane of ky 
and kz: 


In the first part of the integral we have sepa- 


rated out the terms that are due to the polarization . 


of the volume by the field Ex directed along the 
motion of the charge. This integral converges at 
all values of p” and gives 


2me*s 


Deve = (1 ae eB). (4) 


cB2e/? 
The integration of the second part of Eq. (3) gives 
the radiation that is due to the polarization of the 
volume by cylindrical waves with the fields Ey, 
EZ, 


stele age pep? 
= ae ( o?(1— ep?) 1) , (5) 
where po denotes the upper limit of the integra- 
tion with respect to p. 

Let us examine the behavior of the integrals for 
€8* < 1, i.e., below the threshold of the Cerenkov 
effect. Unlike the integral (4), the integral (5) di- 
verges logarithmically at the upper limit, which 
corresponds to small distances. At small dis- 
tances, however, the microscopic treatment of the 
scattering is illegitimate, and therefore we can 
simply introduce a certain limiting frequency w~ 
= p../v, corresponding to this restriction. Thus 
the complete spectral density of the energy radia- 
ted by the charge per unit path length is given by 

UES Hh 


iat Shes Peat (6) 
venga me V1—«? ef?) 
Let us find the distribution of the polarization 
and intensity of this radiation. In view of the di- 


J eave 


— 
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pole character of the radiation from the scatterers, 
we get for the slate distribution of the radiation 


CC =e «sin? 0 + = Joye(l --+-cos* $)]ds, (7) 
where do is an element of solid angle and v is the 
angle between the direction of observation and the 
motion of the charge. 

A quantity of practical importance is the ratio 
of the intensities emitted in directions along the 


path and transverse to the path, which is given by 


J In[o@,, /@ V1 — eB? —}/5 


ie In [@,, /@ V 1 — eB?) — eB? + 1/, ; 


Since the radiation from Jx is directed only 
transverse to the path of the particle, the radiation 
directed along the path of the particle is not polar- 
ized, as is already clear from considerations of 
symmetry. The degree of polarization P of the 
radiation directed transverse to the path depends 
on the velocity: 

P, — In[o,,/o V1 — e8*] —/ 
(i haps 4 — eB? 


(8) 


at 


Let us express the formula (6) for the total in- 
tensity of the radiation in terms of the number dn 
of quanta of energy hw that are emitted in the 
frequency range dw in unit path length: 


ee res (eet ep | (9) 


heme? | 


oh = 


where d = 27c/we'” is the wavelength in the 
medium. 

A basic feature of the radiation at random in- 
homogeneities of the medium is its logarithmic 
increase with approach to the condition eB? — 1, 
since the velocity dependence of the other terms 
is small. The value of the limiting frequency Wo, 
or the corresponding value of the minimum impact 
parameter, determines the part of the radiation 
that has only a weak velocity dependence for large 
B. 

The magnitude of the effect itself can be com- 
pared with the intensity of the Cerenkov radiation, 
which occurs in the medium for €6”> 1. In the 
notations we have been using the intensity of the 
Cerenkov radiation is 


ne, 


e2 
hice B? (ep 


ie = 


In the case of a gas the ratio of intensities 

n/nc for 6 ~ 1 is given in order of magnitude by 
the ratio of the polarizability of the medium to its 
scattering properties, 


n[ne ~a/h}, 
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i.e., it is determined by the ratio of the polariza- 
bility x of a molecule or particle to the cube of 
the wavelength, and does not depend on the number 
density. 

The possibility of studying the effect depends 
on the size of the scattering in the medium. It is 
obvious that the size of the volume in which radia- 
tion from the charge occurs must be smaller than 
the range L of the radiation, in order for it to be 
permissible to neglect secondary scattering and 
depolarization of the radiation. 

It would be interesting to observe the smearing 
of the Cerenkov radiation near the threshold owing 
to the logarithmic increase of the radiation from 
inhomogeneities of the medium. 

If the medium contains atoms that give reso- 
nance scattering, they will also be excited, since 


the medium scatters strongly at these frequencies. 
This excitation of atoms will occur even if the 
density and effective cross section of these atoms 
does not lead to local reaching of the threshold for 
Cerenkov radiation at the resonance frequency. 
Thus there can be excitation of small impurities in 
a gas if the main substance does not have an anom- 
alous polarizability at the frequency in question. 

The writer thanks L. D. Landau and L. A. 
Vainshtein for helpful discussions. 


'L. D. Landau and E. M. Lifshitz, 


JNeCKTPOAMHAMHMKa CNAOMABIX cpeg (Electrodynamics of 
Continuous Media), Fizmatgiz, 1957. 


Translated by W. H. Furry 
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THE POSSIBILITY OF EXPERIMENTAL CHECK OF THE MODEL OF A NON-AXIAL 
ROTATOR BY STUDYING THE INFLUENCE OF THE MEDIUM ON THE 
ANGULAR CORRELATION OF CASCADE GAMMA RAYS 


- GRECHUKHIN 
Submitted to JETP editor June 15, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 89, 1371-1373 (November, 1960) 


An experiment is proposed for the purpose of checking the assumptions of the model of a 


non-axial rotator for even-even nuclei. 


The experiment is based on measurement of the 


attenuation factor for angular correlation of y quanta for similar cascades in isotopes of 


the same element placed in identical media. 


‘Tae model of the non-axial rotator which was de- 
veloped by Davydov and Filippov! predicts a quite 
marked dependence of the quadrupole moment of 
the nucleus Q, in the excited states of the rotator 
on the parameter y of non-axial deformation of the 
nucleus. 

According to this model, we have for the matrix 
element of the nuclear quadrupole moment operator 


<i aye (B,7,9)) | Qon [Abrange (8,7,9))) 


IM, 


ve Brret7) Grabap: 


Be RA 


Qou = Ba Vatn (1) 
6; are the Euler angles for the orientation of the 
See B, y are the deformation parameters for 
the nucleus; C::. are the Clebsch-Gordan coeffi- 
cients. In particular, for the first and second ex- 
cited states with spin I= 2*, the functions fj; (y) 
are equal to 


j= faa — 3 cos 37/V 1+ 8cos? 3y- (2) 


Investigation of the dependence of Q, on y is 
of interest as an experimental test of the assump- 
tions of the non-axial rotator model. Measurement 
of quadrupole moments of nuclei in excited states 
is possible by investigating the attentuation of the 
angular correlation of cascade y quanta as a re- 
sult of the interaction of the quadrupole moment 
Q, in the intermediate state of the nucleus with the 
electric field of the source medium.” However, the 
application of this method is seriously limited by 
the fact that the field of the medium is not known 
precisely and can only be estimated crudely with 
difficulty. This difficulty can be eliminated if we 
compare the moments Q, of different isotopes of 
the same element, as determined from the attenu- 


ation of the correlation in one and the same med- 
ium. In this case, the unknown value of the field 
intensity (or the corresponding derivatives ) and 
other parameters of the medium drop out of the 
final result for the ratio of the quadrupole mo- 
ments. 

Such a possibility exists in the case of the even- 
even isotopes of Nd, Sm, Gd, W, Os, and Pt. In 
this group of nuclear isotopes, according to the 
non-axial rotator model, as the number of neutrons 
is changed there occurs a change in the parameter 
of non-axial deformation y from 0 to 30°. Thus, 
measurement of the ratio of values of Q, for nu- 
clei of this group enables one to check the depend- 
ence (2). 

Especially interesting is the study of the quench- 
ing of the angular correlation when we use a liquid 
as the source medium. In this case, as it turns 
out, there is no need to know exactly the lifetime 
of the intermediate state of the nucleus, Tt, which 
in general enters in the result in other cases.” 

From observation of the angular correlation of 
the y-y cascade Ij ~ Ip ™ Ip, 


W (0) = 1 + >) GoxAox Pax (cos 4) 


one determines experimentally the attenuation co- 
efficients G.,, since the Aj, are known exactly 
for a given form of cascade with known spins ]j, 
Ip and Ig.” For liquid sources under the condition 
that the resolving time of the apparatus is much 
greater than the lifetime 7 of the nucleus in the 
intermediate state with spin Ip, we have for the 
coefficients Gee 


Gon = (1 + Nex tT). (3) 


Here (cf. reference 2) 
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< 9°v/az?>? is the mean square of the second 
derivative of the fluctuation field in the medium; 
Tc is the correlation time in the liquid, Q, is the 
quadrupole moment of the nucleus in the state Ip. 

Now let us compare A2xT for two isotopes of the 
same element whose nuclei have respectively 
y =0 and y ~ 0, i.e., let us find the ratio 
(None ) vy (AKT )o- It is assumed that the values of 
Gx for the isotopes are measured in similar cas- 
cades Ij —~ Ip — I¢ in the same medium. 

The probability of the y transition for collec- 
tive E2 transitions of a rotator Ip — I¢ has the 
form:! 

+ = W (B2; Ip 1) 

mc? 

4 (5) 
Here Rp is the nuclear radius in units rp = 1.4 

x 107!3 em; ry = e/2mec’; k is the energy of the 
radiated quantum in units of Mac” (0.511 Mev). 
The values of b(E2; Ip — Ig) are given in refer- 
ence 1 for various transitions. 
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Assuming that one uses the same medium and 
the same type of cascade for the isotopes with 


y =0 and y #0, we obtain from (3), (4), and (5) 


for the ratio (AgxT)y/(AzKT )o the result 


122 [UBER WT 
Nee) oa eo [5 ( B pI, i (7). (6) 
(Aoxt)o 8 [B(E2; Ip > I), 


Here fip(vy) is the function f]j (y) for the 
state Ip of the rotator [cf. (1)]; kp and ky are 
energies of the E2 transitions Ip — I¢ for the 
isotopes with y = 0 and y # 0. 

Of primary interest is a cascade where the in- 
termediate level is the first excited state of the 
nucleus with spin Ip = 2*. In this case b(E2; 21 
— 0) varies between the limits 0.933 and 11, Ley; 
it is practically independent of y. Thus we have 

: (KO IU Ga Gay 
fy (1) = CA “ k® [(1 — Gay) /Goy]o (7) 


The function eh (y) is shown in the figure. The 
right side of (7) can easily be measured experi- 
mentally, while y is known from the ratio of the 
energies of the first and second excited states of 
the nucleus which have spins 2*.! Thus there is 
the possibility for checking the dependence of 
Q,(y) in the model of the non-axial rotator. 


‘A. S. Davydov and G. F. Filippov, JETP 35, 
440 (1958), Soviet Phys. JETP 8, 303 (1959). 

2A. Abragam and R. V. Pound, Phys. Rev. 92, 
943 (1953). R. M. Steffen, Advances in Phys. 4, 293 
(1955). 


Translated by M. Hamermesh 
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A SCHEME OF WEAK INTERACTIONS WITH NEUTRAL CURRENTS 


V. N. BAIER and I. B. KHRIPLOVICH 
Submitted to JETP editor June 15, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1374-1380 (November, 1960) 


The cross sections for scattering and annihilation in the collision of light particles due to 
weak interaction are calculated. The degree of logitudinal polarization in such nucleon- 
nucleon scattering is estimated. Effects caused by weak interaction between the electrons 


in the medium are considered. 


1. INTRODUCTION 


Ir is well known that in the V—A scheme of weak 
interactions,’ it is possible for charged particles 
to be scattered by neutral ones, along with decay 
processes. It is not excluded, however, that the 
weak interaction has a universal character not only 
in the sense of the coupling constant and the inter- 
action structure, but is also universal in that it is 
realized between all the fermions. If this assump- 
tion is adopted, the following law results: the 
weaker the interaction (from strong to gravita- 
tional), the more universal it is in the sense of 
the particles participating in it.? 

It must be considered, however, that many proc- 
esses (for example, the decay u* — 2e* + e*) are 
experimentally forbidden. In order to circumvent 
the difficulty, it is necessary to introduce supple- 
mentary exclusions: thus, Feynman and Gell-Mann 
exclude the neutral current containing terms of the 
type (ée), (fe), (an), etc.' 

Certain interest therefore attaches to a scheme 
in which the class of possible weak interactions is 
broadened, and at the same time the forbidden 
processes are automatically excluded. Sucha 
scheme was proposed, for example, by Bludman. 
It contains many new processes, but this does not 
contradict the experimental data known at present. 
Although we adhere to this scheme in the article, 
it should be noted it is not the only one, and that 
the authors are primarily interested in the conse- 
quences of introducing neutral currents into the 
theory of weak interactions. For the sake of sim- 
plicity, we do not consider strange particles. 

We introduce the charge space of weak interac- 
tions. We consider in this space the doublets 
(vp), (ve), and (pn), and assume that the weak 
interaction is invariant with respect to rotations 
in this space. Then the weak-interaction Lagrang- 
ian can be represented in the form 


3 


b= Ge S004, (I —i1,) 20,1 i, a4) >) 


A - {t-t, (1 — iv,) tp] 19,7, (1 — ix,) T_p,] 
(1) 


In the usual notation, the Lagrangian (1) can be 
written as 
L=Li+Lz; 


Ls = (pn) (ev) + (np) (ve) + (pn) (pv) 
+ (np) (vp) + (wp) (ev) + (Hv) (ve) 
+ (ve) (ev) + (v4) (HY) + (p72) (np), 
Ls = (pp) (vv) — (nn) (wv) — $ (pp) (ee) + > (nn) (ee) 


(2) 


(3) 


— + (pp) (we) + (nn) (up) + + (pp) (pp) 
4+. + (nn) (nn) + (vv) (vv) + + (ee) (ee) + + (up) (pL) 
+ © (wy) (ee) — + (pp) (nn) — (wp) (wv) — (ee) (vv). (4) 


Here L, is the usual weak-interaction Lagrangian 
(1); the Lagrangian Ls is new; it is seen to con- 
tain the interaction of the neutral currents. 

By virtue of the known symmetry property of 
the V —A interaction 

(AB) (CD) = (CB) (AD), 
the terms (ve) (@v), (Yu) (HY), — (HL) (vv), 
— (@e) (vv) cancel out of the total Lagrangian. 
Thus, this scheme does not contain the interaction 
between the neutrino and electrons or muons, 4 
which is so widely discussed at present. 

The scattering of a proton by a neutron is de- 
scribed in the theory of weak interactions’ by the 
term (pn) (np), and in the proposed scheme this 
process is described in addition by the term 
= vs (pp) (fn). These terms are not given here, 
since the nucleon currents cannot be written in the 
form of a pure V—A variant in view of the influ- 
ence of the strong interactions. 
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We investigate below the processes brought 
about by the Lagrangian Lz. 


2. LEPTON-LEPTON PROCESSES 


Along with the decay » ~ e +y +p, and scat- 
tering p +e — vy +v, processes known from the 
usual theory of weak interactions, other lepton 
scattering processes are also possible in this 
Creve, Wile Orr Os Ose Sy fh ae fl = fl Pn De 
—> yvpt+v, et+u—>erty, and also the weak anni- 
hilation e +e > w+p. The total cross section for 
each of these processes can be written in the form 


(5) 


where dg is the electromagnetic interaction cross 
section, gw the weak interaction cross section, 
and oj the term for the interference between the 
electromagnetic and weak interactions. In this 
section, all the cross sections are written out in 
the c.m.s. for ultrarelativistic particles. 

In the case of scattering of identical leptons, 
the weak-interaction cross section is of the form 


Sy (0) = 72 (=) (2) (6 + cos’), (6) 


C= 6-96 54> 5,,, 


“m. 
and the interference term is of the form 


1 Gm? 5 + 3 cos? 9 
sin? § 


(7) 


The following symbols are used here: ry is the 
classical radius of the electron, m is the electron 
mass, G is the weak-interaction constant, @ is 
the particle energy, and @ is the scattering angle. 
In the case of the scattering of a neutrino, the weak 
interaction cross section has an additional factor 
16, and there is no interference term. 

The cross section for the scattering e+u—-e 
+p has the form 


Gy(8) = 87? (Sy (2) cos - r (8) 


3.2 Gm? cos! (9/ 2) 
5; (8) = Vet amas a (9) 

For the cross sections of the weak annihilation 
e+e—> pty we obtain 


ow(8) = 8r2(“t-) (-£) cost, (10) 


64 (0) = Var cost 2 : (11) 


e2 
Comparing the energy dependence of different 

cross sections, we see that with increasing energy 

the electromagnetic cross section decreases as 

6 a the interference cross section is independent 

of the energy, and the weak-interaction increases 

as &*. It is clear therefore that, starting with a 
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certain energy, the contribution of the weak inter- 
action to the cross section will exceed all others 
and will become decisive. 

To estimate the orders of magnitude of the 
quantities, we consider the cross section for the 
scattering of an electron by an electron. Ata 
scattering angle of 15° and an energy of 3 Bev, the 
contribution of the interference term amounts to 
0.01% of the contribution of the electromagnetic 
term, and the contribution of the weak term is 
negligibly small. But even at 100 Bev both the in- 
terference and the weak scattering cross sections 
become greater than the electromagnetic cross- 
section. Ata scattering angle of 90°, the effects 
are even more noticeable: at 3 Bev the contribution 
of the interference term is 0.2% of the contribution 
of the electromagnetic term, but even at 70 Bev the 
contribution of both the interference and the weak 
terms of the interactions become comparable with 
the contribution from the electromagnetic term. 

Thus, in the local theory the cross section for 
the scattering of an electron by an electron has a 
minimum at an energy of several times 10 Bev, 
and the absolute magnitude of the cross section is 
very small (~10~*4 cm”). If, however, the inter- 
actions are ‘‘smeared out’’ then the cross sections 
are multiplied by the corresponding form factors, 
and the absolute values of the cross sections be- 
come even smaller. Unfortunately, nothing is 
known at present regarding either the form factors 
or in general regarding the applicability of the 
V—A variant at such high energies. We note that 
if the weak interaction is produced through an in- 
termediate boson whose mass is usually assumed 
to be several Bev, this leads to an appreciable 
distortion of the angular cross sections given 
above; this circumstance could in principle permit 
the detection of this boson. 

Along with the processes considered above, the 
weak interaction between electrons will naturally 
lead to new effects in optics and in solid state 
physics. 

The parity nonconserving part of the weak inter- 
action will contribute to the antisymmetrical part 
of the polarization tensor, the presence of which 
leads to natural optical activity.® It is clear that 
this effect will be of order v/c. 

Calculation in first order in G yields the fol- 
lowing expression for the angle of rotation of the 
plane of polarization 
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Here N is the concentration, Pok» Myo, and mpk 
are the matrix elements of the electric dipole mo- 
ment, magnetic dipole moment, and weak interac- 
tion, respectively. For liquid helium 

@~ 107!5 rad/em, 


Thr 
Er 


~ 10738, 
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where f), is the oscillator strength. 

In addition, weak interaction between electrons 
will lead (in first order in G) to a shift of the 
levels of the atomic electrons. Thus, for singlet 
levels of helium the shift will be of order 0.1 cps 
(in the nonrelativistic approximation the shift for 
triplet levels is equal to 0). 

It is clear that the probability of forbidden 
transitions due to weak interactions will be of or- 
der G?, although the corrections to the probabili- 
ties of the allowed transitions will be of order G. 

Were the weak interaction between electrons 
capable of leading to bound states, this could lead 
to effects of the superconductivity type. Unfor- 
tunately, this effect cannot be estimated by virtue 
of the well known difficulties with higher approxi- 
mations of the 4-fermion interaction. 


38. LEPTON-NUCLEON PROCESSES 


The scheme which we consider contains addi- 
tional processes of scattering of leptons by nu- 
cleons, such as p(n) +e(yu, v) ~ p(n) +e(p, v) 
(their probability was previously estimated by Zel’- 
dovich®), and annihilation processes such as 
e(u,v) +e(u,v)— p(n) +p(n). We shall again 
write the cross sections in the form (5). 

The electromagnetic nucleon current can be 
represented in the form 


= p(n) A A " 
j= [rake — Yo (rad — 410) Pe |», (13) 


where FP), FP) are the electric and magnetic 
form factors of the proton (neutron), pP™m) is the 
anomalous magnetic moment of the proton (neu- 
tron), M is the nucleon mass, and q =p’ — p the 
momentum transfered. 

Allowing for G invariance,’ we obtain for the 
weak nucleon current the expression 


Vy + A, = y [rFs cae Wa (Tug cr qu) F, =a UY nV 581 


— lY 69.83 | p, 


where F, and F, are the isovector parts of the 


(14) 


corresponding electromagnetic nucleon form fac- 
tors; j= Mp — My» and g;, is the axial form factor. 
The terms proportional to g3 make a contribution 
~m/M? (and are neglected ). 

For the scattering of an electron by a nucleon 
at rest, we obtain 


ps 4.2 /Gm\2 (v2 cos? (0 / 2) 
3,,(8) a 4ro( ez ) 2 [4+2(6 ; M) sin? (@/ 2)]° 


a 2 
\Fi— iaa|2(F: + w Fa)? tan? o 
9 2 9 ) 
+ peFi + 2g? tan? ? — 4g, (Fy + phi) 
AN Regt 0 
oer can 8) 


? _ 9,2 Gm cot? (9 / 2) { p(n) 
01 (2) = Vr Eze, Myst OTHE A 


(15) 


2 . ; ' 
= tal? (Fy + pF.) (FR + pre FE) tan a 


+ pee) Fors ——'287 (FE? 


4 p(n) FP) (F sec? + tan?>)]h. 


(16) 
In the derivation of (15) and (16) we neglected m? 
compared with M? and q?. Neglect of the latter 
limits the applicability of these formulas in the 
small angle region. Comparison with the formula 
of Rosenbluth® shows that the ratio of the interfer- 
ence cross section to the electromagnetic cross 
section amounts to ~ 0.003% for the proton, and 
~ 0.006% for the neutron in backward scattering 
of 1-Bev electrons. 

For weak annihilation of an electron-positron 
pair and a pair of nucleons we obtain in the c.m.s. 


oy(0) = 2r5 (Se) (F)'o (FE + gi) (1 + &* cos* 6) 


+ Ge (Fi— gi) + AUF Pe + wPF3[ 5 (1 — 08 cos? 0) +1] 


+ 49, (F, + pw F2) v cos 9}, (17) 
5; (6) = aa = gig (1 + v®cos?6 + a) 

+ 2 (wr FROP, + pF oF pO 

+ ype FP FRO eG — = cos? 6) + 1] 

4 2g, (FR + pF) v cos 6}, (18) 


where v is the velocity of the nucleon. Near the 
threshold, oj amounts to 0.1% of ge. 

All the foregoing pertains also to processes in 
which muons participate, the only difference being 
that the neglect of mj, can result in an error of 
several percent. For processes in which neutrinos 
participate, obviously oj = 0 and oy must, accord- 
ing to (4), be multiplied by 4. 
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4. SCATTERING OF NUCLEONS BY NUCLEONS 


To describe the scattering of nucleons by nu- 
cleons, we use the phenomenological transition 
matrix in the c.m.s.:° 


My = % + B(e1n) (G2) + 1 (1M) + Te (¢2N) 


+ 6(¢,m) (¢2m)+ € (oy) (sal), (19) 
where ©, B, y1,2, 6, € are functions of the energy 
and the transferred momentum; go; and a, are the 
spin operators of particles 1 and 2, 1, m, andn 
are the unit vectors in the directions pi + P,, Pj 
—p, and (pi +p,) X (pj — Py). This matrix in- 
cludes all the interactions which are invariant 
under space reflection, including electromagnetic 
interactions, and the parity-conserving part of the 
weak interactions. Thus, considering weak inter- 
action between nucleons we should take additional 
account only of the parity nonconserving part of 
the Lagrangian 
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x [is (tes + poy (ted — 910) F (20) 
where a= 1/4 for pp and nn scattering; a= 1/2 
for pn scattering.* 

We note that the interference contribution from 
(19) and (20) to the cross section averaged over the 
spins is 0. Actually, this contribution should be a 
pseudo-scalar, and after averaging over the spins 
the scattering process is characterized by 2 vec- 
tors, from which a pseudo-scalar cannot be con- 
structed. 

Weak interaction between nucleons is apparently 
simplest to observe in polarization experiments. 
The interference term between (19) and (20) leads 
to the occurrence of longitudinal polarization. 
Since the dominating contribution to (19) is made 
by strong interactions, we shall assume Mp invar- 
iant in isotopic space, that is, yy = y2 =y- 

With the aid of several cumbersome transfor- 
mations we can obtain from (20) the parity non- 
conserving scattering matrix, written in the two- 
component form in the c.m.s. 


*In the examination of scattering of neutrons by protons, we 
shall take into account only the term —',(pp)(nn) in the Lagran- 
gian, and disregard the term (pn)(np), although they are of the 
same order, since lack of experimental information enables us 
to obtain only rough estimates for the matrix M,. 
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M, = a $8 pcos $ {[F, — 5 3 \(e,— 2)! 
— : 8+ M 
cane 6 =" sin | Fy +2 = BF [(S2l) (¢1n) 
— (ean) (o11)]} (21) 
The total transition matrix is of the form 
M=M,+ ™,. (22) 


Let us calculate, in first order in G, the polariza- 
tion of the scattered nucleons, brought about in the 
scattering of unpolarized particles. The polariza- 
tion vector will be represented in form 


P=P, +P. (23) 


The longitudinal-polarization vector, in the 
scattering of protons by protons or of neutrons by 
neutrons, is 


G gip cos (6/2) 
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and in the scattering of neutrons by protons 
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(25) 
Here p is the momentum of the scattered nucleon. 


The up-down asymmetry coefficient can be 
written in the form 


%=(1—P,)/(1+ P))=1—2P). (26) 


Unfortunately, the moduli and phases of the coeffi- 
cients a, B, y, 6, and € are still unknown. We 
can therefore only make a rough estimate of the 
longitudinal polarization. It is found to be 

10-§— 1077 at 200 — 300 Mev. 

It is clear that an analogous calculation can 
also be made for the lepton and the lepton-nucleon 
scattering, in which case the coefficient of longi- 
tudinal polarization will be of order 1072?—1074 
at an energy of several Bev. 
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The moments and the line shape are calculated for a system of randomly oriented noninter- 
acting particles with an anisotropic g factor, for the case of no thermal motion. The results 
of the calculation are compared with experimental data on resonance absorption in powders, 


glasses, and undercooled solutions. 


Ik In observations of electron magnetic resonance 
in powders, glasses, solid solutions, undercooled 
solutions, and so on, one finds at sufficiently high 
frequencies a considerable distortion of the shape 
of the absorption line, which is caused by the mani- 
festation of anisotropy of the g factors of the indi- 
vidual particles and of the hyperfine structure 
constant. '® 

A characteristic feature of the distortions 
caused by anisotropy of the g factor is an increase 
of the asymmetry of the line with increase of the 
magnetic field. The distortions of the line shape 
that appear because hyperfine structure shows up 
in sufficiently strong magnetic fields do not depend 
on the strength of the field. 

There have been a number of papers*’® on the 
analysis of the effect of the anisotropy of the g 
factor of the randomly oriented particles on the 
line shape of magnetic resonance in glasses and 
organic compounds. These papers, however, have 


dealt only with a uniaxial anisotropy of the g factor. 


The unsymmetrical character of the absorption 
line in a powder of the free organic radical di- 
phenyl-picryl hydrazyl (DPPH) has been observed 
experimentally at the frequency 25,500 Mc/sec.® 

An attempt to explain the observed asymmetry 
of the line by the presence of a uniaxial anisotropy 
of the g factor of the individual single crystals has 
been made in a paper by Kikuchi and Cohen.’ In 
calculating the line shape they used results obtained 
by measurements of the g factor made with indi- 
vidual, relatively large, single crystals of DPPH. 
Lack of the necessary experimental data prevented 
these authors from making a comparison of theory 
with experiment. 

A temperature dependence of the anisotropy of 
the g factor of a single crystal of DPPH has been 
discovered by Singer and Kikuchi.® 


In such complicated paramagnetic compounds 
as free organic radicals it is natural to expect 
that there will be not uniaxial, but triaxial aniso- 
tropy.’ In this case the shape of the absorption 
line can be still more complex. 

In the present paper the moments and the line 
shape are calculated for a system consisting of 
particles that have a weak triaxial or uniaxial 
anisotropy of the g factor and are randomly 
oriented in space. 

2. The absorption spectrum of electronic 
magnetic resonance in a specimen with anisotropy 
of the g factor is determined by the eigenvalues of 
the spin Hamiltonian 


HH = wo (SEH), (1) 


where py) is the Bohr magneton. In its principal 
axes the tensor g has the components g + Agj 
(i= 1, 2, 3), where g is the average value, so 
that 


Ag, + Ags + Ag, = 0: 


We shall assume that the internal interactions 
lead only to a broadening of the spectrum lines. 

If the external magnetic field Hy is directed 
along the z axis, then for an arbitrary orientation 
of the particle relative to the external field the 
expression (1) takes the form 


# = Lolly (Gyasa i Boy + 82 Sa). (2) 


In the case of small anisotropy, Agi,2,3 « g, the 
nondiagonal terms gyz, Syz can be neglected in 
first approximation, and the component gz, of the 
tensor g can be represented in the form 


82zz (3, g, p) ae 2 2° Agz2 (9, g, p), (3) 


where v, g, ~ are the Euler angles that determine 
the orientation of the principal magnetic axes of 
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the particle relative to a fixed coordinate system. 
The quantity Ag,, (3, v, ~) is calculated from 


Agz.2 (oy Q, tp) == (A7AgA),., 


where Ag is the anisotropic part of the tensor in 
the system of the principal axes and A is the 
matrix of the rotation of the principal axes of the 
particle relative to the coordinate system; we get 
as the result 


Agzz = Ag sin? > sin? p + Ag, sin? cos? py + Ags cos? >. (4) 
We now find as the expression for the resonance 
frequency 


oe a MoSzzH o/h = 0 + Poo Agzz (3, ®, p), (9) 


where Wy = Log Hy /A. 
For comparison with the experimental data it 
is convenient to express this result in field units: 


Hy = AH o+ AH, sin? > sin*p + AH, sin? d cos? 
+ AH, cos? 3= H,+ AH,, (6) 


where AHj = AgiH,)/g. The values of the anisot- 
ropy constants AHj can be determined from the 
displacement of the maxima of the resonance ab- 
sorption lines for three independent rotations of a 
single crystal around its principal axes (¥ = 7/2, 
w= 0, » = 7/2) in the plane perpendicular to the 
direction of the external magnetic field. 

3. On the assumption that the orientations of the 
individual particles are randomly distributed in 
space, the total shape of the absorption line can be 
found by averaging the spectra of the individual 
particles over all possible directions: 

t/2 7 
iH Big) = — \ sin 4% ( dp! (H — Hy), (7) 
0 


0 


where I(H — Hp ) is the function, normalized to 
unity, for the line shape of the individual particle, 
which can be represented in the form 

+co 
4 : * 
\ G(t)exp i(H — Hi) t}dt. (8) 


—oo 


I(H —H) = 
Then 


SHH) = @(t)exp {i(H — Hy) t}dt, (9) 


2m 


7/2 bs 
\ sin 9-d9 \ dap G (¢) exp (i (H — H}) t) dt. (10) 
o 


0 


1 
GO = 
To find the moments of the line shape we ex- 

pand the expression for the function G(t), which 
is obtained from Eq. (8) by the inverse Fourier 
transformation, in a power series in t. Comparing 
the coefficients of identical powers of t, we get 
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+co 
\ I(x) xt dx =(— in G (0). 


—0o 


Here Mn are the moments of the absorption line 
for the individual particle relative to the field Hp. 
In a similar way we can determine the moments of 
the total absorption curve relative to the field Ho 
+00 
m, = | 


8) 


J (x) x? dx = (— i)" 2" 6 (0). 


dt” ) 


Assuming that the absorption line for the indi- 
vidual particle is symmetrical and that its shape 
does not depend on the orientation, by using Eqs. 
(10) and (12) we find 


Ro= 1, M0, Me— AAA: 
M,—=—AH?, ®,= M,+ 6AH2M, + AHS, (13) 
where 
AHt = a\ (AH)" sin 9 d9 dg. (14) 
We have 
AH? = | (AH; 4+ AH; + AH3) 


+ 2 (AH,AH, + AH\AHs + AH2AHs), 
AH’ =} (AH? + AH} + AH3) + 
EAN Ans oA AT 

+ AH3AH; + AH2AH3) + ; 


= (AH{AH, + AH, AH; 


2 (AH, AH.AHs), 
AH! =+(AH$+ AH$+ AH) + 4 (AHSAH, 
AH INHe AAA oe AL Nee NA eIAT 
+ AH3AH;) += (AH, AH.AH3 


+> AH, AHGAH, + AH{AH,AH,) (15) 

The presence of odd moments (M3 # 0) is evi- 
dence of the unsymmetrical character of the total 
absorption curve. 

To obtain the function for the shape of the total 
absorption curve we assume that the absorption 
curve of the individual particle has the Lorentz 
shape: 

. 4 H—H.\? ie, 
Tene atm =) | , (16) 


where AH is the half-width of the line. 
Substituting this expression in Eq. (7) and inte- 
grating over dv, we get 


Pe 
ye 


24), 


[Ge hie eae E 


tan7! 2S" + tant 


-- 
= 
= 


(17) 
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(18) 
The upper sign is for 6 > 0 and the lower for f 
< 0. In the general case the further integration 
can be accomplished only by numerical methods. 
To determine the function for the shape of the 
total absorption curve when the anisotropy of the 
hyperfine structure constant is taken into account 
we must make the replacements 


H)—>Ho+ Am, AH;—>AH;+AAim (19) 


in the expression (17). Thus in this case the change 
of intensity of the individual components of the hy- 
perfine structure follows a law analogous to that 
for the change of the intensity of the absorption 

line owing to the existence of an anisotropy of the 

g factors of the individual particles. 

From the results given in the paper of Kikuchi 
and Cohen,’ which were obtained for a single crys- 
tal of the organic free radical carbazyl, it follows 
that for rotations of the crystal around the mag- 
netic symmetry axes in a field Hp = 8000 oe 


Nii 10:20,06, 
AH, — AH3 = 3.6 0e, 


AH, — AH, = — 2.4 oe, 


AH,—AH;=6.0 oe, (20) 


and the hyperfine structure is not manifested here. 
Unfortunately from the paper in question we cannot 
establish the direction of the axes with sufficient 
accuracy. 

The results of a numerical integration of Eq. 
(17) are shown in Fig. 1. 
03 : 

FIG. 1. The function 
for the shape of the total 
absorption curve in the 
case of triaxial aniso- 
tropy of the g factor. 
The numerical integra- 
tion was performed with 
the values (20); the 
quantity plotted as or- 
dinate is J(H—H,) AH-5. 


Q2 


Qt 


A small difference in the magnetic properties 
of the individual particles, caused by defects of 
the crystal lattice,* can lead to a smoothing out of 
the shape of the total curve. This is evidently the 
explanation of the absence of distinct maxima of 
this sort on the experimental curves for polycrys- 
talline specimens of free radicals. 

Observations of the resonance absorption of 


J(H — Hp) 
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complicated complex ions Cu** in undercooled 
solutions actually give curves analogous to that 
shown in Fig. 1,’ owing to the identity of the indi- 
vidual molecules. 

In the case of axial symmetry AH, = AH, 
= —AH,/2. Then after integrating the expression 
(17) we get 


1 [5 Baa Y 4ee 
i 2 Nia 20 B+y—a 


+—(tan-4 a + tan! == *)|, (21) 
where @, 6, y are defined in Eq. (18) and B 

= 3AH,/AH. Curves drawn for various values of 

B are shown in Fig. 2. This shape of the absorp- 
tion curves is characteristic of glasses, under- 
cooled solutions, and so on, whose paramagnetic 
complexes possess symmetries close to the axial 
type.134 


FIG. 2. The function 
for the shape of the total 
absorption curve in the 
case of uniaxial aniso- 
tropy of the g factor, for 
various values of the 
parameter B = 3AH,/AH; as 
the quantity plotted as 
ordinate is J(H-H, )AH- 10. Viany ee a Ae ce a 
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Both in the case of uniaxial anisotropy and in 
that of triaxial anisotropy the position of the main 
maximum is shifted relative to the position that 
corresponds to weak fields. 

In strong fields the absorption curve has sup- 
plementary maxima in addition to the main maxi- 
mum (Fig. 2). In weak fields the curve has a 
single maximum, whose position corresponds to 
the isotropic part of the g factor. 

4. The widths and shapes of the resonance ab- 
sorption curves for the free organic radicals 
(XCeH,) (CgHs)N — NCgH, (NO)3, DPPH (X = H), 
C1IPPH (X = Cl), and carbazyl (C,¢H,) (CgH,) N 
— NC,H, (NO,)3,!! in powder form, have been 
studied in the low-frequency range, 9 Mc to 800 
Mc, by means of the method described in references 
12 and 13. 

The width and shape of the absorption curve at 
frequencies 10,000 and 36,000 Mc were determined 
by means of videospectroscopes with resonators of 
the pass-band type. The absorption curves were 
photographed from the screen of the oscilloscope. 
The magnetic field was modulated at low frequency 
and amplitudes up to 200 oe. Nuclear resonance 
was used for the measurement and stabilization of 
the magnetic field. 
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The specimen was placed in the central part of 
a resonator oscillating in the H);; mode and could 
be turned around one of the axes. 

The results of the measurements showed that 
the width and shape of the absorption curve in the 
low-frequency region is practically independent of 
the strength of the constant field, and in weak 
fields, for all the radicals studied, the width is the 
same as that of the absorption line of an individual 
single crystal. 

It can be seen from the curves of Fig. 2 that as 
the field is increased the line width increases; at 
the same time the curve becomes more asymmet- 
rical. A similar phenomenon is also observed in 
the case of triaxial anisotropy. 

The experimental dependence of the line width 
on the constant magnetic field for a number of 
organic free radicals, which is shown in Fig. 3, 
can be satisfactorily explained on the basis of the 
anisotropy of the g factors of the individual single 
crystals. 


AHy2,0e 


FIG. 3. Dependence of 
the half-width of the reso- 
nance absorption curve on 
the constant magnetic field 
for free radicals: 1—car- 


Thus in the analysis of the data on the width and 
shape of the absorption lines in powders, glasses, 
solid solutions, undercooled solutions, etc., in the 
case of strong fields (Hj > 1000 oe) one must take 
into account the fact that a considerable part of the 
line width is caused by the anisotropy of the g 
factor. But the considerations we have given about 
the effect of the anisotropy of the g factor of the 
individual particle on the shape of the line are not 
always taken into account. For example, in refer- 
ences 14 and 15 analyses of the shape of the ab- 
sorption line in strong fields for powders of free 
radicals are made the basis of unconvincing de- 


bazyl, 2—CIPPH, 3— DPPH. 
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ductions about the effect of various substituted 
atoms on the size of the exchange interactions. 

In a paper by Singer and Kikuchi® it has been 
found that with decrease of the temperature there 
is an increase of the absorption line width and of 
the anisotropy constants in an individual single 
crystal of DPPH, and also an increase of the ab- 
sorption line width for a polycrystalline specimen 
in a strong field (8000 0e). The temperature de- 
pendence of the absorption line in the powder also 
gives evidence of the important part played by the 
anisotropy of the g factor of the individual parti- 
cles. 
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Possible collective excitations are investigated, and their microscopic structure is analyzed. 
It is shown that the excitations are bound states of the particle-particle or particle-hole types, 
depending on the interaction. The quadrupole excitations correspond to the excitations pre- 
viously found by macroscopic study. The significance of the polarizability of the core is in- 


vestigated. 
1. INTRODUCTION 


Tae spectra of the excited states of even-even 
undeformed nuclei are subject to definite laws.! 
The first excited state is 2*, and its energy in- 
creases monotonically as the closed shell is ap- 
proached.* The probability of the E2 transition 
to the ground state decreases thereby monotonic- 
ally, and its magnitude exceeds considerably the 
single-particle value. The second excited state 
(4*, 2+, or 0*) lies approximately twice as high, 
and in many nuclei a nearby doublet is found ( 4*, 
2*), and in some a triplet (4*, 2+, 0*). Definite 
laws have also been established for electromag- 
netic transitions from these states. 

The presence of these laws suggests that the 
excitations are collective. The model of hydro- 
dynamic surface oscillations is inconsistent, since 
the theoretical value of the mass coefficient must 
be increased by several times 10 to explain the 
experimental values of the energy levels. In ad- 
dition, this model does not explain the strong de- 
pendence of the vibrational energy (of the first 2* 
level) on the filling of the upper shell. 

The author has shown earlier,” that if the pair 
correlation of the nucleons and their “quadrupole” 
interaction are taken into account, a new form of 
oscillation of the spherical nucleus arises, which 
is essentially non-hydrodynamic in nature. These 
‘‘oscillations’’ are connected essentially with the 
variation of the configurations of the internal nu- 
cleons, and can be realized even if the nuclear 
surface is fixed. The energies of the obtained os- 
cillations, the mass coefficient, and their depend- 
ence on the filling of the upper shell are in quali- 
tative agreement with experimental data. 

In the present article we shall consider the 
microscopic structure of these excitations, so 


*A similar behavior, but to a lesser extent, is observed 
also for certain subshells. 


that their nature can be explained in greater de- 
tail and the connection with the single-particle 
description established. To ascertain whether it is 
legitimate to take into account only the interaction 
that causes pairing and the quadrupole interaction 
of the nucleons, we investigate the possible collec- 
tive excitations for an arbitrary form of interac- 
tion. The influence of the polarizability of the core 
on the effective interaction between the nucleons 

is also established. 

With a view towards explaining the principal 
questions on the nature of collective excitations 
and the conditions under which they arise, we con- 
fine ourselves to an examination of the particular 
case of an unfilled shell with one j level. The re- 
sults obtained, however, are valid qualitatively in 
the general case, too. 


2. MACROSCOPIC DESCRIPTION OF THE 
EXCITATIONS 


Let us consider briefly the macroscopic pic- 
ture of quadrupole oscillations,” which will help to 
establish the connection with the microscopic de- 
scription. We shall consider nucleons of one kind 
on the subshell j > 1. The Hamiltonian in the sec- 
ond quantization has the form 
H = Hy + Hint = >) (@—)) ata, 

m 


1 tee 
oS >) (my, | V| mm,» A ar, 
m 


2 1 


(24) 


where aj, and ay, are the operators of creation 
and annihilation of the nucleon in the state |jm>, 
and the chemical potential X has been introduced, 
as usual, to eliminate difficulties with the deter- 
mination of the number of particles in the system. 

Let us calculate, first, the nucleon interaction 
that describes the pairing of two particles ina 
state with total momentum J = 0: 


" 1 \\ (Libege eer 
Hin =— 4G 2 (— ler aiat (1am dn 5 oy 
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where G is the interaction constant. The Hamil- 
tonian (2.2) describes the interaction of the pair in 
the state J = 0. The particles do not interact in 
any other state. Therefore, the breaking of a pair 
with J = 0 leads to the same excitation energy, 
independently of the final state of the ‘““broken’’ 
pair. The real interaction naturally removes this 
degeneracy, but qualitatively such an excitation 
picture remains correct. 

Along with the ‘‘single-particle’’ excitations, 
connected with the breaking of one pair, there ex- 
ist excitations of the collective type, in which a 
slight realignment of all the pairs takes place. 
Here, strictly speaking, the system is no longer an 
aggregate of independent pairs, and it must be de- 
scribed by certain ‘‘collective’? parameters. We 
choose as such a parameter the total quadrupole 
moment Q.* Corresponding to the ground state 
is Q=0, and the collective excited states ofa 
given type correspond to a certain realignment of 
the single-particle states, and the appearance of 
a nonvanishing Q. Assuming an adiabetic varia- 
tion of the collective parameter Q, we find first 
the energy of the system for a fixed value of Q, 
and then consider small oscillations in Q. 

An important role is played in the indicated 
collective excitations by the interactions between 
particles of the self-consistent field type. We shall 
take into account the part of such an interaction, 
connected with the quadrupole asymmetry ( ‘‘qua- 
drupole interaction’’ ): 


Hint = — a Ls > GmIm'GinGm'Om' Am, (2.3) 
ae 

where q,, = <jm|q|jm> is the matrix element of 

the single-particle quadrupole moment, and xk is 

the interaction parameter. 

To find the ground state of the system for a fixed 
value of Q, it is convenient to take account of the 
additional condition Q = const by the method of 
Lagrange multipliers, adding to the Hamiltonian a 
term —cQ(Q = 2q mam2mam is the quadrupole- 
moment operator ), and determine o from the 
condition <Q >=Q. 


Thus, let us consider the auxiliary Hamiltonian 
H=H—«Q =>) (e — A — 6m) Gan ote Hint te Hing. (2A) 
Let us carry out a canonical transformation to new 
Fermi operators® 


Op = Up eay—(—V n_ms UmVin = 2 (2.5) 


and require that H be a minimum for the ground 


*We have in mind the quadrupole moment of the mass, not 


ot the charge. 
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state W9(Q), defined by the condition ap,W¥o(Q) = 
0 (‘*vacuum”’ in the quasi-particles). We obtain 
here an equation for U,, and Vy 


(8 — 4 — qm) 2U nV im — A (Un —Vin) = 0, 
where 
— 1G ~ Cir 


(2.6) 


~ 


Q=DdnVim =F = 5 +. xQ. (2.7) 
m 

Expressing U,, and V,, in terms of A and using 

the connection between the chemical Doren r 

and the total number of particles (N = Pea ai 

obtain a system of equations for the Leathe 

of A and 2: 


G 
7 =, 


[Ae can) 


eA og 
> 7Z=2(Q—N), 


m [A®+ (€ —A—69 n)?I FS) 


where 2Q = 2j + 1 is the total number of states in 
the sub-shell. 
The energy of the ground state of the system, 
W, is defined as the average value of the initial 
Hamiltonian H = Ho + Hi,; + Hy); in the state 
Wo Q). As a result we evi 


W = <¥_(Q), H¥o(Q)> = (@ — A) N — = xQ? — A2/G. 
(2.9) 
For the energy of the quasi-particle we obtain 


analogously 


Em = (¥o(Q), mH ay, Bo (Q)> 
— Wa Ma can) (2.10) 
For small o the solution (2.8) for A, U,,, and V,, 
is of the form 
1 . oe 4 
es TO mats 4 me (2.11) 
Un =U — ye gmsin®, Via=V+ u Gm sin 9, (2.12) 
where 
V =(N/2Q)%, U =(1 —N/2Q)'4, sind = 2UV. (2.13) 


(The magnitude of sin 3 characterizes the degree 
of filling the shell, and varies from unity for a 
half-filled shell, to 0 on the edge of the shell.) The 
parameter & is connected with the quadrupole mo- 
ment: 


~ 


ap a ire (2.14) 


Q= 2 Im Vin = 
The wave pee of state Fun a non vanishing 
Q and ¥)(Q) can be expressed in terms of the 
‘‘spherical-nucleus’’ functions (0). For this 
purpose, we introduce the quasi-particles for the 
spherical nucleus ane defined from (2.5) with 


970 


Ll) and V,, = V. It is easy to see that the 
following relation holds 


ee (OU me VV alan (VU = OV aly aa, 
from which it follows that 


VU m y +m 


(0) 
lee Ve Om 


¥o(Q) = exp gz D 


and for small Q 


Wo Q) = exp {@ (2 sin 0 Sy) ae 


x(n ae aem| Wo (0). (2.15) 


For the energy in the ground state, in the same 
approximation of small Q, we obtain from (2.9), 
(2.11), and (2.14) 


W (Q) —W (0) = 2 QG (1 — 651 sin? #) Q@ (sin? dS) gn)” 


1 2 
— = CO C* 


where 


(2.16) 


1 x 2 
OQ QG >) In 
m 


(The quantity @) defines the critical filling at 
which the spherical shape of the nucleus becomes 
unstable.) Expression (2.16) determines the de- 
pendence of the energy of the system on the col- 
lective parameter Q, i.e., it is the ‘‘potential 
energy’’ of the collective motion. The total Ham- 
iltonian of the collective motion, for small values 
of Q, has the form 


Hg =~ BoQ@ ++CoQ, 


where the *‘mass coefficient?’ and B, is deter- 
mined by the following expression (fi = 1): 


= 23 |C¥, al [w.— et) 


From (2.15) we obtain 
i @ 
a Olle 

= (2sin® Sgn) te 
from which it is clearly seen that the operator 
0/dQ transfers the system to a state with 2 quasi- 


particles; therefore Wie Wo ok Gea iter 
simple transformations we obtain 


Ly es 


ImH%n OX, Ho (0), 


Bo = (QG sin? 0 >} gq?) *. (2.18) 
For the oscillation energy we obtain, according to 
(2.6) and (2.18), 

© =VCo/Bo =2EV 1 


1—@p'sin?®. (2.19) 


am bw, (0), 


Sao Cie Be EY Aa, 


As follows from (2.19), the energy of the resultant 
collective excitation is actually less than the en- 
ergy required to break the pair, 2E = 2G ( ‘‘single- 
particle’? excitation), and w decreases monotonic 
ally as the filling is increased (sin? fant). 


3. MICROSCOPIC ANALYSIS OF QUADRUPOLE 
EXCITATIONS 


In this section we consider the same problem 
by a different method, which will enable us to 
establish the microscopic structure of the result- 
ant excitations. Where possible we shall empha- 
size the analogy with infinite systems, for which 
the character of the excitations has been suffi- 
ciently well investigated. 

As is well known, the lower excited states of a 
many-particle system can be approximately de- 
scribed as an aggregate of elementary excita- 
tions—quasi-particles. In an ideal degenerate 
Fermi gas, the quasi-particles are holes below 
the Fermi level and particles above it. The switch- 
ing on of the interaction leads, firstly, to a change 
of the effective mass of the quasi-particles, and 
secondly to the appearance of an interaction be- 
tween the quasi-particles themselves. If the 
latter does not lead to the appearance of bound 
states, but only to scattering processes, it can 
usually be neglected, since the scattering of 
quasi-particles yields only corrections propor- 
tional to Q! (Q is the volume of the system). 

In the case when bound states become possible, 
new ‘‘collective’’ excitations appear. Thus, in 
the repulsion between particles, new bound states 
of the particle and hole at the Fermi boundary can 
occur in the Fermi system, and this leads to a new 
type of excitation — zero sound.’ It can be stated 
that an excited state with two quasi-particles is un- 
stable under the formation of a bound pair of these 
quasi-particles. In the case of attraction, the 
properties of the Fermi system change more rad- 
ically; bound states become possible between par- 
ticles near the Fermi surface, and this leads to 
instabilities even in the ground state relative to 
pairing between particles, and the sharp Fermi 
boundary becomes diffuse. The quasi-particles 
near the new ground state are superpositions of 
holes and particles. 

One multiply-degenerate level (j > 1) is equi- 
valent to an infinitesimally thin spherical layer 
below the diffuse Fermi level. The number of 
states 20 = 2j+ 1 plays the role of the *“‘volume”’ 
of the system. According to the foregoing, solving 
the problem of the interacting nucleons at this 
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FIG. 1 
level, accurate to 27!, denotes firstly finding the (see 2.1): 
quasi-particles, and secondly finding the ‘bound ve : 
, PAN ee PAN ceil a ANS Wale 
states.’’ (In a system of finite dimensions, the 0 of ie te 
concept of a bound state is rather arbitrary, and —<12/V | 02", ee) 


we shall use it to denote strongly correlated 
states.) 

To investigate the excitations of a many- 
particle system, it is best to use the method of 
Green’s functions.° Single-particle excitations 
(the spectrum of quasi-particles) are described 
by single-particle functions. In the presence of 
pairing in the ground state, it is necessary to use 
three functions (see Gor’kov'): 

G(m; t, — ts) = —i {T {am (t1) am (t2)}), 
F (m; t, — te) = — ieMtstt) (T {am (ty) Am (t2)}), 
P(r 1, — 1.) = —" te) (T (a, (14) 0m (ta), (8-1) 


which in our case ( spherical symmetry) have the 
following Fourier transforms 


a Ish ooh a VA | 
GUE 2) er oe ag Ye-E—i (bores 5a 
F (m; &) = — F* (m; €) 


= —(—1)*™ UV (; (322) 


1 4 
—E-+i6 =a. 
when U and V are as defined in (2.13) while E is 
the energy of the quasi-particle (in the first ap- 
proximation, its value is 2G/2). 

To investigate the collective excitations, it is 
necessary to consider two-particle Green’s func- 
tions. In the presence of pairing we cannot in 
general write down a closed equation for a single 
function, and we must introduce three different 
functions, for example 


Kay— <) (Ay y 34 pe Ki3 = (T {dy a; 3d, }), 


Ko, = (T {a,003% }>. (3.3) 


Thus, the equation for Kg) has the form(see 
Fig. 1) 
Koo (12; 34) = Ko, (12; 34) + i{G (1; 5) G(7; 2) 

+. F (17) F* (25)} 1’ (56; 78) Koz (86; 34) 

+ iF (17) G (8; 2)T” (56; 78) Kis (56; 34) 

+ iG (1; 5) F* (26)T” (56; 78) Kg; (87; 34) 
(integration over repeated indices 5 — 8 ifs) 30.0 
plied). Here IT is a compact (irreducible) four- 


pole, which in the first approximation is equal to 
the corresponding interaction matrix element 


(3.4) 


In higher approximations in IT it is necessary to 
distinguish between directions of ‘‘irreducibility”’ 
(Fig. 2). The aggregate of the graphs, which is 
irreducible in the direction of motion of the two 
particles, is denoted by I”, and the aggregate 
which is irreducible in the particle — hole direc- 
tion is denoted by I’. 


Vad 


tr 
FIG, 2 


In the right half of (3.4) there are contained, 
along with Ky, two other functions, so that in 
general it is necessary to consider a system of 
three equations. It will prove advantageous to 
uncouple the functions K. Assuming that 
t;, t, > ts, ty, we write 


Kos = 5} 9s (12) ps (34); Ker = 31 %s (12) g. (34), 


Kis ae SS Me (12) Qs (34), 
where : 


gs (12) = OUR GGR DY 
X5 (12) = <O|T {a,a2}| 5), 


@s (34) = <s|T {asa, 30), 
%X5 (12) = <O|T {a; a }| 5). 
(3.6) 


In the investigation of bound states we can discard 
the inhomogeneities in the equations for K[ the 
term [en in (3.4)]."° Then, using the fact that 

@, (34) is contained in each term, we can ‘‘divide’’ 
all the equations by @;(34). As a result we obtain 
a system of homogeneous equations for @, Xg, 
and Xz. 

For further simplification, we shall assume 
that I describes a non-retarded interaction.* 
Then both times in the functions g, yg, and xX, 
can be taken to be equal (t, — tz ~ —0), so 
that the problem reduces to a determination of 
the three functions 


*The time delay of the interaction of the nucleons in the 
nucleus is ~€R(Ep is the Fermi boundary energy), which is 


much shorter than the times w~* of interest to us. 
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Gon (m) = <0] ah am4n! OH), Loy (mt) = <0 4m Omtu| OH), 


Ron (m)= <0 | ain ultra OL, (3.7) 


where the state |s> is characterized by an en- 
ergy w, and a momentum projection wu. The sys- 
tem of equations for (3.7) has the form 


(4E2 — w°) Quy. (m) = — 2E sin? d ey IB (m; Mm’) Poy (1m) 
—Esin cos? >) DG Xe. en) 
——=osind > Fc ie) ee an), 


m’ 


(462 — w?) XS,” (m) = — 2E cos? 0 D Ty, (m; m’) XS. (m’) 
m’ 


(3.8a) 


— cos 0 Si l, (mm: m’) are) 


m 


— 4E sin cos ® S11, (m; m’) Pap (m’), 
= 
(4E? — 0°) XG, (m) = — 2E ST, (m; m’) X(t) 
—«cos 0 yy) ins (ape) Xo. (mn) 
: (3.8b) 


— 2osind > Eis (m; m') Pop (m’), 
ae 


where instead of x and x we introduce their linear 
combinations 
Wap (rm) = (— 1 (ay (22) (= 1)" Lop ()} 


and for the sake of abbreviation we put 


(3.9) 


Ty, (m; m’) = 2 {(0'(m+p,m’; m' + p,m) 


+(—1)*T’(—m, m’; m’+-p,—m—p)}, 
Py, (m; m’) 
Set) a (nee ee mn rn ene. 
(3.10) 


So far we did not refer to any specific interac- 
tion between particles. Let us consider now the 
particular case of ‘‘quadrupole’’ interaction (2.3), 
for which we obtain, according to (3.5) and (3.10), 


Ti. (mm m’) = — 810 %9 mn Im Tr, =0. (S211) 


Substituting (3.11) in (3.8), we get 
(4E* — 0%) Qu (m) = 2xE sin? 89, 5) In P(t), (3.12a) 
a 
(4% — w*) XS" (m) = 4xE cos O sin Oq_, S) ne Pos (tt), 
ee (3.12b) 
(4E2 — w®) XS? (m) = 2xo sin 0 Tin 5 Gur Pott). (3.12¢) 
ee 
The first equation contains only @y- From the 


condition of solvability of this equation, we obtain 
the energy of the bound state 


Si Ba yrA ev 


o =26[1—esin?o ge], (3.13) 
m 
which coincides exactly with (2.19). 

The function g,, (3-7) describes a particle-hole 
pair, and consequently the resultant excitation is 
a bound state of the hole and the particle. In this 
sense, it is an analog of the zero sound of an in- 
finite Fermi system. However, the state obtained 
is not described by the function g,) alone. It is 
seen from (3.12b and c) that the functions tory 
are also different from zero. This can be under- 
stood by recalling that in the presence of pairing, 
the quasi-particles are superpositions of holes 
with particles. In quadrupole interaction, the 
“<hole’? component of one quasi-particle is bound 
with the “‘particle’’ component of its partner, but 
in the bound state there exist also other compon- 
ents. It must be emphasized that the possibility 
of production of a balanced state of a particle 
with a hole occurs only when the system con- 
tains pairs with J =.0, of the Cooper type ( par- 
ticle — particle). This is seen, in particular, 
from expression (3.13) for the energy of the bound 
state, where the energy of the Cooper pairing 2E 
is contained in explicit form. 

As can be seen from (3.12), the dependence of 
the functions y,,, x) on the projection of the 
momentum m is determined by the quantity q,, 
which is proportional to the Clebsch-Gordan 
coefficient (jm j — m|20), and consequently the 
state found is characterized by a momentum 
J =2. 

Let us consider now the pairing interaction (2.2), 
for which we obtain from (3.5) and (3.10) 

Ti(an it) =O) 


Ti (m3 m’) ="—80G/2. (3.14) 


When I’’= 0, the energy of the bound state is de- 
termined actually from the last two equations of 
(3.8), which contain in this case only y), de- 
scribing pairs of particles or holes. Consequently, 
in this case the bound state is caused by pairing of 
the Cooper type ( particle — particle or hole — hole). 
The solution of the secular equation for the inter- 
action (3.14) yields w= 0 for the energy of the 
bound state. This result is obvious, since the 
bound pairs of the Cooper type with J = 0 [ which 
are described by the interaction (2.2) ] have al- 
ready been taken into account in the ground state 
of the system. We note that in the solution of 
Eqs. (3.8) the interaction that describes the pair- 
ing, and the quadrupole interaction can be con- 
sidered independently, since they lead to bound 
states with different momenta. 

We emphasize that although formulas (2.19) 
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and (3.13) coincide formally, there is an essential 


difference between them. In the derivation of (2.19) 


we used the adiabaticity requirement, which for- 
mally limits the region of its application to the 
condition w = 2E, whereas expression (3.13) is 
free of this limitation. Another advantage of the 
microscopic analysis is the possibility of expres- 
sing the wave functions of the “‘collective’’ state 
in terms of single-particle functions (the functions 
Py» and ay give directly the contribution of the 
various single-particle combinations ). 

Thus, in the presence of an interaction that de- 
scribes the pairing (2.2) and a quadrupole inter- 
action (2.3), collective excitations are possible in 
the system; these excitations can be considered 
macroscopically as oscillations of the quadrupole 
moment, and microscopically as a bound state of 
a hole and a particle with J = 2. The question 
arises: what justifies the special choice of the 
Hamiltonian, and how essential is it? Will the 
character of the excitations change when a more 
real interaction is examined? These questions 
are analyzed in the next section. 


4. COLLECTIVE EXCITATIONS IN AN ARBI- 
TRARY INTERACTION 


As was established in the preceding section, 
the quantities I'’ and I'”, which describe the ef- 
fective interaction, lead to bound states of dif- 
ferent nature. I” binds a particle to a particle 
(a hole to a hole), while I’’ binds a particle toa 
hole. So far we have considered only pairs of the 
first type, with momentum J = 0, and pairs of the 
second type, with J = 2. In the general case I’ 
and I” describe an interaction in states with all 
possible momenta.* It is convenient to represent 
I’ and I”, in the form of a sum of terms cor- 
responding to pairing with a definite J. 

We consider first I'’ and I” of the first ap- 
proximation (3.5). To determine the dependence 
of the matrix element on the projections of the 
single-particle momenta, it is convenient to sep- 
arate in the interaction potential the angular de- 
pendence, writing it in terms of spherical tensor 
operators:® 


V(r, 2) = Sy on(ra re) (T" (1) T* (2)). (4.1) 
R 


From this we obtain for an arbitrary matrix ele- 
ment between the single particle states |1> = 
| nZyjymy >? 


*Eyen momenta 0 < J < 2j-1 are possible for the jN cor- 


figuration. 
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(12[V[2"1’) =} (— 1° (— 1)" (jy f, — mi | bp) 


Rp. 


belie 
X(—1)° “(jets jg—m,| k — p), (4.2) 


where the quantities F1, which are independent 
of m, are defined as 


Fy = — (2h + 14 (14 T"] 1) (2)T*Y 2°) F™ (1221. (4.3) 


biere F(K) are the Slater radial integrals, and 
(1 TK 4 1’) are the reduced matrix element of 
the tensor operators.] 

Using (4.2), we can write the interaction Ham- 
iltonian in the form 


Hint —Z SY) Fx(122'1) (— 1)" Gf ay)in (GS ae)n—p, 
192/1" (4.4) 
where the quantity 


pla’ . 

(Qt yn = > (— 1)" * (fyi ji —m,|Rw) at ay (4.5) 
can be considered as an operator that describes a 
particle and a hole in a state with momentum k. 
Along with (4.4), it is possible to expand Hj); in 
states in which the particle—particle and hole— 
hole pairs have definite momenta 

i *: > fr(Q a3 )rp (Qo’ Qy")rps (4.6) 

corresponding to a representation of the matrix 
element in the form 


(12|V 211’) = —5\ fre (jvm jarme | hu) (jx mr jms | ku). (4.7) 
kp 

Using the algebra of the Clebsch-Gordan coeffi- 

cients (see, for example, references 8 and 9), we 

can relate the coefficients of expansions (4.2) and 

(4.7). As a result we get 


em SrOmenaghninas Gee, Coe 
l 

where W is the Racah coefficient. Analogously we 
can obtain expressions for the ‘‘exchange’’ matrix 
element in (3.5), the addition of which is equivalent 
to changing the quantities Fy, and f, in (4.2) and 
(4.8). In the case of a single j-level the exchange 
corrections to fi. and Fy are equal to f, and 
=iys respectively. As a result we obtain, with 
account of (3.5) and (3.10) ( Fy = Fx — fk): 


Dy. (m; m’) = — D) Fn (—1Y"(j, mt pj, — m| Rp) 
k 
% (—1)™ (j,m’+ p, j,—m'| kp), 
Py. (m; m’)= — Dy fn(— 1" m+ p, j, —m | ep) 
R 


x (= 1)" jm'-+ B — mm | kp). (4.9) 
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We note that in the derivation of (4.9), the ex- 
pansion (4.2) was used only to separate the regular 
dependence on the projection of the momentum, 
that is, the geometrical factor. Therefore ex- 
pressions (4.9) are valid not only in the first ap- 
proximation in the interaction potential, but also 
in the general case (neglecting delay ). 

The quantity EP in (4.9) is the effective inter - 
action (binding energy) between a particle and 
a hole in a state with momentum k, and fi. is 
the analogous characteristic of two particles 
(holes). * Relation (4.8) between the quantities 
f, and F, does not take place in general, since 
the four-poles I” and T’’ correspond to different 
irreducible aggregates of diagrams, but it be- 
comes valid for I’ which are irreducible in both 
direction [see text following formula (3.5) ]. 

Substituting (4.9) in (3.8) and using the ortho- 
gonality of the Clebsch-Gordan coefficients, we 
can obtain a system of algebraic equations for 
the wave functions of the pairs with definite mo- 
mentum k (and its projection py) 


ae = 3G 1y~"(j,m + ph, j,— m| Rp) Pap (m1), 
b= te Ly" (j,m +p, j,—m | Rp) XG, (m); (4.10) 
(4E? — w? — 2F; Esin? 9) Quan 
Budameiens pee niece et =e (4.11a) 
(4E? — w? — 2f;, E cos? 0) XG) h ) __ f, @ cos 0x5) 
Se a ee SIL COS On == 0) (4.11b) 
(4E? — w? — 2f;, E) ie fe @ COS 0x? 
— 2F, osind Quon, = 0. (4.11c) 


The condition for the solvability of the system 
(4.11) has the form 


[2B 72) 
— (2E — fr) (Fe — fx) sin? 6 — w7] = 0, 


(4E2 — w?)? 
(4.12) 


from which we obtain for the energy of the bound 
state with momentum k 


FP, —f 
SHO Sai) ee 


fp 
sin? 8 (4.13) 
If there is no pairing of the Cooper type (i 
0), then (4.14) goes into (3.13) as age ee 
K age. In the general case the bound state is de- 
termined by the pairing of both types ( particle — 
particle and particle hole) air Fy, > f,, then, as 
can be seen from (4.13), account of f,, leads only 


*With the sign used in (4.3), Fy and f, are positive in the 
case of attraction. 


Ss Ts. BEDYVALYV 


to a renormalization of the quantities E and Fy, 
and the dependence of w,, on the filling of the 
shell remains the same. 

In the case when Fy < fy this dependence 
changes considerably. Thus, in the limiting case 
ye = 0, we get 


Op = 2E ( — uy (1 os de cos? |" 


It is impossible to establish a general relation 
between ie and Fy: For orientation purposes, we 
consider the case when relation (4.8) is valid. 
When j > 1 the main contribution to the right 
half of (4.8) is given by terms with large l, and 
we can use the following approximation? 

Ci, ke) 


W (itis Rl) = 


cos a, = [/(1 + 1) 


(4.14) 


(274-1) Pa (cosy), 
27 + T2714 --2)- 


In this approximation (4.8) assumes the form 


(4.15) 


fret 


) { Ps (cos) F,dcos a. 


= 
We consider the case of a 6 interaction V4) ~ 
(Yj —Y5)); for which’? 


te ae 
eae 


where G is a constant connected with the radial 
integral. Substituting (4.16) in (4.15), we get 


(4.16) 


© tans! ’ 


r/2 


ie { Px (cos 28) sin® Bap. 


0 


(4.17) 


In particular, fy =G(j+/.), f, = Y4fp, and from 
a comparison with (4.16) it follows that for a 6 in- 
teraction f, = '4 Fy = Fy. When the interaction 
radius if finite, this relation is violated, and ive 
diminishes more rapidly with k than f,.* Asa 
result we have Fy, > f, for small k(k « 2j - 1), 
and Fy, < f, for large k. We emphasize that 
these estimates are only tentative, since the ef- 
fective interaction I cannot be approximated in 
general by means of a potential, and the quantities 
Fy, and f, may be non-monotonic functions of k. 
Thus, account of polarizability of the core, as 

will be shown in the next section, leads to a sharp 
increase in the effective quadrupole interaction Fy. 


5. EFFECT OF POLARIZATION OF THE CORE 


Interaction between particles at the j level 
occurs both directly and through the nucleons of 
*This can be seen from the limiting case of “‘long-range 


action,’’ when Fy ~ d_o. It follows then from (4.8) that 
fy = F,/(2j + 1) = const. 
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the core. The part I’ that corresponds to such 
an interaction can be represented in the following 
form (see Fig. 3) 


I’ (13; 24) = —iy (15;26) K (65; 87) 7 (73; 84), (5.1) 


where y is the effective interaction of the outer 
nucleon with the core nucleon ( the wavy line on 


Fig. 3), and K is the Green’s function for the core. 


ul q 


FIG. 3 


Going over to a representation in which the mo- 
mentum of the particle — hole pair is fixed, we 
obtain 

P= 2 (Kn es C2); 

ap 

where Ff, is the part of F, connected with the in- 
teraction through the core, y,(a@) describes the 
transition of the particle — hole pair with momen- 
tum k from the j level to the core. The two- 
particle function of the core is given by the equa- 
tion 


Kx (a; B; £— 0") =<T {(a" (£) a (2) an (@ (t) a(t) an} > (5.3) 


Here (a*a),, denotes a pair state characterized 
by momentum k and the remaining quantum num- 
bers a. We assume that y, does not contain a 
delay, and therefore we can consider in K the 
times of the ends to be pairwise equal. Breaking 
up K similar to (3.6), we obtain 


zee 
Ky (a; B; t) = ; 


(5.2) 


50" £0] (at dan |8> <S| (at a) gy |O>, T > 0 
se <0 | (ata)g, | 8> <s| (at a), |0>, T<O. 
3 (5.4) 


For the Fourier transform of Ky we obtain from 
(5.4) 

eS <0 | (at a) 4p, | S> <8 | (@* a)g, | 
Kr (a B ga) =F E,,— ® 


(5.5) 


<0 | (at a)gp |s> <s | oe 
Ent ® 


The excitation energy of the core, Egg = Eg — Eg, 
is equal in order of magnitude to the energy dif- 
ference between the shells, whereas the w of in- 
terest to us correspond to the pairing energies of 
the outer nucleons; therefore w «Egy. Substitu- 
ting (5.5) in (5.2) and neglecting w, we get 


Fr=— Dt les ° <s| (a* a)pn| 9) 


Se 


B) A, (8). (5.6) 
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Introducing Fy namely that part of Fy, connected 
with the direct interaction ( F, = F, + Fx), we can 
write 


Fy == ne by (5.7) 
where 
Yr (4) Yp (B) = 
= A (B= 1, aA (B). (5.8) 
ap ‘ ap 


Let us show that the coefficient of renormaliza- 
tion of the direct interaction, 7, Can be con- 
nected with the polarizability of the core by the 
external nucleon. The interaction of the external 
nucleon (b, b*) with the core can be written, in 
analogy with (4.4), as 


H= Sy Ta (@ 


akp 


a) (— 1)" (b*b Vea (Gaeta (5.9) 
In the first approximation we can neglect the reac- 
tion of the core on the nucleon, and assume the 
state of the latter to be specified ( that is, consider 
the nucleon as an external field). Averaging (5.9) 
over the nucleon state | jmp >, we obtain the ad- 
ditional energy of the core in the presence of an 
external particle 


iy; = Pe Vin () (Gon, 


ak 


(5.10) 
where 
Qn = <(6* Yao) = (— 1) (jmy j — mM | RO). 


Considering (5.10) as a perturbation, we obtain 
the change in the wave function of the core 


~ Leet 2 ae 


In the presence of an external nucleon, the core 
loses its spherical symmetry and its polarization 
can be characterized by the following average 
values of the multipole moments 


(5.11) 


Ks (ae a 


yo ye, (5.12) 


A TT 
Ore XV ig TY 0 [2 >a as 
oe MN cath F 
=e a | 2) (— 1)" (jy mig — m| 0) af ay 
z= >| gu (a) (A a)at. (5.13) 


Using (5.12), we obtain the induced moment of 
the core 


<0|9;|0) = —o Sg, (#) 7,8) + 4,8 
ap 


) 1, (01 Sz 


x <0 | (at a)az|s> <s | (a* @)ar | 9). (5.14) 


Introducing the multipole moment of the external 
nucleon < Q]>p = 91 Yq» We can rewrite (5.14) in 
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the form 


<0] Q2|0) = 17 <Qi)p, (5.15) 


where 7%, the polarizability of the core, is deter- 
mined from the relation 


i #8 (5.16) 


From a comparison of (5.16) and (5.8) we see that 
the quantities n, and 1) actually coincide. (The 
small difference is due only to a somewhat different 
determination of the average quantities y and y’.) 
Thus, the increase in the direct interaction of the 
external nucleons due to the coupling with the core 
is determined by the polarizability of the latter.* 

The quadrupole polarizability of the core (1) 
is measured experimentally from the value of the 
quadrupole moment for the magic nuclei plus one 
nucleon, and lies in the range 1 < 7) < 2.4 The 
polarizability of the higher multipolarities is ap- 
parently much less, leading to a ‘‘selective”’ in- 
crease in the quadrupole interaction. 

We note that the influence of the core on the 
interaction between the external nucleons is not 
confined to the considered effect. The remaining 
effects, however, particularly the renormaliza- 
tion of I”, are not connected with the presence 
of the surface, and exist also in infinite nuclear 
matter. 


6. CONCLUSION 


The main results obtained above can be formu- 
lated in the following manner: 

Depending on the character of the interaction 
there can be formed in spherical nuclei ‘*bound’’ 
(correlated) states of pairs with non-vanishing 
momenta of both the Cooper type and of the par- 
ticle — hole type. This possibility arises only in 
the presence of pairing, that is, a condensate of 
Cooper pairs with zero momentum. 

The polarizability of the core leads to a strong 
increase in the effective quadrupole interaction 
between the outer nucleons, and this contributes 
to the formation of a bound state of a particle and 
a hole with momentum J = 2. Macroscopically 
these excitations can be considered as oscillations 
of a quadrupole moment of external nucleons. The 
surface oscillations arising thereby are only a 
consequence of the static polarizability of the core, 
and have nothing in common with the hydrodynamic 
surface oscillations. 

These general results are not connected with 


*For the quadrupole interaction this result was obtained 
by the author’ from macroscopic considerations. 
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the specific model of a single j level used in the 
calculation. (The more general case leads only to 
a mathematical complication of non-principal 
nature.* ) 

Which of the possible bound states are realized 
in real nuclei is a question that calls for a com- 
parison of the experimental data with the results 
of quantitative calculations. For quadrupole ex- 
citations, such a comparison was carried out by 
Kisslinger and Sorensen.® One can classify as 
this type of excitation the first level 2*, and in 
most cases also the following levels (2*, 4*), 
which correspond to two bound pairs. The ques- 
tion of the existence of bound states with higher 
moments (and also with odd moments in the case 
of mixture of several j levels) calls for a 
thorough analysis of the experimental data. Ap- 
parently they lie somewhat above the ‘‘two- 
phonon’’ state of the quadrupole branch. 

The author is grateful to V. M. Galitskii and 


A.B. Migdal for numerous discussions. 


*Veneroni and Arvieu have considered a case of several 
j levels, but without Cooper pairing. 
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The methods of quantum field theory are used to study the influence of the elastic scattering 
by impurities on the quantum oscillations of the magnetic susceptibility of the electron gas 
in a metal (the de Haas-van Alphen effect). The quasi-classical case is considered, for 
which the condition hw/t « 1 is satisfied, where w is the frequency of revolution in the 
magnetic field and ¢ is the chemical potential; a quadratic dispersion law is assumed. It is 
shown that if 1/wtT) > hw/z the effect of the scattering by impurities is described by the 
Dingle factor® with TD = 4T)/t (7) is the mean free time for H= 0). If 1/ (O75) Sno ea 
more complicated situation exists. In particular, if ¢ = Rw (My + Ve) +A and |A| S fiw/2, 
then for fi?w/¢ « |A| < fw/2 the effect of impurities reduces, as before, to the Dingle fac- 
tor. In the region |A| < h*w*/e the effect of the impurities is extremely complicated. 


Ir is well known that at sufficiently strong mag- 


netic fields, for which the quantization of the energy 


of an electron becomes important, the electron gas 
in a metal has an appreciable magnetic suscepti- 
bility.‘-? The susceptibility y(H) is the sum of 
two terms: x(H) =x; +x2(H), where y,; does not 
depend on the magnitude of the magnetic field, 
while y,(H) is an oscillating function of H. 

In calculating y,(H) the overwhelming majority 
of authors have concerned themselves only with the 
dependence of x, on the magnetic field and the top- 
ology of the Fermi surface and have not studied the 
effect of the scattering of the electrons on y»(H). 
An exception is the work of Dingle,’ who has made 
an attempt to take into account the effect on x. of 
the elastic scattering of the electrons by impuri- 
ties. For this purpose Dingle used the artificial 
method of introducing into all the formulas for x» 
a certain averaging factor, which subsequently re- 
ceived the name of the Dingle factor. 

In the present paper we use the methods of 
quantum field theory, as developed for application 
to scattering by impurities by Edwards‘ and by 
Abrikosov and Gor’kov,° to study the problem of 
the effect of the elastic scattering of the electrons 
by impurities on the oscillating part of the suscep- 
tibility. 

To find the magnetic moment of a system of 
electrons it is necessary to calculate the free en- 
ergy F. Since we are considering only elastic 
collisions with the impurities, the distribution 
function is not changed, so that we can write at 
once: 


peaiie wmv e tntimiaae eb (1) 
oe 

where ¢ is the chemical potential of the system, 
N is the number of electrons per unit volume, and 
dZ/de is the number density of electron states per 
unit energy range, in the presence of the magnetic 
field H and chaotically distributed impurities. 
The factor 2 in the term with the integral is due 
to the spin of the electron (we are not concerned 
with the spin part of the susceptibility ). 

The problem thus reduces to that of calculating 
the density of states dZ/de. For simplicity we 
shall adopt the dispersion law € = p’/2m. The re- 
sults can be extended in a very simple way to an 
arbitrary quadratic dispersion law. 

In the absence of impurities 


dZ m/2@ 1 
i eee ee Ne ee ee 2 
& i; 2" lex? - Ve—o(M + 3/2) (2) 


(we have set h=c=1). Here the summation over 
M is taken for positive values of the radicand, and 
w = eH/m is the frequency of revolution of an elec- 
tron in the magnetic field. 

It is very convenient to represent the energy in 
the form 


e=o0(My+*/2)+A, |Al<o/2. (3) 


It can be seen from Eq. (3) that for A = 0 the den- 
sity of levels dZ/de is a discontinuous function: it 
approaches a finite limit for A ~ — 0, and goes 
to infinity like A~'/? for A— +0. Inclusion of the 
scattering by the impurities must destroy this dis- 
continuity and make dZ/de a smooth function. 
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1. CALCULATION OF dZ/de 


Let us consider the Green’s function of an elec- 
tron 
Br (0) Bp (") 
Greg = Nes’ => 0) (4) 
Here n is a set of quantum numbers that charac- 
terize the state of the electron in the presence of 
the magnetic field H and of the impurities; Ep and 
~y (Lr) are the energy and wave function of the elec- 
tron in the corresponding stationary state. If we 
now use the orthonormality of ~p(r) and the defi- 


nition of dZ/de, according to which 


dZ/de = 18(En—®) 


(where 6(x) is the usual 6 function), it is easy 
to establish a connection between the density of 
states dZ/de and the Green’s function G(r, r’; 


a = = Im\er, r; e)dr. 


€): 
(9) 


The Green’s function G(r, 
equation:°® 


Gita ieee) 
=G,)(r, r’5 2) — Go (ret ene) (e") Gites evans 
(6) 
where Go(¥, r’; €) is the Green’s function of the 
electron in the absence of impurities and 


V(r) = Dd) u(r — ra) 


a 


r’; €) satisfies the 


(7) 


is the potential of the field of the chaotically dis- 
tributed impurities. 

Let EX = w(M+ %)+p%/2m and 74 (r) be the 
energies and wave functions of the stationary states 
in the absence of impurities. The set of quantum 
numbers n consists of the magnetic quantum num- 
ber M, the momentum p, (H is directed along 
the z axis), and a wave number Py> which is 
connected with the center of the orbit of the elec- 
tron on the x axis by the relation xj = py/eH. Let 
us expand G(r, r’; €) in terms of these functions. 
Obviously 


Go(r, 1’; 8) = Dy? (r) gap (r’), 
G(r, 1’; 2) = Dd) Wp (r) Ganip* (r’), (8) 


where the summations over n, m mean summation 
over the magnetic quantum number M and integra- 
tion over dp, and dpy; £n = (ae —e€-id)71. 
By using the relations (6) and (8), we easily get 
the equation that is satisfied by Gnm: 
Gare = OnmEn = Ba > Var Gam, (9) 
k 


Vaan = \ yo" (r) V(r) 92 (1) dr. 
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FIG. 1 


Here Vy is the matrix element of the operator 
for the interaction of the electron with the impuri- 


ties. The function for the energy density of the 
states is simply related to Gpn: 
di 
if 
<= x IMQGm. (10) 


Let us now proceed to the solution of Eq. (9). 
For this purpose we use the results of the paper of 
Abrikosov and Gor’kov.® According to Eq. (7) 


Vna = D0%, One = | WE (r) 0 (r¥ — Ta) Wp (4) dr. 


If in a diagram we use a cross with the index a@ to 
correspond to the expression VFI: and a straight 
line to correspond to gj, then Gnm can be repre- 
sented up to terms of third order in V by the dia- 
grams shown in Fig. 1. The transition from a dia- 
gram to the corresponding algebraic expression is 
made by means of a simple rule: one places in 
correspondence with each line a factor g7 and with 
each cross a factor VG as we move along the 
diagram, the indices J and k change only when we 
pass through a cross; to the initial and final lines 
there correspond the indices n and m. After the 
expression is written out, it must be summed over 
all indices corresponding to intermediate lines and 
over the indices of the various impurities, which 
are denoted by Greek letters, and then multiplied 
by (— 1)§8, where s is the number of crosses in 
the given diagram. 

To illustrate this rule by examples, let us write 
out the expressions for diagrams c and e of Fig. 
ils 


Bry >| Une Broa Ems (c) 
k,a 


— &n >; Unk&h Vike Vim&m . (e) 
k,l 

From the EE Se drawn it is clear than we 
have first a perturbation-theory series with re- 
spect to the scattering by a given impurity (for 
example, b and c in Fig. 1), and second a per- 
turbation-theory series corresponding to succes- 
sive scatterings by different impurities (b, d, h 
INnsPigseL)): 

Obviously the summation of the diagrams of 
types b and c in Fig. 1 is simply the transition 
from Vik to the complete amplitude for scattering 
of the electron by the given impurity, ay,. We 
have 
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Air = Uik a > Uis@sUsk —+- >| UisE sUst2tU rn Biers (11) 
Ss Sends 
We shall therefore not consider henceforth dia- 
grams in which a given impurity is encountered 
two or more times in succession (Cyipesy Cyst, etc. ), 
and shall put in correspondence with a cross the 
complete amplitude ajk (there remain, however, 
diagrams like e in Fig. 1, in which, between suc- 
cessive scatterings by an impurity a, the electron 
is scattered by one or more impurities B = a). If 
we make this stipulation, then up to the fourth or- 
der we need consider only the diagrams shown in 
Fig. 2, where crosses for the same impurity are 
connected by dashed lines. 


a b c e 
—_——— x—x —x—x—x KO 
a 9g h i ] 
x<—x Xx OKO — 
ees See Se SEA 
FIG. 2 


Some remarks must be made regarding the 
total amplitude aj, for scattering by a given im- 
purity. For metals with a quadratic dispersion 
law, i.e., a Small number of carriers, the wave- 
length of the electron is much larger than the 
range of the potential of an impurity. Therefore 
the potential of the impurity can be treated like a 
6 function. In this case the scattering amplitude 
has the form® 


Of, = F (8) pr (ra) Yr (Fa): 


The function F(¢€) can be determined very sim- 
ply. Obviously 


(12) 


an, = \ wy" (r) 0 (rf — ra) tp, (r) dr, 


where 7, (¥r) satisfies an integral equation that is 
equivalent to the Schrodinger equation: 


pe (T) = 8 (r) — \G (r, r’; &) U(r —Fa) pp (r) dr. 


It is clear that to find the amplitude aj, it is 
necessary to know 7,(r) in the region of action 
of the potential. But in this region, i.e., for small 
values of r and r’, the Greens function satisfies 


G(r tT: 2) Gorter a. oe), 
where G)(r, r’) is the Green’s function of the 
electron for € = 0 in the absence of the magnetic 
field. If we take all these points into account, we 
get for F(e): 


F (se) =f —Pe(e), (13) 


where f is the scattering amplitude of the electron 
for «€=0 and H=0. 
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The expression (13) is nothing other than the ex- 
pansion of F(€) in powers of the small ratio of 
the scattering amplitude for ¢€ = 0 to the wave- 
length of the electron; it is incorrect only in the 
narrow range of values of the magnetic field in 
which A <« w,® since in this region fg > 1 and 
therefore it is necessary to take into account sub- 
Sequent terms in an expansion of F(€) in series 
of powers of fg. We shall assume, however, that 
when collisions with impurities are taken into ac- 
count fg «< 1. We shall discuss this condition later 
in more detail. 

It is easy to establish the connection of g (ec) 
with the sum ))gy. It can be shown® that the sep- 

n 


aration out of g(e) is equivalent to dropping from 
the sum )) gp the divergent part that arises from 
n 


summation over very large magnetic quantum num- 
bers M. 

In the specific calculation of Gqm we shall as- 
sume that the following conditions are satisfied: 
¢ > w, i.e., we have the quasi-classical case, and 
wT > 1 (as we shall see later, for wrt <1 the 
quantum effects are exponentially small). 

The simplest diagrams in Fig. 2 are b, c, d, 
and f. For these diagrams the averagings over 
the positions of the impurities for the various 
crosses are independent of each other. The aver- 
ages can be taken over the whole volume of the 
crystal. In particular, for diagram c we have 

EnLm Di <Ank> Lr <akm> = Gearon ae (€), (14) 
ate 

where c is the concentration of impurities. The 
relation (14) follows from the obvious formula 


>) (aan) = F (e) c \ “0 (ra) tp? (ta) dra = F (8) 0 San. 


Obviously to each impurity there must correspond 
aterm cf’g, since the term cf is simply the 
change of the reference level for the energy. If 
we take this into account, the expression (14) is 
equal-to!Onmenet 2. 

We can at once calculate the expression for an 
arbitrary diagram in which a given impurity is en- 
countered only once (types b, c, and so on). We 
have 


Ona ete: (el) (15) 
In order of magnitude such a diagram gives 
Acree) Ayr, (16) 


i-OepetOres = cf’g they give the same contribution. 
Let us now study the simplest diagrams in which 
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FIG. 3 
a given impurity is encountered twice (e in Fig. 2). 
It is easy to show that after the averaging the dia- 
gram e gives 


* 0g 1 /cf*g\2 
oer epee ee (ee 
— SimBie PE ae ~ A ( ey 


For A ~ cf’g this diagram is of the same order as 
diagram c. By similar arguments it is easy to 
show that for A ~ cfg we get the same contribu- 
tion from all diagrams in which a given impurity 
is encountered not more than twice. These include, 
in particular, diagrams of the type a of Fig. 3. 

An exception to this rule is formed by diagrams 
of the type j of Fig. 2. Simple estimates show 
that for arbitrary A the ratio of the expression 
corresponding to this diagram to that for diagram 
c of Fig. 2 is 1/Mp, where My ~ €/w. But since 
we are assuming that My > 1, this means that the 
‘‘overlapping’’ diagrams can be omitted. We note 
here that the dropping of diagrams ~1/Mp is 
practically equivalent to the neglect of corrections 
~1/(er) in comparison with ~1/(wt)). Since we 
are interested only in corrections to w, we shall 
omit diagrams of the type j of Fig. 2. 

Diagrams are possible in which a given impur- 
ity is encountered more than twice. An example 
is the diagram b of Fig. 3. A simple estimate 
shows that in order of magnitude this diagram is 
equal to A7!(cf’g/A )*fg, i.e., as compared with 
the diagrams considered previously, it contains 
the extra factor fg «1. This factor occurs in all 
diagrams in which a given impurity is encountered 
more than twice. 

Our final conclusion is that in the expansion (10) 
we need include only terms in which each impurity 
is encountered not more than two times, and that 
we must omit overlapping diagrams of the type j 
of Fig. 2. In addition to this, after the averaging 
only the diagonal elements of the matrix Gym 
will be different from zero: 


“Gam — OnnUne 


If we take all these facts into account, it is easy 
to get the equation that G, satisfies. Obviously 


G,'=E,—e+cF —cF*(G—g), G=>'G,, 
or, if we use the fact that F=f — fg, 
G, =£,—8 pe—erG: (17) 


Finally we get for G(«) the following equation 
(we have dropped the term cf, which means a 


change of the reference level for energies and is 
of no interest): 


G =)>)(E. —e—cf*G)? 


If we perform the integration over pz, we get 


co 


G= (Ol fet fhe aM FM A} , (18) 
ain wee 
where the subtraction of A is equivalent to the 
subtraction of the divergent term caused by sum- 
mation over very large values of M. 
According to Eq. (9), the density of levels is 
connected with G(«€) by the relation 


w + Im G (e). (10’) 


Since the calculation is being made in the quasi- 
classical domain w/f<« 1, G is essentially equal 
to an integral with respect to M plus an added 
term G, which goes to zero for H=0 and is in 
general small in comparison with the integral, ex- 
cept for a narrow range of values of the magnetic 
field, in which |A| « w. We take for the integral 
the value Gy = im*/e!/*( 27)"!/, since we must 
neglect the corrections to € caused by the scatter- 
ing. Thus we have 


mo s) 1 
a a 1 Ve + cf?G — o (M+ 4/2) 
. dM 
| Ve+cPG—oM } ©) 


For not too small A the ratio G;/Gy is in order 
of magnitude (w/c)! «<1. Thus in this range of 
values of H Eq. (19) can be solved by the method 
of successive approximations; that is, we simply 
substitute Gy) in the expression in curly brackets. 
Furthermore, 


Ch*G, = 1/20, (20) 


where Ty, is the mean free time for H = 0. 
The calculation of G, can be carried out by 
means of the Poisson summation formula: 


Py f(M +%/2) = >) (—1)'\ Fedex, 


from which we have 


3/o Ee, c 2nilx 
(8) o(€) + Plex Di ( A Ve-+ inj2t) — ox ” au) 
the prime on the summation sign means that the 
term with 7 = 0 is omitted. 
For the or uatne pe G; we have 


mer en y! prrile/o ( e@2rlx ay 
2 VxF in[2ot } 
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The calculation of this integral is not difficult, and 
therefore we simply state the result, 


(—1)! 
Vi 


From this we get as the expression for (dZ/de): 


co 
F m/2q'/2 y 
nal 

1 


Re et aed h 
exp (2ail ai). (22) 


dZ - m'/2q@'/2 Ss, (a)! ; - = 
(= io. = Sone 2 Vi exp (— n?l/w@t,) cos (2a = —+) e 
(23) 


The factor exp (— T*l/ wt) is indeed the Dingle 
factor.** 

The maximum value of G, is reached near 
A= 0; this maximum value is of the order of mag- 
nitude mw t?, and therefore if (wt,)7~! > w/e 
Eq. (23) is valid for arbitrary values of A. A 
more complicated situation arises in the case 
(wt))7' & w/e. Here too, however, Eq. (23) is 
valid as before for | A | > we. 

For small values of A (| A | « w) Eq. (19) 
becomes much simpler, and takes the form 
im 4 
ea VA+ chG 


G=G)+ (24) 
Equation (24) is obviously an algebraic equation of 
the third degree in G. We shall only study some 
of its properties. 

An elementary analysis shows that Im G, falls 
off rapidly with increase of | A |, but remains 
positive. At Ay =7(2 Ba << w the function 
Im G,; has a maximum, and 


(ImG,)max IMG, (1/ot»~ oe). (25) 

In particular, for (wt))7! « w/e 
V3 (ot,\" : 
(Im Ginx ae Im Cook (=) . (25 ) 


Equation (24) is valid only in a narrow range of 
energies near A= 0. In order to calculate the 
position of the minimum of Im G it is necessary 
to use Eq. (19). We shall not do this. 

Let us now return to the condition (13). It is 
quite obvious that Eq. (13) will be satisfied if we 
have f{(Im G)max « 1. It is easy to show, when 
one uses Eq. (25), that this condition is equivalent 
to the following restriction on the concentration of 
impurities: 


cs Vc (eH)?, (26) 


where o is the total cross section for elastic scat- 
tering of an electron by an impurity for H= 0, 

= 0. 

*We note that the quantity 7,, which in Dingle’s paper® 
plays the role of a mean free time, is actually connected with 
the true mean free time 7, for H = 0 by the relation 7, = 47,/1. 
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2. CALCULATION OF THE MAGNETIC SUSCEP- 
TIBILITY AND THE MAGNETIC MOMENT 


It now remains for us to calculate the formulas 
for the magnetic moment and the susceptibility. 
Since we are interested in only the oscillating 
parts of these quantities, we shall hereafter always 
give formulas for x) and M). If we use the rela- 
tions (1) and (10’), we get 


2a 


M,== | Im (SH) In (1 + exp (6 —e)/kT)de. 


(27) 
It can be seen from Eq. (19) that G, is a func- 

tion of the variables w and A= € —w(My + Jae 

It is obvious that in Eq. (27) we must differentiate 

G, only with respect to A, since then each differ- 

entiation with respect to H will involve multipli- 

cation by the quantity My > 1, and therefore 


0G, e & \0G, 
Ek a ( o ie : 
This means that we must know the functional 
relationship G,(A) over the whole periodicity 
interval |A| = w/2. But for arbitrary A this can 


be obtained in closed form only in the case 
(wt)) 1 > w/e (cf. Eq. (23)): 


Mex — 28 (5) (Bar 


aU m 


(28) 


= (—1)! exp (— m21/@T) _; t 1 
x ‘oe 
pa V1 sinh(2s?/kT /o) et (2a! @ ie 


(29) 
Actually this formula is also valid for arbitrary 
(wma): In fact, it can be seen from Eq. (29) that 
M, ~ (e/m)m?”w!¢, At the same time the con- 
tribution to M, given by the integration in Eq. (27) 
in the region |A| ~ w7/¢ is (e/m) m3/c¢ai/2, But 
the ratio of this correction to My, is ~( w/t)? 

< 1, so that the contribution from the region A 

~ 0 is relatively small, and thus M, depends only 
very weakly on the exact behavior of Im G, for 
A~ 0. 

We have written out the expression for the mag- 
netic moment in the case in which there is a single 
group of electrons with an isotropic dispersion 
law. This formula can be extended very simply 
to the case of several groups of electrons corre- 
sponding to different ellipsoids with arbitrary 
quadratic dispersion laws € = Y/oM EP {PKs where 
mj, is the mass tensor. If we take the z axis in 
the direction of H, then the frequency of revolution 
of the electrons that belong to the ith ellipsoid is 
w; = eH (mi, /| m!| )' (|m!| is the determinant 
of the mass tensor). With this notation we have 
instead of Eq. (29) 


Yooh 


>) [mé|"* oh / me ae 
E ot |m'| ( Oy 


a (—1)' exp (— 10? /@;To) 


“ aD Ds V (sinh (202! kT /@;) 


sin (2ad a —F), (29) 
where T) is the mean free time in the absence of 
the magnetic field. Thus the effect of the scatter- 
ing by impurities on the oscillating part M, of the 
magnetic moment has the character of a Dingle 
factor for an arbitrary value of the ratio 1/(w7)). 

Besides My, the susceptibility y, = 98M,/@H is 
of interest. If we use the same arguments as in 
the derivation of Eq. (28), we easily find that 

2 2 or a 
i —=(-) (=) \ Im G, 70 de 
0 


(fo = {1 + exp* 4). (30) 
In particular, for T = 0 
y= 2 (2)'Im Ga (31) 


i.€., Yq is directly connected with Im G,, whose 
properties we have already elucidated in the pre- 
ceding section. 

We can finally summarize as follows the re- 
sults relating to the effect of the scattering by 
impurities on the magnetic susceptibility yo. If 
(wt))! > w/t, the effect of the scattering is de- 
scribed by the Dingle factor for all values of the 
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magnetic field H. For (wt)! < w/é and |A| 
> w/e this is still true, but in the region |A| 
s w/t the dependence on the impurities is more 
complicated. 

We note here that for T > w*/fé and arbitrary 
wt] we have as a valid formula for x»: 


*/p aa a st 
to 228 (2) (SY ar Say yr secatona 
s H sinh(277/ kT /w) 


Mf 


Se (E es 

X cos (2nd Se ir 
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Convenient expressions for practical calculations are derived for the matrix elements of the 
interaction between electrons and an electromagnetic field near the nucleus. The Coulomb 
field is taken into account with an accuracy up to terms proportional to (aZ)?. 


Ir is known that it is impossible to find a con- 
venient analytic expression for the exact relativ- 
istic wave functions of electrons in a Coulomb 
field. As approximations to the wave function one 
may use the Furry-Sommerfeld-Maue (FSM) func- 
tion! or the Born series with respect to the Cou- 
lomb field, cut off at some term. If the small an- 
gular momenta cannot be neglected, the FSM func- 
tion is valid only with an accuracy up to terms 
proportional to aZ for arbitrary energies. The 
Born series for the wave function, which is useful 
only for large energies, has been employed only 
for the calculation of the correction proportional 
to awZ (see, for example, reference 2). An excep- 
tion to this is the problem of the elastic scattering 
of electrons by a Coulomb field, for which the 
probability has been calculated up to terms pro- 
portional to (wZ)* (reference 3). 

In the first section of the present paper we es- 
tablish the connection between the FSM function 
and the Born series; on the basis of this connec- 
tion the correction proportional to (aZ )? to the 
FSM function will be separated out. In the second 
section we shall derive convenient working formu- 
las for the general matrix elements of the consid- 
ered processes in second Born approximation, 
i.e., with an accuracy up to terms (avZ)*. As the 
perturbing potential we take an initially screened 
Coulomb potential. The screening parameter will 
be set equal to zero in the final result, and it will 
be shown that the terms which are divergent under 
this operation cancel out. 


1. WAVE FUNCTIONS OF THE FREE PARTICLES 


The matrix element for electronic processes 
near the nucleus (photoeffect, conversion, brems- 
strahlung and pair creation, elastic scattering of 
the electron) can be written in the form 


~ 


Va \ ve (r) Br), (r)dr, B=aB— Be, (1) 


where w#(r) are the electron wave functions of the 
continuous or discrete spectrum in the Coulomb 
field of the nucleus, and B(r) is the four-potential 
of the electromagnetic field. 

In momentum space formula (1) takes the form 


Ww =\\ oF BW) eh) dh, ats, 
B(k) = \eB (hdr, kate t. (2) 


For our later discussion it is convenient to sep- 
arate out only the functions of the discrete spectrum 
in the matrix element. If, therefore, one of the 
wave functions (for example, y,) belongs to the 
discrete spectrum, we write expression (2) in the 
form 


W =| of () at \B (k) f= by dk 


=\ 9" (DJ (vt = ly, 


I(vy=\ Bike (vydk, (0) =G, v= F—K. Ga) 


We shall deal with the function J as a function of 
Vv, assuming that the integration over f is done be- 
fore the integration over k. 

In order to make the notation consistent, we 
write, if both functions belong to the continuous 
spectrum, the matrix element (2) also in the form 


W = (9° Ps fo)! (v) PtP, fi) did = <P2|J|p>, (Bb) 


where now J(v) =B(v), v=k=f£,—{,. 

We use Dirac’s integral equation with a 
screened Coulomb potential —eZe-Al/r for ‘‘in- 
coming’’ waves in the momentum representation: 


14 __@ (s) ds, (4) 


+i 


@ (p, f) = 6 (p —f) up) + pps | 
where 


Gs 
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Baz (on, fla Bai aa, 


ip =O = il, 


q;, =f—s, 
(ip + m) u(p) = 9, 


The wave function can be expressed in the form 
of a power series in B: 


(m — if) ta 
= /8(f— 
@ (p, f) 10 DTP ope), 
(m= if) % (m — is) Yads E 
1B ppt aie \ (ge £29 (8? —p?— ie), +) 
(m — if) Ya 
B" f2 — p? — ie 
(a= is peer Bh (m — isi)yads,,_ soo GS 
al 2 _— a a 5 = Lu), 
(qj, + )- ++ Si — p? ie) (diy +) Js) 


where sp =E= pe: 

Expressions for the matrix elements calculated 
from a finite number of terms of (5) can be used 
only for large momenta owing to the presence of 
terms proportional to (a@ZE/p)" (see Sec. 2). To 
obtain an expansion in @Z which is valid for ar- 
bitrary values of p, we must sum up all those 
terms in (5) which lead to the appearance of the 
parameter aZE/p. 

For this purpose we use the identity 


(m — is) ¥4 = 2E + a + va(ip + m), 
to transform expression (5) to the new series 


P (Pp, f) = Qo (P, f) + 9, (p, 1) a PtP t) stiees (6) 


which is constructed in the following way: @») con- 
tains all terms of (5) with numerators which do not 
involve Dirac matrices, i.e., which are proportional 
to (2E)" (n=0, 1, 2,...); »y contains all terms 
with numerators of the form Gp (2E)2-%, i.e., pro- 
portional to the remaining part of the numerator 
of the second term of (5); in PI we include all 
terms with numerators of the form (m-—if)y, 
x Fs, _,p(2E )n-2 | i.e., proportional to the remain- 
ing part of the numerator of the third term of (5), 
erce 

We thus obtain 


pe 2EB (2EB)? 
,f) = fo(i 
Po (P, f) ‘ (ie fo —m@, a 1 Pe 
ds 
x = 
\ (qi, +84) (s§—pe— ie) (Qe, +) aie res 
+ 2EB|1,0> + (2EA)?|2,.0>+..., (7a) 
a - ee 
0, (P, oa (2EB)"*|k, ly = 55-4, 0(P, f), 
|k, Ib =4,,[k, 0); (7b) 
Py (P, t) = 8? D)(2Ep)" |, I) = B eee z \= se ; 
Ke — le Discs 
(m= if) x |k— 1,1; s> 
|e, I; =x — ar z oe ds. (7c) 
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It is easily seen that ~y without the spinor fac- 
tor u(p) is a solution of the ordinary Schrodinger 


equation: 


Po (Pp, f) = 6(p —f) + o(P, S) 


(a4, + A?) 


2EB 
f? — p?— te \ ds 


The solution of this equation in coordinate space 
has the form 


pp (p, tr) = Ne'PLF, (— i&; 1; ip), 


where 


N? = 2nE/(1—e8™*), E=aZE/p, p= pr—pr- 


By going over to coordinate space in (7b), we 
obtain an expression for jp + YJ: 


_ Pf Wo (P, ©). 


This is the FSM function (see, for example, ref- 
erence 1). Except for the terms with small / in 
the expansion of the total ~ in terms of eigenfunc- 
tions of the angular momentum, the function (8) is 
an exact solution of the Dirac equation for large 
E.! We do not wish to restrict ourselves to prob- 
lems in which the small J do not play any role, 
and we shall therefore regard expression (8) as 
an expansion in @Z which is valid for all momenta. 
The matrix elements for many problems (as the 
ones enumerated above) can be easily computed 
with the help of the function (8). However, in those 
cases where the small 7 cannot be neglected, the 
resulting expressions will be correct only with an 
accuracy up to terms proportional to aZ. 

It follows from the discussion above that we 
must add the function (7c) to the function (8) if we 
want to take account of the corrections propor- 
tional to (@Z)*. If we restrict ourselves to large 
energies only, it suffices to substitute in (7c) only 
the first term. Using the identity 


, ae 
wot = |! tog Vr 


(8) 


(m — if) vag, (P) = [2 (pq,,) + 9,.9,,] 4 (P), 


this term can be written in the form 


; 2 (pq,,) ds 
‘fyr= 2 f 1 oF 
(Pit) =F ace (Gfat A*), (82: p* de) (Ghat A) 
dip 6 G sp 4s 
dae yee p?— 3 (qj, + 4%) (8? — p? — ie) (q?,, + 22) hu (P) 
=p? {(2, Ib*+ | 2, I). (7c’) 


We note that the magnitude of the matrix ele- 
ment computed with the help of the function (7c’) 
may serve as a criterion for the legitimacy of neg- 
lecting the terms with small 1. 

Writing the function gy (p, f) in coordinate 
space, 
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Yu (0, 1) = ero, (p, f) di, 


we obtain the following expressions for the matrix 
elements (1) to (3): 


a) One of the functions belongs to the discrete 
spectrum: 
W =\ bol, 6) + Hyp, rd (rar 
+\ oF @, NI (w)df, 


where J(r)=B(r)y,(r); J(v) is defined by for- 
mula (3a). 

b) Both functions belong to the continuous spec- 
trum: 


(9a) 


W = \ (0 (Ps, 1) +9, (02, 1" B(r) bho (Pn 0) 


+ W(x rldr + {lof (Pa) A(vydt + (221)}, (9b) 
where 


1,(v) = \e-*B(r) po (p,, 1) dr = |B (k) go (0, v) dk, 


v= — 
The symbol (2 = 1) denotes the interchange of 
the indices 1 (initial state) and 2 (final state). 
Thus, if the matrix elements can be computed 
with the help of the function (8), the correction 
quadratic in @Z to the probability is determined 
by the integral 


<2, II =f ot (p, f) J (v) df. (9c) 


This integral will be calculated in Sec. 2, using the 
function (7c’). 


2. CALCULATIONS IN THE SECOND BORN 
APPROXIMATION 


For large energies the first three terms of the 
series (6) coincide with the first three terms of 
the series (5) with an accuracy up to and including 
terms proportional to (aZ )*. Therefore, if it is 
impossible for some reason to calculate a matrix 
element with the function (8), one can use the 
series (5), which gives a result which is valid only 
in the region of large energies. However, in this 
case the matrix elements will in general contain 
terms which are logarithmically divergent for 
A— 0. This is connected with the presence of the 
term [(s? =D. - ie )(aSp + *)]-! with two coincid- 
ing (for 7» — 0) poles at the point s =p under the 
integral sign. Since the divergence is logarithmic, 
the smallest decrease in-the order of the pole suf- 
fices to remove the divergence. Terms contain- 
ing dsp in the numerator will, therefore, not be 
divergent. 

The remaining divergences must cancel out in 
the expression for the probability. This is seen 
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most easily if we use the expansions (6) and (7) 
for (5) and go up to and including terms propor- 
tional to 6. It is clear that the divergences of 
Yo must cancel each other, the divergences in 
the interference terms from gp» and gy must be 
compensated again by interference divergences, 
CLCr 

1. Let us first consider the case in which the 
initial state belongs to the discrete spectrum. 
With the notations (7) and (3a), we write the ma- 
trix element in the form 
<plJ = OJ + Bd J+ BQ] J 

= (<0.0| J + 2B <1.0| J + (2EB)? (2,0) J) + B(d1. 1[ J 


+ 2E8 <2. I| J) + 82 (<2, I |47 + <2, IBY). (10) 
Here 
<0,0|J=J(vo), Vo=p—k; 
(4, q;,) J (v) df 
1, (0,1) |J = ut See ee ey 
SON 10) rarer acr 
2 (1, pp) J (v) af 
(2(0, DJ = u* (p))| =e 
ds 
SM eS See 
(qf, + A2) (s? — p* — ie) (a5, + A) 
2 (pq,,) 4s 
2 
‘ . ay \ (45, + A*) (s*— p? — is) (aj, + 2) 
J (v) df ‘ 
> ne pearee! 
q.,, ds 
OT terre (ph ee eee 
« | (p) | (4, aie 22) (s?— p? nor ig) (q35 + 22) 
df 4 (v) af 
(aes OY 


According to the above-said, only the terms 
<1,0|J and <2,(0, I)|J will contain divergent 
parts. 

Using the formulas given in the Appendices A 
and B, letting A go to zero in all non-divergent 
terms, and considering that in (A.2) Vp = -—Vx 
we obtain 
K0.0)) 1 == F 1); 
<1, I| J = wiG (1), 
(2.0 | J = (i / p)?. (a + A (x))* — 90/6} F (1), 
(2. I] I = (ni)? p4 (a + A(x))G(1), 
a=I\n(2p/h), = F (x) = u* (p) xf (x), 


<1.0|J = sip (a + A(x) F (1), 


(12) 


x 


G(x) = —u" (p) \ dey {nf (x1) + VaR (a) 


0 


n=p/p; 


x1 


\ goal (2) 


Xe— 1 


1 
(2, [Ad =( mbit 2a (p) ff 
0 


a (ax dy (nVz) \ 5 ba (x, wh, 


co 
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i 


= . d. - ~ 
<2, IBY = (nti)? |—n\ Ga) 


—FaRee (x, lt, 


At = Age / p = (1 — Bey) (1 —y). + By, 
P, = pBy — k. 


B= nx, 
(13) 


Substituting (12) and (13) in the expression for 
the probability 
[<p JP =| <0,0| FP + 28 Re (2E <1,0| J (<0,0| J)" 
+ <1,1] J (<0,0 |J)*} + B? {(2E)? [2Re {<2,0| J (<0,0| J)"} 
+ |<1,0|/ PJ]+ 2E-2Re[<2,I| J (<0,0| J)* 
+ <LI J (K1,0[ J) 
+ [<1] JP + 2Re [<2,1| J (<0,0] J)", 


we easily verify that the terms containing 
a = log(2p/A) drop out. 

The correct expression for the amplitude (10) 
is thus given by formulas (12) and (13) with a = 0. 
The expression for (9c) is given by formulas (13). 

2. If the function J(v) has a multiple pole at 
the point v = @Z, the residue of J(v) (see Ap- 
pendix A) at this point may be proportional to 
(aZ)-". In order to take account of all the cor- 
rections proportional to (aZ )?, we must there- 
fore include more terms of the series (5). How- 
ever, we may again only consider the first three 
terms of the series, if we change the expression 
for J(v). We show this on the example of the 
photoeffect; the other possibilities can be treated 
in an analogous way. 

For the photoeffect, J(v) has the form? 


FIV) JV) Cv 3°), 


or 


(14) 


i= CZ, C = const 


i @) G 
Fy) = IotV) — se (eae) (15) 
Let us consider the internal integral in the ma- 
trix element which contains J(v) in the integrand: 
%a (m — is,) J (v,) ds, 


J (G5, sq + A%) (2 —- p? — ie)’ 


Vin = Sa k, So = i 
Substituting the expression (15) for J(v) in 
this integral and using the residue of the second 
term, we find 
eae m2C Ya (m — ik) 
A (k= p*)i(v2_ E22) 


Ly does not contain terms proportional to 1/n. 


, Vn—1 = Sa—1 — k. 


(16) 
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The second term in (16) comes from that part 
of (15) which is equal to 


(17) 


mae 1 


26 
= ro) 
2 on Wee 1) he (v), 


uy] 
it gives a contribution to the (n—1)-st matrix 
element. A similar term from the (n+1)-st 
matrix element enters in the n-th matrix element. 
To remain within a given n-th order, we there- 
fore must subtract expression (17) from J(v) and 
add the second term of (16), multiplied by 8, i.e., 
we must replace J(v) by 


G G 


3. Let us now consider the case in which both 
functions in (1) belong to the continuous spectrum. 
We shall assume that electrons are present in the 
initial (index 1) and final state (index 2). The 
expressions for the matrix elements involving a 
single positron state were considered by Krutov 
and the author.‘ 

The matrix element has the form (up to terms 
proportional to B? inclusively ) 


<P2| J | pir = <O| 4 | 0> + B(<1 | J] 0> + <O] J] 1) 


(18) 


Tee oe ik) sae 


+ B7(<2|J|0>+ <1|J|1>+4+ <O| J] 2). (19a) 
Recalling that in our case 
<m| J | n> = <n|J|m>2>1), 
we can write 
<P2 | J | Pi>=<O| J] 0>+{8 <1 | J | 0>+87<2| J] O 
a hel pee Boca iy. (19b) 


Owing to the equality J(f,-f,)|0> =J(f,—-p,), 
the terms in the curly brackets in (19b) agree with 
the terms entering in (10), if there we replace k 
by p, and p by pp». 

The last term of (19b) can be rewritten in the 
form 


1 | J|1>=22,2F, ¢1,0]7)1,0) + @e, C1, [Fits 


Oe Marcil als 
<1, 0, DalJ11, ©, De> 


= u*(p2)\\ (died (C1, G,,)aJ (®) (I, p68 
Ge ere 

or Aa) (T=) p28) 1} wp): 20 
where k = f, — fj. 


Using formulas (A.10) and (A.11), we obtain 
(setting A = 0 in the non-divergent terms ) 
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<1,0| J] 1,0> = (ni /p1p;)? {a + A (x2)} {ay 
+ A (xs)} R(a, 1 fo, 1), 
<1, 1] J] 1,0)=(a2i)2p7 Ya, +A (x1)} R(B, Io, 1), 
<1, Tid] 1, D=(P2PR (B, 118, 1), 
R (a, X2|B, x1) = ut (D2) OFOER (x2| x1) u (pr), 


(21) 


es B P = @ ~ 2p, 
OF =: OK, > O; = \ dx; (— P, an, + Va,) a;=In——. 


In complete analogy to the preceding considera- 
tions, it can be shown that the terms containing aj 
cancel out after substitution of (21), (12), and (13) 
(replacing k by p; and p by p,) in the expression 
for the probability 


|<pa|/| Prd [? =| <O| J] O> |? + {28 Re <1 | J | 0> <0] J] O>* 
+ B* [2Re <2| J} 0> OJ] O>* +) <1] J [OPI + (22 1)} 
+ 282 Re {<1 || 1 <0} J} Od* + <1] J] 0> CO] 14. 


22 
If both functions belong to the continuous ee 


trum, the correct expression for the amplitude is 
thus given by formulas (19), (21) and (12), (13) 
(with the above-mentioned replacement of coordi- 
nates), where we must set aj = 0 in all formulas. 

4. Let us consider an example. Assume that 
the function J(v) varies so slowly for finite val- 
ues of v that it can be taken outside of the inte- 
gral without appreciable error. [In some cases 
this step can be justified even if the function J 
depends strongly on v, since for most terms only 
the real part of the matrix elements enters in the 
formulas for the probability (14) and (22) (see 
reference 4).] In this case the ‘‘dimensionality’’ 
of the integral in <2, | 5, is equal to zero, so 
that the integral diverges logarithmically for large 
momenta. This divergence is connected with the 
well-known divergence of the Dirac wave function 
with 1 = 0 at the origin in coordinate space and is 
a consequence of our choice of a point nucleus. 
This divergence disappears if we take account of 
the finite dimensions of the nucleus. However, 
we shall, as before, consider a point nucleus, but 
with the assumption that J(v) goes to zero for 
This is equivalent to discarding the di- 
vergent parts in <2, II|8J, where the function 
J(v) has been taken outside of the integral. That 
this is so can be easily verified by integration by 
parts, for example. 

Recalling that 


R (x) = AJ (Vo), 


WV Bers OOr 6 


Ik (X2 | %1) = AgA,J (Vo), 


and computing the integrals in formulas (12), (13); 
and (21), we obtain the following values for the 
probabilities (14) and (22): 
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[<pl JP = [<Oj spi + a + 4 e2) + + (02)? + o} ,(14’) 
|<P2}F | pir? = |< 0] J [0>/ {1 + [ng + Aree 4+ 221) 
(22’) 


+ mE mE, + + (aZ)? + 20} ; 


here 0 = 2(aZ)*{1-—¥; (log 2 + %)} represents 
the contribution from the function Py, [see for- 
mula (6)]. 

The probability in our example is thus ex- 
pressed in the form of a product of the probabil- 
ity in zeroth order Born approximation and a cer- 
tain factor which depends on Z and the energy of 
the particle. The constant function J(v) corre- 
sponds in coordinate space to a function of the 
form J(v))6(r). Hence the probabilities (14) 
and (22) can also be written in the form 


<p lJ |? =|*b" (p, 0) J (vo) |? 
| <p2| J | pad |? = |p" (De, 0) J (vo) (px, 0) /?. 


It is easily shown that, if we substitute the func- 
tion (8) with r= 0 instead of w(p, 0), we obtain 
formulas (14’) and (22’) without the last term o, 
with an accuracy up to and including terms pro- 
portional to (aZ )?. We note that this last term 
is in our case independent of the energy and, there- 
fore, is not small at large energies. This is con- 
nected with the fact that the terms with small 7 in 
~ cannot be neglected for a 6-function-like J(v). 

In conclusion the author expresses his deep 
gratitude to L. A. Sliv, B. A. Volchok, and V. A. 
Krutov for their interest in this work. 
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APPENDIX A 


In order to make our expressions more uni- 
form and facilitate the calculation of the integrals, 
we introduce the notation 

(1, dpp} J (v) df 
(f2 — p? — ie) (qj, — a?) ' 


(Ky (F, a), Ky(r, a)}d (v) =| 


v=f—k. (A.1) 
Applying the Feynman device to the denominator 
of (A.1) (see reference 4, Appendix C), we obtain 


Kz (r, a), Ky (r, a)} J (v) = ai (dx CRP? f(x) 


0 
1 


+\dx (0, Va) R(x), 


0 


NO 4 J d 
f®=2RW), wiRQ=z\po we (4-22) 
A? = (p?— r°x) (1 — x) + ax + ie (1 — 4), 
P =B—k, B=rx. (A.3b) 


The single integrals (11) are obtained by setting 
P=), a1 =1A, where A and B are given by formu- 


las (A.7). 
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We separate out the angular part of J(v) in the 
form of an expansion in multipole fields and re- 
strict ourselves for simplicity to a single term of 
the expansion, i.e., we set J(v) = Aj(v) Yjim(v/V).- 
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fl) =J (v,) + CO @). (A.5) 


The property (A.5) is independent of the form 


of the function J(v). : 
In the special case J(V) = 1/(v2 + A*) we obtain 


Performing the integration in (A.3a) as in reference from (A.4) 


4 (Appendix C), we find 


P+ 
A, (v) P; (6) 0 do 


-- 2Q1 (o) v Res; A; (v) a) Y jum (+) ) 
4 ap 
F(x) = 4 (ArPrlpyy + ArPrl_py.) Pum (pr) 


+ Ay (A) Yim (Fr) 


x (A) = 55 AlPr eae — a Q: (€) v Res; Aj (2) lo, 
JIN 
4 ; 
— app | Ail) P; (Ode, (A.4) 
= IPSN 


where ¢ = (v? + P*—A?)/2vP, P7 is a Legendre 
polynomial, and ResjA7 denotes the sum of the 
residues of Aj in the points w;. It follows from 
(A.4) and (A.3b) that 


{? — p? — ie 


\ (1, Isp dq as \ 
(dope) (sp? te) (a7. A) 


“(\ 


Astin 


a 
at Via | dt {Kj (Bi, #), Ky (Bu, dtp) = (ati (2B =P ay [| dy PO 
0 


0 


{ Pa ian ae 
: J Ll 
R(*)= op "prada \ PP’ 
1 
iO) = pray 


We therefore have for the internal integrals of the 
double integrals (11) 


{1, d.,} ds 
(a7, fA?) (s* — p? — te) (455 + A’) 
, 1 
i s ) id ) K, ? ih 
{Ks (p, id), Ks (p, 1)} hee 
14. Bp d aaa 
eet \ Kee # U0, V 
==Jt i(\ AGG P(A bine at B} o) Pp? — = 
; (A.6) 
Aji=p'(l—x)*—Ax, B,=px, Pp=B,—f. (A.7) 


For the double integrals in (11) we obtain, re- 
spectively, 


440) Ba 


x ae A, + id), Ky (Bi, Ay + id)}p dx 


1, By 
mcr a + ay 0, Vata Ra (%, y)} 


0 


C A re, ty BaP} 
+40, Veda | ae [) dy (x, +a, Va,)pRet (x, ¥)|)) (A.8) 
0 fo} 0 0 
A2 = p? (1 —xy)*— May + QAAyy— Ay, Pa =Bi,—k, Be= Buy, A= (p?—Bly)(1—y) + fy, Par = Po. (A.9) 


The indices on the functions f and R correspond 
to the indices on A and P. 
For the double integrals (20) we find 


\\ fads 1, aranddad (K) 1, dreds 
x [(q2,,, + A*) (f — p2 — ie) (q? ,. + 0) (ft — p? — ie) 
= {Ky, (Pe, id), K;, (Pe, id)}a {Ky (Pi, in), K;, (Pi, id)}g J (k) 


1 
: 1 0 Bs—pz, O 
i PO) 2 2 
(x i) ax. [— OAs ) ING OA = Vast, 
0 


0 Bi—p O | 
han OA | Die OAy | 


whore 


(n?i)?R (x3 | x1) = r\s (k) dig df, / [(By — fy)? 


Va, R(xa|x),  (A.10) 


— ALN (Bi— fh)? At, Ab = p3(1 — x2)*— Max, 


Bz = P22, Ay = pil — x1)? —A¥%,.Bi=piti, k=f,— fe 
(A.11) 


APPENDIX B 


In this Appendix we shall separate out of the ex- 
pressions (A.2), (A.8), and (A.10) those parts which 
diverge for A — 0. 

Since the expressions (A.4) remain finite for 
A — 0, all divergences are contained in those parts 
of (A.2), (A.8), and (A.10) which have A,,2 in the 
denominators; the divergences show up in the inte- 
gration near x=y =1, where A; has a simple 
pole (for 70). Terms whose numerators van- 
ish at these points are not divergent. 

Considering that owing to (A.9) the functions f, 
and R, are functions of the product xy with an ac- 
curacy up to terms of order A, we make the trans- 
formation of variables x = X,, Xy = X, in all inte- 
grals which do not involve an integration over t. 
Then all divergent terms can be reduced to the 
following two integrals: 
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a 


l 
ax. 
ae \ an F(%1) = Me (%1) dD, (x), 
0 0 


(B.1) 


uf 


meh fae ( dxs F (x) = a0, (x1) | F (x2) d®, (x3), 8-2) 


MAy } x2Ae 
m0 0 0 


where d@,(xg) = dxg/xgAg with F(0) =0. 
Integrating (B.1) by parts, we obtain 


1 1 


1 = ©, (1) F (1) —) ®, (x) dF (x)= | (®, (1) — 0, (x) dF). 


0 0 


Analogously, we find for (B.2) 


ines \ @, (x1) F (x1) d®, (x,) 


0 


oo \d®, (¥1) {Dy (x1 — Dz (x;)} F (x) 


a \4®, (x3) \ Dz (x2) dF (x2). 


Considering that A»|x,=x, = A, + iA, we have 
OQ, (Xe) lex aaa ®, (Xe, Ag) eee = Q, (%4, Ay => id) + @) (A) 
and hence 


ee ye en, AGA) 


a ea, 
Then we obtain with an accuracy up to terms 
proportional to A 


{D, (1) — D, (x)}? dF (x) — GF (1), 


Sty) Or (41, An) (i). 


Using the explicit form of ,(x): 


4 iF 2K 

p 1 cA ip) 
and setting A equal to zero whereever possible, 
we obtain finally (with ¢ = 12/12) 


®, (x) = @, (1) = In? 


= - = (a+ A(x) F(A), 
0 (B.3) 


(B.4) 


1R. H. Boyer, Phys. Rev. 117, 475 (1960). 

2M. Gavrila, Phys. Rev. 113, 514 (1959). 

3H. Mitter and P. Urban, Acta Physica 
Austriaca 7, 311 (1953). 

4v. A. Krutov and V. G. Gorshkov, JETP 39, 
591 (1960), Soviet Phys. JETP 12, 417 (1961). 
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Dispersion relations for the scattering of spin-% particles by a potential containing the spin- 
orbit interaction are derived in the nonrelativistic theory. The behavior of the Green’s func- 
tion of the total Hamiltonian at large complex energies is investigated. 


Dispersion relations (d.r.) for the nonrelativ- 
istic scattering amplitude have been considered in 
a number of papers (see references 1 to 3 and 
others). These authors assumed that the Hamil- 
tonian is independent of the spin. The simplest 
method of derivation was based on a study of the 
behavior of the Green’s function of the total Ha- 
miltonian at complex energies E.° 

In the present paper we consider the scatter- 
ing of a spin-3 particle by a potential which in- 
cludes the spin-orbit interaction. A proof of the 
d.r. for this case will be given. First we shall 
study some properties of the Green’s function, 
leaving out a large part of the mathematical de- 
tails. The latter will be published in a different 
place. Here we shall make only a few general 
remarks concerning these questions. 

Two estimates are important for the proof of 
the d.r. with the help of the Green’s function: one 
on the positive half of the real axis, which re- 
quires a detailed analysis of the integral equation 
for the Green’s function at finite energies, and 
another at large energies in the complex plane, 
based on the Born series, which converges 
rapidly in this region. 

For finite values of E we can investigate the 
Green’s function for our problem with the help of 
the usual methods.‘»® However, at large energies 
these methods must be modified somewhat, since 
the Born series converges poorly in the presence 
of the 18 interaction. In this connection we pro- 
pose a certain transformation of the Born series 
which improves its convergence properties (for 
large E). This transformation is made possible 
by the fact that we have been able to calculate ex- 
plicitly the first term of the asymptotic Green’s 
function for E— o, 


1. PROPERTIES OF THE GREEN’S FUNCTION 


The energy operator of the system has the 
form 
Bega V, (1) 
where 
Ay =— V’, V = — iV, (r) [rx VIS + Vo (r), (2) 


and S is the vector for spin 3. 
The Green’s function satisfies the integro- 
differential equation 


R(E) = Ro(E) — RoE) VR (E), (3) 
where 
RoE) =e exp (VE |r =r"). (4) 
We assume that 
com Gost 
Yo IS ere? \Vi(r)|, Vit |S Go pee 
(¢>0, x0). (5) 


Equation (3) can be written as an integral equation 
R (E) = Ro(E) — Ro (E) R(E), (6) 


where 


Ro (LE) =— ii (r')e'xV' Ro Get’; E)S + Vo (7). Rot, v's £). 
(7) 
Equation (6) can be investigated by the same 
methods as in the case where V,(r) = 0. It can 
be established that, first, R(r, r’, E) is analytic 
in the complex E plane with a cut along the posi- 
tive part of the real axis with the exception of a 
finite number of negative poles Ej at the positions 
of the eigenvalues; second, 
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Res R(r, r’; E) >) Pin (T) Pn P)s (8) 
k 


ge, = 


where Yjk is an orthonormalized eigenfunction 
corresponding to the eigenvalue Ej; and third, 
[R(r, 1’) E)|<K 


on the cut. 


CEE STE SSE) (9) 


The direct method of successive approximations 
for Eq. (6) (Born series) converges poorly even 
for large energies, since the kernel RY (E) con- 
tains VE linearly. This implies that all terms of 
the series contain contributions which do not van- 
ish as E—o. However, by integration by parts, 
these terms can be separated out explicitly and 
summed up. As a result we obtain the following 
expression* for the nonvanishing term P(E) of 
the asymptotic Green’s function R(E) as E— ~~: 


1 
pe) exp \* iS [rxe’] \Vi ee 


= 


P(r, r'; E) = Ro(t, 1) 5 


| 


4+-+(1+y)r’) dn. (10) 


Formula (10) can be proved rigorously by trans- 
forming Eq. (6) to the form 


(11) 
(12) 


R(E) = P(E) -- T(E) — 1" (E) R(E), 
Il (E) = Ro(E) — P(E) — P(E) VR, (E), 


where mV(E) is constructed from II (E) in the 
same way as RY (E) is from R)(E). 

The method of successive approximations ap- 
plied to Eq. (11) at high energies converges in the 
same way as the Born series in the absence of the 
spin-orbit interaction. We thus obtain the estimate 
(for large E) 


PRL ff) = P(r, tee) 


<Fi(r, r’; E)exp (-—-Im Vet (13) 
where F(r, r’; E) ~0 for E—~» uniformly for 


any finite region of variation of r and r’. 


2. DERIVATION OF THE DISPERSION RELATIONS 


As a complete set of asymptotic states for the 
scattering we choose the set of functions 


@, (r, 6) = exp (i V Eur) Xm (9). (14) 


Here a=(E,a,m), @°-@=1, m=+3, and 
seek oa) is a spinor which has the components dmg 
in a system oriented along the vector @. 


*Similar formulas [see also Eqs. (21) and (22)] have been 
considered by many authors for the case V,(r) = 0 in the de- 
termination of correction terms to the Born approximation (see, 
for example, reference 6). 
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For the scattering amplitude we use the follow- 
ing expression: 


foa = — Ze (Oo; VE, 


where b=(E, 8,n), @-B=1, n=+i, and 
Va(r, 7) is a solution of the scattering problem 


(15) 


WS ORE 0) Ox, (16) 
We then find for fpa 
foa = — (1/4st) (4, VDq) +- (1/4) (V®,, R(E + i0) VO,). 
(17) 
We introduce the usual notations 
n= |n|[n=1)VE (p+); =VE(G—4), ndA=0, 
y = [xa] /sin 9, cos 8 = Ba. (18) 


We shall regard fp, as a function of E, with fixed 
A,n (A =«/2), and spinor variables (fp, de- 
pends practically only on E, A, and the spinor 
variables ). 

We expand the spinors an and Py 
the constant spinors sale 


= Dim) x th = Diem) (— ae, 


i) 
Tmk (0) = Omk cos 4 -|- LO ey, sin->- 5 


in terms of 


(19) 


It is now easily seen that the first term on the 
right-hand side of formula (17) is analytic in E 
with a cut along the positive half of the real axis 
and with a singularity of the type 1VE at E=0. 

The second term has the following form in the 
new variables: 


= (V®p, R(E)V®) = 7 Tink Vee ee - 


kh, k’ 


Te 


x \drdr’ exp |—-> A(r + rexp {— if E—¥n 

xX (r — rt (Xn, (VE Vx (r)[rxBIS + Vo (r)) R(t, 2’; E) 

x VEV(F)Ir'xalS + Vole)» sine =r 
(20) 


If we separate out the poles of R(r, r’; E) and 
apply the integral analog of the Weierstrass theo- 
rem,’ using (9) and (13), we can conclude that the 
analytic properties of the second term differ from 
those of the first term described above only by the 
presence of the additional poles at the points Ej. 

It follows from the estimate (13) that the func- 
tion fpa does not grow faster than E as E—~; 
the leading term of the amplitude fo for EK ==* 


can be easily calculated: 
f.=—z Ve (S[r6]V,0,, V2), (21) 


where 


992 
We = ef VEorexp { z Siaxr]\ dyV, (r — an} Jes (22) 
0 
is the leading term of the solution Wg. 
We separate out the dependence of fym(A,n; E) 
on n, m by writing fpm(A,n; E) in the matrix 
form 


f(A, n; E) = A(A, E) + B(A, E)9S, (23) 


where the functions A(A,E) and B(A,E) do not 
depend any more on m and n. These functions 
have the properties 

A(A, E—i0) = A(A, E10), 


B(A, E —i0) = B(A, E+ i0), (24) 


which probably are most easily obtained by expand- 
ing f(A, E) in terms of spherical functions. We 
conclude from (24) that the residues of A (A, E) 
and B(A,E) at the points Ej are real. 

Thus we have obtained the following dispersion 
relation for the function g(E) =A(A,E), B(A,E): 


E— Eo 


OG dee hee 
Reg (E) = P—| ae pe Img (E')dE 
0 
il E— 
+ Reg(E) + De=pe—e 4 (25) 
i 
where 
dj = Res g(E) |p_p, (26) 
EB Ej 


and Ey) is an arbitrary positive energy. The resi- 
dues d® are given in terms of the eigenfunctions 
of the discrete spectrum. 

The dispersion relation for B(A,E) can, ap- 
parently, be given in a different form, since 
Im B(A,E) increases more slowly than VE; 
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however, this requires a more detailed investiga- 
tion of the asymptotic form of B(A,E). 

The values of Im g(E) in the unphysical re- 
gion E < ¥/,A® which enter in the d.r. can be ob- 
tained in the usual manner’’® by analytic continu- 
ation from the physical region, using, for example, 
the expansion in spherical functions. 

In conclusion we note that the modified Born 
approximation for the scattering amplitude (21) 
has possible interest for quantitative calculations 
in cases where the 1S interaction cannot be neg- 
lected. 

The author thanks Prof. O. A. Ladyzhenskaya 
for her interest in this work and L. D. Faddeev 
for valuable comment and advice. 
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The dispersion relations and unitarity conditions yield a simple method for calculating the 
radiative corrections to quantum electrodynamics. A correction to the magnetic moment is 
calculated by taking into account the *‘cutoff”? at high momenta. 


ie Krokhin, Khlebnikov, and the author! calculated 
the anomalous moment of the muon, Ou, with al- 
lowance for the possible inapplicability of quantum 
electrodynamics in the region of high momenta. 
By introducing the Feynman cutoff factor with end- 
point momentum ig, an expression was obtained 
for du/u=(a/27) (1—- 6F). When m2 3 «1 

(m,, is the muon mass), the deviation from the 
Schwinger correction amounts to 


OF = 2m? / 32. (1) 


Recently de Tollis? called attention to the fact 
that the introduction of cutoff multipliers by other 


methods leads to somewhat different values for 6F. 


The purpose of the present note is to derive an ex- 
pression du with the most illustrative introduction 
of the end-point momentum, so that the numerical 
estimate of the value of the expected effect is 
facilitated. 

2. The amplitude of interaction between a muon 
and an electromagnetic wave, Ag is characterized 
by two invariant form factors a and hb, according 
to the general expression 


A, = ett (p2) {a (t) Yo + $b (t) ma” (To — Fa) } U (Pr) 


= ett (ps) {la (¢) +8 (6) to — 3B (E) ms "poy (pr). {?) 
Here p, and p, are the momenta of the muon, 
u(pj) are the spinor amplitudes, 


(pi —m,)u(p)=0, 9=Pi—P2» P=Pit Px t= 9. 


The region t < 0 corresponds to the radiation or 
absorption of a wave accompanied by a muon mo- 
mentum change p;— Pp», while the region t > 4mj 
corresponds to the production or annihilation of a 
pair (with momenta p, and —p,). The anoma- 
lous magnetic moment is defined by the quantity 


b (0) = p/p. 
To find b(t), we use the dispersion relation 


AC imdb (t) 477 
nom Af erPar, . 


and to calculate Im b(t), we can use the unitarity 


relation 
2Im As = S\¢n1q>* Cn | Pry Pads (4) 


where the first bracket in the right half of the 
equation denotes the amplitude of the transforma- 
tion of an electromagnetic wave into a certain 
aggregate of particles n, while the second denotes 
the amplitude of the conversion of the pair into 
these particles. 

We assume that for values t < \3_ these ampli- 
tudes can be calculated by using the formulas of 
quantum electrodynamics. If the laws of quantum 
electrodynamics are violated when t > Ni , then 
for lack of something better we must cut off the 
integral (3) at the value t’ = 2. Here Ag is the 
limiting value of the pair energy, which is anni- 
hilated according to the laws of quantum electro- 
dynamics. 

We can now estimate the quantity Ay by com- 
paring it with the average electromagnetic radius 
(72 )1/2 of the nucleon i} ~ 6/r?. Using the data 
of Hofstadter, r? © '/3m*, where m,, is the pion 
mass, we obtain 


A2—~ 18m? = 36m? (5) 


3. If we confine ourselves to first-order ap- 
proximation in e? = q, the states n can only be 
two-particle states (an electron or muon pair). 
Then 


(| q>*= eu (ha) ott (Ri), (6) 


where k,; and —k, are the momenta of the pair 
components, and <n| py, Pp > = <ky, ky) | Py, Po > 
is the amplitude of the conversion of an electron 
pair into a muon pair, or the amplitude of scatter- 
ing of a muon by an antimuon, calculated in the 
first approximation (in a). The summation in (4) 
reduces in this case to summation over the pola- 
rizations of the particles k; and kg, and integra- 
tion over the values of k, and k,, as permitted 
by the conservation laws. 
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The amplitude of the scattering of a muon by 
an antimuon has the form 


«ky, kz| Pi, P2 = — M+ Mo 
M = a [ta (po) Yo (a)] [tu (Rx) Yo & (Pr)1/(Ri— 21)» (7) 
M = a [U (Pe) YoU (P1)] [w (ki) Yo (Ro)} /t. (8) 


The exchange (annihilation) part:of this amplitude 
M(@) is independent of p; and p). Therefore the 
result of its substitution in (4) will not contain p 
and will make no contribution to Im b. The ampli- 
tude of the conversion of an electron pair into a 
muon pair is also of the form (8), and this proc- 
ess likewise does not contribute to Im b. We note 
that the corresponding terms in the amplitude Ag 
are usually not related to the vertex part Tg, but 
are described as an effect of vacuum polarization 
(Il,). Thus, if we represent the amplitude Ag in 
the form 


As = eu (pz) {I + iI; }. u (Px); 


then the form factor b will be contained only in 
Ds and for its calculation it is enough to take into 
account in (3) only the amplitude M. 

Substituting in (4) the expressions (6) and (8), 
we obtain 


Im Dg = — 32 \ to (Re + 1p) Ya (Rr Mp) 166 (Ri — mi) 5 (Re 


t 2 
Amy, 


ay _dtexdthen aL 1 k 
mi) &—py 3 ee \ ’ Yo (Re 
Bis ee (t—am,,) 
+M) Yo (ky ae tT) Yo Se . ’ (9) 
vti— 4m’ 


where v =(k, + k,) (py + p,). We note that this 
expression can be obtained from the Feynman di- 
agram for the vertex part, by replacing the prod- 
uct of the Green’s function of the muons by double 
the product of their imaginary parts.’ 

From (9) we obtain 


Thy eee pes as (10) 
BV tt 4m) 
This gives, after substitution in (3), 
6 area 
Sir imb Gs. Am, 
Bs paras d= 2 V/ 1— ze 
amy, 
that is, 
b= 8F = 14h (12) 


Using estimate (5), we obtain 6F ~ 0.06. 
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4. The anomalous magnetic moment of the elec- 
tron, with allowance for the finiteness of Ag (rei— 
erence 4) can be calculated by the same method. 
This yields 


dF = 2m? / di, (13) 


where m, is the electron mass. 

In view of the smallness of mg, this correction 
can be taken into account only with the radiative 
corrections on the order of a and a®. At the 
present time only the correction of order a” has 
been calculated. It corresponds to taking into 
account also three-particle states (a pair plus a 
photon). Here 


2im As = 3 (eM GS), 


where I, is the vertex part, M is the amplitude 
of scattering of an electron by an electron, calcu- 
lated with allowance for the first radiative correc- 
tions, C is the amplitude of the Compton effect, 
and B is the amplitude of the bremsstrahlung on 
the electron (the last two in the first approxima- 
tion). 

For calculation of order a’, it is necessary to 
take into account four-particle states (a pair plus 
two photons and two pairs). We have 


21m As = 2 ((.M + CB - Cy By + BP + CyD), 


3 


where Cy; is the amplitude of the double Compton 
effect, By is the amplitude of the bremsstrahlung 
of two photons, P is the amplitude of pair produc- 
tion upon collision of an electron with a positron, 
and D is the amplitude of scattering of a photon 
by a photon, taken in first approximation. In am- 
plitudes C and B account should be taken of the 
first radiative corrections, while second correc- 
tion should be taken into account in Tg and M. 

I am grateful to M. Terent’ev for useful dis- 
cussions. 
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We use the spin-wave method to evaluate cross sections for the elastic scattering of a neu- 
tron in ferrites and antiferromagnetics and the cross sections for the scattering of a neutron 
accompanied by the emission or absorption of one spin wave. 


Recentry the scattering of slow neutrons has 
gained ever greater importance as a method for 
studying solids and liquids. This refers in par- 
ticular to the study of the energy spectra of differ- 
ent substances. One can, for instance, point to the 
investigations! to determine the spectrum of the 
elementary excitation in Hell, to the steadily in- 
creasing number of investigations to study the 
phonon dispersion law in different crystals, and 
also to the first attempt to determine the spin 
wave dispersion law in magnetite.” 

All these papers are based upon the following 
fact, first noted by Placzek and Van Hove,® that 
when a neutron is scattered coherently while at 
the same time one elementary excitation (a pho- 
non, spin wave, and so on) is absorbed or emitted 
the laws of conservation of energy and momentum 
are of the form 


h2p? | 2m F € (k) = h®p”? / 2m, pFk=p—tr, (1) 


where fip and fip’ are the neutron momenta before 
and after the scattering, hk the quasi-momentum 
of the elementary excitation, «(k) its energy, and 
T a reciprocal lattice vector multiplied by 27. 
Here and henceforth the upper sign refers to the 
scattering of a neutron accompanied by the emis- 
sion of a quantum and the lower one to the scatter- 
ing accompanied by the absorption of a quantum. 
For given values of p, p’, and T, the set of 
equations (1) determines the values of k and «€ (k) 
uniquely. If the values of p and T are given and 
also the direction of the scattering (the direction 
of p’), then, for a given dispersion law «€ (k), 
the magnitude of p’ can only take on a finite num- 
ber of values. At the same time one verifies eas- 
ily that if more than one elementary excitation 
quantum takes part in the scattering, the magni- 
tude of p’ can take on a continuous range of values 
for given values of p, 7, and the direction of the 


scattering. The energy distribution of neutrons 
scattered in a given direction has thus steep max- 
ima corresponding to single-quantum scattering 
events. By determining the positions of these 
maxima for different scattering angles one can 
establish the dispersion law for the elementary 
excitations, using Eqs. (1). 

In the present paper we use the phenomeno- 
logical spin-wave theory to obtain an expression 
for the cross section for elastic magnetic scatter- 
ing in antiferromagnetics and ferrites. These 
yield, in particular, the temperature dependence 
of the Bragg maxima and also expressions for the 
cross sections for scattering accompanied by the 
absorption or emission of one spin wave. These 
expressions determine also the intensities of the 
above-mentioned maxima of the single-quantum 
scattering in the cases considered. 

One may also think that processes involving a 
large number of spin waves will play a small part 
in substances with a sufficiently high Curie tem- 
perature. This statement is proved in the case 
where the spin-wave energy* ey EIS) eS a (ak)?, 
where J is the exchange integral and a the lattice 
constant. * 

It is well known® that the matrix element of the 
magnetic scattering of a neutron by a system of 
spin waves is of the form 


A) {sh — e* (sn e)}, 


Vee is fe. 4rh? iG o (A’ em 1B y (q) Sy, 
i (2) 


m 


where m is the neutron mass, rg the classical 
electron radius, yp the neutron magnetic moment 
in nuclear magnetons, A the state of the system 


#We use this opportunity to note that although Maleev’s 
statement’ that multi-magnon scattering processes play a small 
role is correct, the classification of these processes given by 
him*’ is not altogether correct. 
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A’ the state after the scat- 
the momentum transfer, 

e = (q-q)7', Sy the neutron spin, and S,, Fy(q), 
and R. the spin, the magnetic form factor, and 
the coordinate of the 7-th atom; the summation 
over 7 is over all the magnetic atoms of the 


7 . 
Wofayeo +} 
veTore t 


ering, Q 


7) 


ystem. 
It is convenient to split the sum over 7 intoa 
over the elementary cells of the magnetic 


sum 
lattice and one over the atoms inside the elemen- 
e then get 

Seas Fy (g)Sy, (3) 


v 


where j is the index of the elementary cell, and v 
the index of the atom inside the elementary cell. 
As at the present there exists no consistent 

scopic spin-wave theory for antiferromag- 
or ferrites, we shall in the following use the 
results of a recently developed vecitmnetora naa 
spin-wave theory. 1,8 In this theory the basic role 
played by the densities of the magnetic mo- 
ments M,(r) of the magnetic sublattices; these 
can be connected with the atomic spins through 
the following relation 


micr 
netics 


oO 


is 


S;, — (2o/un) M, (R;), (4) 


where n is the number of atoms in the elementary 
cell, vg the volume of the elementary cell, and u 
the electronic magnetic moment. Using Eqs. (3) 
and (4) we can write the matrix element for the 
magnetic scattering of a neutron in the form 


x {si —e(s,e)}. (5) 

We first of all shall consider elastic scattering. 
The vectors M,(R;) have non-vanishing diagonal 
matrix elements only for the components along the 
corresponding axes of the spontaneous magnetiza- 
tion. Taking the translational symmetry of the sub- 
lattice into account, we get thus 


(4|M,(R;)| A) = ss Ma {1 — (un/My 2) ny (A)}, (6) 


where €, is a unit vector in the direction of the 
magnetization of the sublattice, Mo, is the maxi- 
mum density of the magnetic moment, and 
(un/My,v,)n(A) is the relative average deviation 
from the maximum magnetization in the state A. 

Using Eqs. (5) and (6) we can obtain the follow- 
ing expression for the cross section for the elastic 
scattering of a neutron 


*In the following we shall talk simply about ‘‘an elementary 
cell” instead of about ‘‘a magnetic elementary cell’? wherever 
this cannot lead to any misunderstanding. 
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> (q - {- ) + a Ley by’ —(ee,) (eey’ y) Sy Sy 


(q) exp {iq (ry — ry )} exp {— Wy 

G,(T) — Gv (T)I, 

where S, = VoMop /mu is the effective spin of the 
atoms in the sublattice, exp (—Wyq) the thermal 


Debye-Waller factor for the atoms in the sublattice, 
which is introduced in the usual way, and 


x Fy(q) Fv 


Woo} {1 (7) 


Peis, ea BEA 


M (8) 


SR en ys 
G(T) = \ go, @ (4) T- - 


v0 
the relative deviation from the spontaneous mag- 
netization of the sublattice from its maximum value 
(T <«< @,). When deriving Eq. (8) we have used the 
following well-known relation? 

ny 
Va 


ii 


exp {iq (R; — R; )} = or De (q+ 1), (9) 
where N is the number of atoms in the scatterer. 

We note that since the magnetic elementary cell 
is larger than the nuclear elementary cell the 
Bragg maxima of the magnetic scattering will in- 
clude some that do not coincide with maxima of 
nuclear scattering. This fact has already often 
been used to study the magnetic structure of anti- 
ferromagnetics (see, for instance, reference 10). 
We must also note that the temperature dependence 
of the Bragg maxima is determined, together with 
the Debye-Waller factor, by the quantities G,(T). 
The experimental determination of the tempera- 
ture dependence of these quantities enables us to 
find the change in the magnetic moment of the sub- 
lattices with temperature. The comparison of this 
dependence with the theoretically evaluated one 
is an additional check on the theory. 

For a scatterer consisting of two sublattices 
magnetized in the opposite direction, Eq. (7) can 
be simplified considerably. We have in that case 
for antiferromagnetics 


qa |F@Pu —26(TNe*e Dog 


+-t) (1— e3*) 1+ cos ry). 
When deriving Eq. (10) we took into account the 
equivalence of the magnetic lattices in an antiferro- 


(10) 


magnetic. 
For ferrites we have 
a { 2 ve 


{S}| Fa (9) P [1—2G, (T)] e219 


70 Sy r i ae 
st SS \F aii —2G,(T)] e329 — 25,8, [1 — G, (T) 
— Gy(T)] e-W1e— 20Re Fy (g) Fx'(q) ef eo) 1 3 (q 


os 7) a — e), (11) 
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where ez is the component of e in the direction 
of the magnetization. 


Jing, ay + LOHR! = 


Here § is the magnetic anisotropy constant, and 
Y ~ @c/uM, (the notation is the same as in ref- 
erence 11). 

We now consider the inelastic 
trons. We restrict ourselves for the sake of sim- 
plicity to the case where the scatterer consists of 
two sublattices magnetized in opposite directions. 
To evaluate the matrix elements corresponding to 
the scattering of a neutron accompanied by the 
emission or absorption of spin waves we follow 
Holstein and Primakoff” and go over from the 
operators of the moments M,, to the spin-wave 
creation operators cy and annihilation operators 
c,. If we are interested in the scattering of a neu- 
tron with the emission or absorption of one spin 
wave, we can restrict ourselves to the first terms 
in the expansion of the operators of the moments 
in terms of the spin-wave creation and annihilation 
operators; this expansion is of the form*! 


> - : i) Sa : 
Ma = M;.+ iMi. = V p™,, 3% , (12) 
z 5 ' |B, &F 5 +E “on 
= = : 5 J|— 4, 2% Ye 
Ma = My.+ iMy = V pM,, ; _ Z ae bE} 
— Hy &, Tp Ge 


where cj, and c,, are the creation and annihila- 
tion operators of spin waves with energy €;;, 
while cj, and c,, are those for spin waves with 
energy €ok- 

In the case of a ferrite, when My) ~ Mz», the 
quantities ug, VE, and €, are determined by the 
equations"! [for the case where (ka)* « 1] 


; =V Mi =V Sa 
a i= Mos = as 


a2V oe = za (14) 
Syn = (Mag — Mag)? (tb? Mi 
+ a,k® M2, —2a;—k® Mi, Mz) + HH, 
ale MM, Mn fo, Fo, — 9.) 
+p [r(Mi, — Mz,)— 1- (15) 
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According to the spin-wave theory, the function 
Gy(T) has for an antiferromagnetic the form 


In the case of an antiferromagnetic™ 


Up = 0, = V 1M, /2e, > i; (16) 
= uM, V 27 (B+ (4 — a42) R*] Fy, 
Ay —~ Ae —~ Oy ~ O, a? (uM,) 7 (17) 


Using Eqs. (5), (12), and (13) one obtains easily 
the cross section for the scattering of a neutron 
accompanied by the emission or absorption of one 
spin wave 


22 6% vow \an 2 i 
ae = VV SiS, \4k F Loaqrk 


x {uz | Fy (q) |? e2%19 + vf | F.(q) |? 2% 9 


— 2u, 0,6 “1, Re F, (q) F; (q) ef) (] 
+ €2)6(E — E’ = &,2(k)), 


Ny 2(k) = [exp {e,,2(2)/T} — IJ. (18) 


The integration with respect to k is over the 
volume of the elementary cell that contains the ori- 
gin. Consequently, the only terms that do not van- 
ish, in the sum over T, which occurs in Eq. (18), 
are those for which the vector q +7 lies in the 
elementary cell of the reciprocal lattice centered 
about the origin. Then, if a|q+7| <«1, it is con- 
venient to write Eq. (18) in the form 


x(1—cosry2q)(1 +12) 5[(E—E’ Fe4,2(q+7)] (19) 
in the antiferromagnetic case* and 
Gane 1a a 55 [m2 +9) 

+E SG| (Sil Fi WPM + Sol Fo (Ohe™ 

<9 VSS; Re F, (0) F3 () dO ey 

x (1+) 6(E—-E’F%2(q+7)I (20) 


in the ferrite case. 


*Elliott and Lowde were the first’* to obtain this equation 
from a microscopic spin-wave theory for antiferromagnetics. 
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One can see from these formulae that the cross 
section for the scattering of a neutron accompanied 
by the absorption or emission of a spin wave is 
proportional to the first power of the temperature 
in the temperature range @~e > T>€ (qa); 
and the scattering in ferrites occurs mainly only 
when spin waves with energy ¢, take part, since 
the number of spin waves with energy €, is ex- 
ponentially small [~ exp(—®¢ /T)). If the tem- 
perature is such that T « €(q +7) the cross sec- 
tion for the scattering accompanied by the absorp- 
tion of one spin wave is proportional to 
exp{—¢€(q+7)/T} and the cross section for the 
scattering accompanied by the emission of one 
spin wave tends to a constant limit which is inde- 
pendent of the temperature. 

Let us consider in more detail the scattering 
cross section in antiferromagnetics. From the 
expression for the spin wave energy in antiferro- 
magnetics when there is no magnetic field it fol- 
lows that when 


Iq+t/??< B/(% — a2) ~ BuM,/O-.2@<a 


the energy of the scattered neutrons is independent 
of the direction and is given by the expression 


BE’ = EF pM, VOBr 


The quantity uMov 2fy is of the order of several 
degrees for several antiferromagnetics (MnF, 
and others ), and for neutrons with energies of the 
order of several hundreds of degrees the change 
in energy is thus several percent. One verifies 
easily that this lack of dependence of the energy 
on the scattering angle occurs near those angles 
where the Bragg condition |p + 7| =p is satisfied 
and for which elastic scattering is possible. 

It is well known that if the antiferromagnetic 
is placed in a constant external magnetic field, 
the structure of the ground state changes,*»" in 
fields H = v 2By (1+ B/4y). If the magnetic mo- 
ments are oriented along a chosen axis of the anti- 
ferromagnetic, in the absence of a field, then a 
field H & v 2By (1+ 6/4y) causes the magnetic 
moments of the sublattices to be oriented almost 
perpendicular to the chosen axis. Together with 
the change in the ground state, the character of 
the spin-wave dispersion law is also changed.®»!¢ 
Magnetic and thermal measurements! on CuCl: 
2H,O indicate that such a transition indeed takes 
place. It would be of interest to observe by neu- 
tron diffraction the change in the structure of the 
ground state and, in particular, the change in the 
spin-wave dispersion law. 

We must note that it is experimentally simplest 
to observe inelastic magnetic scattering in sub- 


(21) 


(22) 
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stances with a high Curie temperature (several 
hundred degrees). The reason is, first, that when 
inelastic scattering takes place in such substances 
one can more easily discover a change in the neu- 
tron energy (which, roughly speaking, is propor- 
tional to @,), and second that the scatterer can 
be at a relatively high temperature. 

Borovik-Romanov'® has recently studied in de- 
tail the magnetic properties of antiferromagnetics 
with weak ferromagnetism (MnCO3, CoCO3, and 
others) comparing the experimental data with the 
results obtained from spin-wave theory. He noted 
a considerable discrepancy between the experimen- 
tal and the theoretical results. In view of this it 
would be very important to establish the spin-wave 
dispersion law in those substances by studying ex- 
perimentally neutron scattering accompanied by 
the absorption or emission of one spin wave. 
Neutron-scattering experiments with these sub- 
stances are, however, extremely complicated, as 
they have a very low Curie temperature (tens of 
degrees ). 

The authors express their deep gratitude to 
A. I. Akhiezer for suggesting this topic and for 
his interest in this paper. 


Note added in proof (October 12, 1960). One should note 
that near the Bragg maximum for which cos(r,,-7) =1 the 
cross section for the inelastic scattering in antiferromagnetics 
[which is given by Eq. (19)] becomes very small. It is then no 
longer possible to assume that u, = v, and we must use Eq. 
(18) to evaluate the cross section, substituting into it the 
exact expressions for v,; and ug, given in reference 11. 
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The temperature Green’s function for electrons in a superconductor are computed by the 
diagram technique for T = 0. An estimate is made of the region near the critical tempera- 
ture for which the usual analysis, which makes use of a temperature-dependent gap in the 
excitation spectrum, is no longer valid. The magnitude of this temperature range is of the 


order of (2A(0)/wo)4 Te. 


A characteristic of the electron excitation spec- 
trum in superconductors is the appearance of an 
energy gap. Strictly speaking, the gap exists only 
at zero temperature. However, if we neglect scat- 
tering, then we can determine the temperature- 
dependent gap A(T) for T> 0.1 Scattering leads 
to the appearance of finite damping in the excita- 
tions, which vanishes at T= 0 for minimum en- 
ergy A (0).293 For T> 0, even the excitations 
with energy A(T) have a finite lifetime. The 
very concept of the gap loses its meaning when 
the damping becomes comparable with A(T). 
Further, it will be shown that the temperature 
range in which it is not possible to use the gap 
concept is very small. 

The most convenient way for studying this 
problem is the calculation of the Green’s function. 
Without taking damping into account, Gor’kov‘’ de- 
termined the damping at T > 0 for a superconduc- 
tor with four-fermion interaction. For the prob- 
lem under consideration, a model with electron- 
phonon interaction would be more suitable. 

In a paper by the author® equations were ob- 
tained for the functions G(¢€,p) and F(€,p) for 
T=0. (Similar equations are contained in the 
work of Buikov.? The notation used henceforth is 
that introduced in reference 3.) Using the dia- 
gram technique’ for T ~ 0, we can immediately 
write down the corresponding equations for T > 0: 


&_ + § (p) + 21 (— ,, P) 


(En»P) 
Q (Eq) P) ; 


x 
PF (&,, p) a - (€,5 p) 
(1) 


G (En, p) = 


Q (En, p)=([En —€ (p) = 2 (En, p)| [en +& (p) 
+2, (—E€n, p)\— ta) ee (2) 
21 (En, P) = oar Dap G (en, p’) D (@n — &ns Pp — p’), 


af . 
Ea(eny P) = Gaps dp’ F (ens, P')D(en— 80 P—p')- (8) 


n’ 


Here 


én =i (2n+1)nT, §(p) = %0(P— Po), 


D (n,Q) = %q 20q/(@n — 4), et tad Ge 


For q K dqmax; the value aj = Agt*sq/V 1—Ap Po; 
Wg <a 1-—A) sq, s is the velocity of sound (h =m 
=s1)). 

The function G(€p, p) coincides with the ana- 
lytic continuation of the retardation function 
GR(€,p)(n > 0) and the advance function Ga(e,p) 
(n<0).° The same applies to the functions 
F(€n, p), 24(€n, p) and 2,(€n, p). Making use 
of these properties, we can go from Eqs. (1) — (3) 
to integral equations. For this purpose, we note 
that when n > 0 we have the equality 


\42Gr(z, p') D (en —z, 9) tanh 37 
C,; 
= 4niT 5} G (en, p') D (&n — €n'3 9) 
n’=0 
r 
+ 2niaz | Gr (En -+ @9; p’) tanh ea 


rhe Merten WL sae! 
Gr (&n — Wg} p’) tanh —* 4 4 


\ dzG 4 (2, p’)D(&, —z, q) tanh | 
Cy 


—oo 


=4niT 5) G(en3p') Dea — €n3 9). 


n’=—1 


The contours C, and C, encompass the upper and 
lower halfplanes, respectively, while integration 
over both contours is carried out in a counter- 
clockwise direction. The real axis is a cut. 

Since the integrals over the large semicircles 
are equal to zero, and since we have Ga(e’) 
= GR(«’) for real z =’, we can then write 
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ie) 


xy (2n, P) = 


— Gr" (8’, p’)| D (en—8’, p— p’) 


weit. 
2 (230)8 


=F Gr (En 


in place of (2). The first component contains only 
Im GR. Making use of the well-known relation 


foo) 
hd 
x | 


—co 


=a \ dp’ app [Gr (En +- Opps p’) 


@ 
— ©p-y', P’)| coth $=? 


Im Gp (8’, p’) 
e—e’ + id 


, 
? 


Gr (g, P) = 


de 


we can also express the second component in 
terms of Im GR. Continuing both sides of the 
equation analytically from the upper halfplane to 
the real axis, we get 

\ de’ \ ap’ Im Gr (8’, p’) 

2 _ tanh(e’/2T) —coth(@,__,-/2T) 
ae 78 


1 
(27)4 


Zur (€, P) art 


c= — 0, 


(4) 


tanh(e’/27T) +coth(o,_,./2T) | 
= 64 05. 5°— 16 a 


f (e) = fy (e) + th (e) = 


aie 
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In the isotropic case under consideration, zy 
and 2» are practically independent of p for p ~ po. 
We divide Z,R(€) into an odd f)(€) and even by 
+ if;(€). Since the imaginary part of 21R is an 
even function of e, fo(e) is real. Let us consider 
Im GR(€,p). Bearing in mind that 21(-—€n) goes 
over into i RC €) upon analytic Aan eee from 
the upper a AGL -plane, we can write 


&—fo(e)—ih(e) 


E(p) +h 
Q (e, p) ; 


CES Q (&, p) 


Upon substitution of the second component in 
(4), we obtain an expression in which the impor- 
tant region of integration is far from the Fermi 
surface. This gives for the chemical potential p 
a correction that is practically independent of T. 
The contribution of the first component comes 
from the region close to py. Therefore, we can 
go from integration over p’ to integration over 
q=I|p-—-p’l, &=vo(p’—po), and the angle ». As 
a result, we obtain the following after integration 
over &: 


\ de’ Re yee sign Im Q, (e’) @; (&’, &); 


e’ —e—o, — id 


qs Z a —coth(o,/2T) 
q 


p; (&’,£) = \ dq quq 


0 


Qi: (€) =[e — i (e)]? — pe (€), 9, = min {2Dp, Gmax}- 

We can establish the fact that sign Im &,(€’) 
= sign e’. If we neglect the imaginary parts of 
the functions f and Z, in 2, under the integral 
sign, then it is evident that Re 2,(e€) =0 for |e| 
=< A, where +A are the roots of the equation 
[e-—f,(€)]* — [Re Z_(€)]* = 0. 

Therefore, in the same approximation, 


&—f(e)| _ f(le—fy (2)/Qi(e), lel>A_ 
col Roriyginalt ie oie 1 del ea 
and hence 
he) = = — \ de’ = 122) 9 (e'? — A?) p, (e’, €) signe’, 


—oo 


Q, (e) = [le — fo (e)I* — 


An estimate will be given below of the imaginary 
parts, from which the limits of applicability of the 
approximations will be clear. 

We note that only the possibility of discarding 
the imaginary parts for € S A is of importance 
for us. As will be seen, this possibility vanishes 


[Re 2, (e)]?]"*. (5) 


tanh(e’/2T) +coth(o,/27) > 
= 6-0 — id ; 


only in the immediate vicinity of the transition 
point. in reference 3, we define the function 
Q(€) =Z,(€)(1-f(¢)/e)7!. From the definition 
of A as a root of the equation 23(¢€) = 0, it fol- 
lows that A=Q(A). Replacing Q(¢€) under the 
radical in the expression for Q, by the constant 
A, we rewrite (5) in the following form: 

e de’ —°__\ dq qa,? | (tanhs= +coth 5% | 
F( = Ts \ Ve2—M : l( 2T Pate 


4 1 
x (aaeFa Fa c= porn 
1 


8 —@ 6 


1 me 6 
= al (6) 


The real part of this expression f)(¢€) does not 
differ appreciably from its value for T= 0. We 
consider the imaginary part f,(¢€) in more detail: 


ie (tanh Pcor| ( 
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(ee) q 


fa (eo) = — gm | de’ aa=e\ dq Gq" (tanh 37 


0 


+ coth Al (8 (e’ + & + @,) + 5 (2 —e +y)) 


+(coth 5#—tanh 5) (6 (ea 
eS (eee os 0,)) | (7) 


The first component vanishes for |«| <A. The 
second component is different from zero for all ¢€ 
but vanishes for T=0. The greatest interest for 
us lies in fe), since it determines the magni- 
tude of the damping of excitations with minimum 
energy A. Moreover, the imaginary part of 
Gr(€,p) is connected with ff?(¢) for « <A. 

Since the small wg ~ T <@® (@ is the Debye 
temperature) make a contribution to f{?), we can 
write 

hii! e 
f(s) =, ua a mH = \ Ve2—- 
12 2 2 a aN e’ + 8)2 
. {: +8 fn (e’ — e) the ear \, (8) 


ec /T a | el E/T __ 4 


where Wp = 2Spp. 

Let us consider some limiting cases. 

1, T <A; (A=—€)/T> 1. In this case, the 
imaginary part is an exponentially small quantity: 


“2 4 TNt/sa 
(Pte) = — galas)“ Gete* +o 
4 (e+ A)2e-#? + (A—e)2 eT | e-AITA, (9) 


2. T«KA, (A-e€)/T<«1. For € sufficiently 
close to A, the dependence of f{?) on T become 
a power dependence: 


2 */2 /T\2 1/, 
iPe=— Gas) (&)"s A 
3. T>A, €S A. In this case the expression 
does not contain A and therefore coincides with 
that part of the damping of the excitations in the 
normal metal which is connected with the absorp- 
tion of phonons: 


(2) _ ____ 4itAy ple r x2e* 
eo) (1 —Ao)? a u \ — (ii il 
eS 2ah (Te 
eet o) (11) 


The equation for Z,(€) can be obtained by 
starting out from the same considerations as in 
the derivation of (6). We write out the result: 


3p (e) { Ve a) 
Q (8) = 7 = (ele 8n2v, 1—f (e)/e \ Ve? — A? 


"1 % a, 4 
x \ gq 03 | ( tans + coth 54) (apeqa, +i 
0 


4 
eee eo 


al 4 
eran ! e’ +e—o,+ 15 )]- ue) 


Here C(€) =ReQ(e). It is not difficult to 
prove that the equation can be written in the fol- 
lowing form, with accuracy up to quantities of the 
order of (Tg /w)?: 


! 
I 


set (coth 5 — tanh xr) 


ie ice 
C)= Fa 0) 1—fy (e)/e \de Ver 


A 


ae 4 

tanh F\dagoe( 7 “aE ap ee are ; (13) 
This equation differs from Eq. (37) of reference 3 
only in the presence of tanh (e’/2T). Thanks to 
this, the usual relation between Tc and A(0) is 
preserved. The imaginary part of Z,(¢), together 
with A, vanishes for T = Te and therefore is of 
no interest to us. 

In conclusion, let us consider the problem of at 
what temperatures f,(€) becomes comparable with 
A and when the concept of shell loses its meaning. 
It follows from (11) that |f,|/A ~ 1 for A/T. 

i (857 (1 —Aq) (Tes wn) ies, 
= 6422 els 0.442 / 2A (0) \4 

T.—T~ | Ser Gree ; 

Since Tg « w for all known superconductors, the 
interval of temperatures close to Te in which the 
usual approach becomes unsuitable is very small. 
Even for lead, for which Te /wy is comparatively 
large (~0.1), the value (Te—T)/Tg © 0.01. 
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A simple method for solving equations of the Chew-Mandelstam type is proposed, which 
rapidly yields an approximate solution. The method is applied to the Chew-Mandelstam 
equation for the interaction of neutral and charged pions. The results of the first approxi- 
mation in the case of charged pions are compared with the numerical calculation of Chew, 


Mandelstam, and Noyes. 
1. INTRODUCTION 


As is well known, the unitarity conditions and the 
analyticity properties lead in the two-particle ap- 
proximation!‘ to a closed system of equations*»® 
for the spectral functions Aij(s, Si jeand ays.) 
(i=1,2,3) of the Mandelstam representation. 
The Chew-Mandelstam equation‘ for the functions 
aj(s) results from the above equations if the con- 
tributions from the functions Aij(s, s’) are neg- 
lected. With the help of the solutions of these 
equations a first approximation can also be ob- 
tained for the functions Aij(s, s’), and then first- 
order corrections to the solution aj(s) of the 
Chew-Mandelstam equation. Thus the solution of 
a Chew-Mandelstam type equation may be viewed 
as the first step of an iteration procedure for the 
solution of the complete set of equations for the 
spectral functions Aij(s, 8’) and aj(s). We out- 
line below a simple method for solving equations 
of the Chew-Mandelstam type, which makes it 
possible to obtain rapidly an approximate solution 
and investigate its properties. 

The method to be proposed is analogous to the 
well-known method of Dalitz, Dyson, and Castil- 
lejo.’ If the values of the coupling constant lie in 
a certain region the solution is obtained in the 
form of analytic functions, the coefficients of 
these functions being solutions of a system of al- 
gebraic equations. They depend on the coupling 
constant and can be determined by numerical cal- 
culations (or even analytically, in the simplest 
approximation). 

The method is applicable in the low-energy re- 


gion, i.e., precisely where the two-particle approxi- 


mation, used in the derivation of the equations, 
makes sense. Even the first approximation gives 
usually good results in this region. 

In the present note we shall demonstrate the 
basic ideas of this solution on the simplest ex- 


ample: the mz interaction between neutral and 
charged mesons. We hope to report later on a 
number of other cases of physical interest. 


2. THE INTERACTION OF NEUTRAL PIONS 
The Chew-Mandelstam equation for the ampli- 
tude for the interaction of neutral pions 
Ao(v) = [(1 + v)/v]#e*sin 65 
(Ve Ce ie, q is the momentum in the barycentric 


frame, 6) is the phase shift) has the following 
form:4® 


Ao) a 9/ Gay 
tv) 


4 1\ 12 , 
Sa || HOT dv 
See 1 yan = 
Ct \ es v —V / Vv’ 4+" 
—0oo 0 
% | Ao(v") Pav", (1) 


where A = —Ao(v9), Yo being the point at which the 
subtraction was performed. 

Similar to the case of the 7N interaction in the 
static model,’ it is convenient to deal with the in- 
verse amplitude h(v) = en Os At that we shall 
consider only that solution of Eq. (1) which has no 
zeros in the complex v plane. Then h(v) has the 
same analyticity properties as Ap(v); the imagi- 
nary part of h(v) along the cuts is easily deter- 
mined from Eq. (1). 

As a result we obtain for h(v) the equation 


aw=—t+-4+IV SS oa)" 


0 
—j—v’ 
dv’ 
7 
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[A(v") |? (2) 
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This equation is inconvenient as it stands, because 
the integrations on the right hand side extend to in- 
finity (and divergent integrals are obtained when 
the integrands are expanded in powers of v’ ett 

is useful to introduce in place of v the variable 

x =v/(1+v), which covers the range 0=x <1 
when 0 <v <~, and in place of v’ the variable 

y = v’/(1+v") in the first integral and y = (1+v’ )/ 
v’ in the second integral. Equation (2) then re- 
duces to the simple form (n = v”/(1+v”)): 


1 

2 
ea 
0 


aE inp aa 


t— 7)? 


yro(y)dy 
{/x—y 


A(x) =C+-— (3) 


(4) 


v(Y) = on 


? 


where C=h(0). 
To the value v = vy corresponds x = Xo, with 


h(x)) = —A7!. Setting in Eq. (3) x = xp we obtain 
1 Bod ay 
a sy Ge Xo dy 2 ¢ yoy) dy 
Ca a Wiean #htane ©) 
To the value vy = —% corresponds xp = —2. 


We next study the properties of the function 
v(y). In order to solve the Eqs. (3) and (4) it is 
sufficient to determine v(y) inthe region 0 < y 
<1; it follows from Eq. (4) that in that region 
v(y) > 0. Transposing in Eq. (4) the factor mul- 
tiplying the integral to the left and differentiating 
with respect to y we obtain 


y'0 (y) | 7 yl? 


d 
ar la=ancae | — CO (6) 


y(1—y) uo’ —w'v)u++(3—y)uwo =v, (7) 


where u(y) =|h(y)|’, T(y) =|h(1/y) |? and the 
prime denotes ieneas irs: differentiation with re- 
spect to y. 

One deduces easily from Eqs. (4) and (3) [or 
(6) and (3)] that v(0) is a finite quantity. Further- 
more, it can be shown that y = 0 is altogether not 
a singular point of the function v(y), i.e., that 
v(y) can be expanded in a Taylor series about 
y =0. In addition, it follows from Eqs. (4) and (6) 
that the function v(y) is finite at y = 1 and that 
as y approaches 1 the function v(y) becomes 


v(y)~1+a[In(1/y)7, 
where a is some constant. 

Thus v(y) is a positive function varying be- 
tween v(0) =Q@) at y=0 and v=1 at y=1. We 
shall seek an expression for it in the form of a 
polynomial of degree N: 


(8) 


N 
> ony”. 


n=0 


v(y)= (9) 
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To find the coefficients a, we choose N+1 points 
in the interval 0 < y <1 and require Eq. (7) to be 
satisfied at these points. We then obtain a system 
of N+1 nonlinear algebraic equations for the N+1 
coefficients Qp. 

The main idea of our method has to do with the 
circumstance that the Eq. (1) was derived in the 
two-particle approximation and therefore can be 
valid only for small values of x (not close to 
unity). The whole scheme will be self consistent 
if on the right hand side of Eq. (3) values of v (y) 
for y near unity are unimportant. It is therefore 
natural to require Eq. (7) to be satisfied at the 
point y = 0 for the case N= 0, at the points y = 0 
and y = % for the case N= 1, etc. 

In the first approximation we set v(y) = Q%. 
Then Eq. (7), evaluated at the point y = 0, yields 


= cou (0) = u (0). (10) 


On the other hand, substituting Eq. (9) into Eq. (3) 
we obtain 


N 
+= [xdo(1/x) +2 5) tadants (x) | 


Aes 
n=0 
N 

2iVs50—x) 2ix—h S) nx" (x — 1), 
n=0 
i n—1)/2 4 4 
pay y 
Jn(x) =4 Be ay y= — pa tJ). (1) 


Here P denotes the principal-value integral. 

In order to calculate u(0) = |h(0) |? and @(0) 
= |h(«)|? we make use of Eq. (11) in which we 
keep only the first term in the summation over n. 
As a result we obtain from Eq. (10) 


casa eee he 
3° 4—8n(1— )/9+ Vi— 16n (1— 1) /9 
2 


In this approximation the constant n is related 
to the four-boson interaction constant A by 


=. od (h/ Xo) == = cad (Xo). (13) 


In the next higher approximation we seek a 
v(y) in the form v(y) = ap + ayy and determine 
Q@) and a, from Eq. (7) evaluated at the points 
y =0 and y= Wh The equations for a» and a, 
are of the form 


2 
= Oy = [1 —n(I1—2a,—2a, )I ; 
— 9 44? (is) —5 (Ya) u Pa) Mo +H (2) w Cs) to 
uw (2) [7 w/a) —u (2/2) 
Here ¥('4), u(¥,), and W (44) are expressed in 
terms of a) and a, according to Eq. (11). These 
equations are solved very simply by the iteration 


Oy 


- (14) 
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TABLE I 
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0.57 | 0.49 
0.48 


0. ‘ 
0. 0.88 


=D 


0.74 7 
0.06 9 


method, where we ignore in the first approxima- 
tion those terms in the right hand sides which con- 
tain a,. Then the first equation in (14) yields for 
@ the same value as is given by Eq. (12), and the 
second equation in (14) gives a, in terms of C 
and a9, whose dependence on X is already deter- 
mined with the help of (14). 


A 
O5{ 


-05 


FIG. 1 


We have solved the system (14) numerically. 
In Table I we give values of @p and a, for vari- 
ous values of 7. If we substitute into Eq. (5) 
vV(y) = @) + ayy and use for dy and a, values 
from Table I, we can obtain 7 as a function of A 
(Fig. 1). From here one obtains easily a) and 
a, as functions of A (Fig. 2). A solution for the 
system (14) exists only in the region —0.4 =n 
<= 0.15 or —0.5 =A < 0.25. At the limits of this 
region a, becomes infinite from which it follows 
that the amplitude A)(v) vanishes identically. 


Equation (1) was also solved numerically. The 
limiting values for A as obtained by this method 
were almost the same: —0.6 <A < 0.25. The 
curves in Figs. 3 and 4 represent the dependence 
of —Y mvx cot 69 = —¥mm Re h(x) on v 
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2 


0 4 lov 
FIG: 3 


= 1/(l—x)= q?/u?. The solid curves represent 
the first approximation constructed according to 
Eqs. (11) and (14). For all 4, with the exception 
of values in the immediate vicinity of the limiting 
values, the first and second approximations prac- 


7 Re h(v) 


| 9 a Ads 
0 J l0y 


FIG. 4 


tically coincide (for such ) a single curve is 
shown in Fig. 3). For values close to the limiting 
values the second approximation gives a signifi- 
cant correction. The second approximation curves 
are shown in Figs. 3 and 4 by dotted lines. 


3. INTERACTION OF CHARGED MESONS 


The equations appropriate to this case were 
given by Chew and Mandelstam.‘ As in the neutral 
mesons case we introduce the quantities h(x) 
= [A$(x)]74, o(x) = [AR(x)I71, hy(x) = [Af (x) 174; 
the upper index denotes the isotopic spin, the lower 
index denotes the orbital angular momentum. We 
then obtain the following system of equations for 
the functions hj(x) (i=0,2) and h,(x): 

sf 


5/o, 
x dy 4 y "0; (y) dy 
hj (x) = C; + Pe arn sles tfx—y? “(15) 
0 0 
( Vidy 1 0 yor (y) dy 
x y *Uy ’ 
fy (x) =C, + =| GSH +—\ WeSaq (16) 
0 0 
aK 3/ 
PR iii og( aaa Ia eee 
Caley) a1 \ eer x | 1/x%»—y ’(17) 
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The expressions for vj(y) and v,(y) are of the 


form 

r4\) 4 ©  qdy io 
vi(y) = (1 —y) | fi ca ys | (—nP [to (n) |? 
0 


' en y(1—n) i 19 
VAG F 3 (I aie [Ar (m) [25 ’ ey 
1\ Py, ¢ Vndn es 
—_ _ mek /2 1 
one) i ”|h (=) | 2 | aaa | {—7 
F { 10 ! O12 
Xx \fho()® " [ha (nyie 
so fit=)) ne 20 
+ 3a (1 ea aaa ey 
where @;, is a known matrix:* 
2/3 10/3 2 
cin =| */3 ‘/s lait: (21) 
2/5 — 5/3 4 


Transfering the factor multiplying the integrals 
on the right hand sides of the Eqs. (19) and (20), 
and differentiating with respect to y, we obtain 
equations for vj(y) and v,(y) analogous to Eq. 
(7) in the case of neutral mesons. These equations 
are now much more involved: 


ORS, aa oe oA Oi; l 
y (1 —y) (018s — vit) + 4B —y) tr: = uP | + at 
84" Gy. (ole a i ae 0 9- (22) 
uy (y) i ’ CS iy Qe J 
y (1 — yy) (ty — vy) + + (3— y) a0, 
= ity {1 — »\ Un 5 
: 3 =F L Bao in) 3u2 (M) 
2y(1—) ihe 
+3(1 i lw) a | 
Zh 
n “dy alae = 
= recat Seca (23) 


It is easy to show from Eqs. (22) and (23) that 
vo(0) and v2(0) are not equal to zero, whereas 
vi(0) equals zero. As in the preceding section it 
can be shown that y = 0 is not a singular point of 
the functions vj(y). Following our method we now 
look for vj(y) in the form of a polynomial in y. 
The problem is then reduced to the solution of non- 
linear algebraic equations, whose number equals 
the number of unknown coefficients of the various 
powers of y in the polynomials (24): 


N N N 
o(y) = Di oayts v2(y)= > Bey?ts o1(y) = Dd) reyt. 
k=0 k=0 k=1 


(24) 
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In the first approximation we may substitute 
Voly) = Qo, Vo(y) =Bo and vi(y) =Yoy into the 
Eqs. (22) and (23) and then set in them y = 0. We 
then obtain for a, By, and yo the following sys- 
tem of equations: 

2 ag = Uo (0) (2/3 Uo (0) + 10/3 uz (0)), 
3. By = a (0) (2/3 uo (0) +1/3 2 (0), 


Sy = 2 ty (0) (2/3 4 (0) —5/3 ua (0), (25) 


where 


win = POR, 27) Qie 


As in the neutral meson case, hj(x), uj(x) 
and Uj(x) may be expressed in terms of the co- 
efficients a,, Bk and yy. For example 

N 
> Ond on+a (x) | 


x olz)+ 2 


N 
+ iV x6(1 — x) + 0 (x —1) x7 5) ona. 
n=0 
Keeping in Eq. (26) only the coefficients a), Bo 
and yy we obtain after substitution into (25) 


Ay (x) — Co t 


(26) 


2 


u; (0) = Ci, tip (0) = |Co+ (1-4 )| : 


i, (0) =[C + = (1-4 Bo )] 


bef. 


The first two equations in (25) are quadratic in 
Q@y and Bp» and do not contain yp. Solving these 
equations yields the functions a 9(Cp, C.) and 
Bo(Co, Cp). On the other hand by making use of 
Eq. (17) we can express Cy and C, in terms of 
Q@ and dp: 


i, (0) = fe ++(4- (27) 


Co=—s-— =| wolo(—) tach) ], (28) 
C= —5-—S[ tole (—) ie Bola (x0) | : (29) 


From here dp and Bp are obtained by iteration of 
which the first step is obtained by substituting for 
Cy and Cy in ap(Co,C,) and Bo(Cy, C,) the values 
given by Eqs. (28) and (29) with ay = By = 0. 

The third equation in (25) is quadratic in Y03 
solving it using the already determined ay(A) and 
By(A) yields Yo(Cy,A). According to Eq. (18) 


ree (aa, raft) 
7 “(Y)  y (y) 

Finally yo(A) is obtained by iteration of which the 
first step is obtained by substituting in Yo(Cy, A) 
the value (Oy? obtained from Eq. (30) with yp = 0. 
Table II lists the coefficients a (A) and By(A) 
obtained in this manner. 


(30) 
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TABLE II 
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x | 0 0.3 | 1 
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The dashed lines in Fig. 5 depict the dependence 


of —5AVx cot 9 = Son Re hy (x) on vy = 1/(1—x) 
= q?/u* in the first approximation constructed ac- 
cording to Eqs. (15) and (24). The dashed lines in 


Fig. 6 depict the dependence of the function 
— 2 Vx cot Og On v. 


-5A Vi cot do 
2 s 


4, CONCLUSIONS 


A comparison of the results of the first and 
second approximations for the function — (1/2) 
x Vx cot 6 = —(mn/2) Re h(x) (Figs. 3 and 4) 
shows, that the second order corrections may be 
neglected, except for values of close to the lim- 
iting values when a,(A) becomes large. However, 
as is seen from Fig. 2, this exceptional region is 
not large. It must also be remembered that the 
range of validity of Eqs. (1) and (2) is restricted 
to the limits 0 < v S 3. This is just the region in 
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which the corrections attain their smallest values 
and for v = 0 the first and second approximations 
are identical. Furthermore our first approxima- 
tion is in good agreement with the numerical solu- 
tion of Eq. (1) (E. P. Vedeneev and A. L. Krylov, 
private communication ). 

We may also check the appropriateness of our 
first approximation in the charged meson theory. 
The comparison of our first approximation 
(dashed lines) and of the numerical solutions of 
the Chew-Mandelstam equations for the scattering 
of charged mesons? (solid lines) is given in Figs. 
5 and 6 for the functions —5AVx cot 69 and 
— 2, Vx cot 6». It is seen that the agreement, par- 
ticularly in the region 0 <p S 3, is very good. 

It is not surprising that the solution found by us 
in the first approximation is, in essence, the S- 
wave dominant solution of Chew, Mandelstam, and 
Noyes. The reason for this is that in the first ap- 
proximation the S-wave scattering amplitudes are 
obtained independently of the P-wave scattering 
amplitude [the first two equations in (25) are not 
coupled to the third one ]}. 

Thus, in all cases considered, already the first 
approximation yields reasonably good results. 
When it is noted that the first approximation can 
be obtained quite easily it becomes clear that the 
method here outlined could be very useful for the 
investigation of solutions of equations of the Chew- 
Mandelstam type. 

Our method was applied here to the Chew- 
Mandelstam equations for the scattering of neutral 
and charged pions. It may also be applied to other 
equations of analogous structure, say 7N or 7K 
scattering. 
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It is shown that the expression for the stress tensor of a variable electric field in a transpar- 
ent dispersive medium is the same as the usual expression for a nondispersive medium. It is 
also shown that if the parameters of the medium are time-dependent an imaginary part appears 
in the dielectric susceptibility, which is a real quantity for time-independent parameters. An 
expression is derived for the stress tensor of a variable electric field in a transparent liquid 


located in a constant magnetic field. 


1. THE STRESS TENSOR OF A VARIABLE 
ELECTRIC FIELD IN A TRANSPARENT 
LIQUID DISPERSIVE MEDIUM 


ly the present work we investigate the form of 
the stress tensor of a variable electric field in a 
transparent liquid dispersive medium. We are 
interested here, of course, in the average of the 
tensor over an oscillation period of the field. As 
is well known, the stress in a dielectric placed in 
a constant electric field is given by the Maxwell- 
Abraham stress tensor. For an isotropic liquid 
it has the form 


0& 


E2 le, J2) 
Se ore an le p eH On te f 


“an” 


(1) 


Here po = po(p, T) is the pressure in the liquid in 
the absence of the electric field as a function of p 
and T, ¢€ is the dielectric susceptibility of the 
liquid, and p is its density. The derivation of (1) 
is based on the expression for the energy density 
of a constant electric field in a dielectric, 

U = Un+ aq = Uo t =, (2) 


Sie 


Here Up is the energy density in the absence of the 
field. 

Let us now consider a liquid dielectric whose 
dielectric permittivity is a function of the fre- 
quency of the field. Let it be located in an elec- 
tric field which varies with a frequency at which 
the dielectric is transparent, i.e., such that ¢ (w) 
is a real quantity. A typical example of such a 
medium is an electron plasma at w > vp (vp is the 
effective collision frequency). The expression for 
the time average of the energy density of the elec- 


tric field in such a medium is different from (2), 
and contains the derivative of € with respect to 
w (see reference 1): 


- > dwe E* 
OU, a ee (3) 
One might naturally expect additional terms con- 
taining de/dw to appear in this case in the ex- 
pression for the stress tensor. However, we 

shall see that this is not so, i.e., that the stress 
tensor in this case is given by expression (1), but 
is averaged over the time. 

For a proof of this assertion we first give a 
very simple derivation of expression (1) for a 
constant field. Consider a capacitor filled with 
a dielectric of dielectric constant €, and which 
carries on its plates a constant charge Q. The 
energy of such a capacitor is 


I = Uo + Q2/2C = Up + Cq?/ 2. (4) 


Here ‘WU is the energy of the uncharged capacitor, 
C its capacity, and @ the potential difference be- 
tween its plates. 

Let us now subject the capacitor to some con- 
tinuous deformation. First we displace its plates 
or its lateral surfaces. The work performed on 
it by the external force will then be 


6A OinbitleS (a, ee if 2; 3), (5) 


where n, is the normal to the displaced surface, 
£; its displacement, and S its area. However, 
since a capacitor with constant charge is an elec- 
trically closed system, the work (5) will simply 
be equal to the change of its energy: 


8A = 6;EnpS = Up S 


6C = 6%, —+q%C. (6) 
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If we now express 6C in terms of the displace- 
ment of the plates (taking into account the change 
of the density of the dielectric during deformation), 
we immediately find from Eq. (6) the expression 
(1) for Oik: 

Now we show that the expression for the tensor 
in a variable field is determined by an equation 
that agrees exactly with the time average of Eq. 
(6). Consider a capacitor filled with a dielectric 
of dielectric constant €(w); to its plates we ap- 
ply an alternating potential, 


(7) 


Lot 
) 


ST Sil —lot Soe 
QO = (Me ie 


of frequency w such that Im e€(w)=0. Sucha 
capacitor, however, is no longer a closed system. 
In order to avoid calculating the work of the cur- 
rent source we therefore consider a simpler, 
electrically closed, oscillating system, consisting 
of a capacitor and an inductance, i.e., an oscillat- 
ing circuit with natural frequency w. 

The energy of a capacitor filled with a disper- 
sive dielectric is given by the following expression, 
which takes the place of Eq. (4), 


ae : d o?2 


This is easily obtained by comparing Eqs. (2) and 
(3) and taking it into account that C ~ €. The en- 
ergy in the inductance is LI?/2c* = Cy2/2, where 

c is the speed of light, and I the current through 
the inductance (here we assume that the inductance 
does not depend on frequency, and we have used the 
well known relation between current and voltage in 
an oscillating circuit). Therefore the total energy 
of our closed system is equal to 


Cq 1 dwC @ 


| 6 | 
sire Uy + wo jie NS 


doC @ 
Las 2 


(9) 
do) 
Now let us subject the capacitor in our circuit 
to an infinitesimal deformation. The accompany- 
ing work of the stress forces will be, as before, 


U =U, 4 


6A = 6,,&;n,S. 

To calculate the change of energy in the system, 
which equals 6A, we note that, as is known from 
mechanics, the so-called adiabatic invariant re- 
main constant during an infinitesimal change of 
the parameters of any linear oscillating system. 
For linear systems this invariant is defined as 
the ratio of the oscillation energy to the natural 
frequency of the system: 


Deee | Gh = const: (10) 


We note that Eq. (10) has a simple quantum - 
mechanical basis. In fact, the energy levels of 
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every linear quantum-mechanical system have 
(after subtracting the zero-point energy) the 
form 


En, =hon (i= OF rae) 


where w is the eigenfrequency and n the quantum 
number. Therefore 


W/o = E,/o = iin. 


But during an infinitesimal change of external con- 
ditions the quantum state of the system does not 
change, i.e., n remains constant. 

From (10) it is clear that the energy changes 
in direct proportion to the frequency, and in our 
case we obtain 


2 Gre 


(11) 


where 6w is the change in natural frequency of the 
circuit due to the deformation of the capacitor. 
Since w=c/v LC we find 

a /o = —+6C/C, 


(12) 


where 6C is the change in capacitance. 

We must, however, take into account that the 
capacitance changes not only by deformation, but 
also because of the change in the oscillation fre- 
quency of the circuit, since the capacitance de- 
pends on frequency. Therefore, 


8C = 8C,, + (dC | do) bo, (13) 


where 6Cgt is expressed in terms of the displace- 
ment é; like in the static case. 
Eliminating 6C/C from (12) and (13) we find 


“(2 dw?C 
wo \@ aa) 


eel Yee (14) 
Substituting 6w/w from (14) into (11) we finally 
obtain 


ol tN p?dCet, (15) 


i.e., an expression which agrees with the average 
of Eq. (6). If we now note that 6C,; is expressed 
in terms of the deformation (like in the static 
case) we immediately conclude without additional 
calculation that the tensor is also given by the av- 
erage of Eq. (1), 


On = — Poin a le o (ap), | ou + 


even in the presence of dispersion. 

Formula (15) can be presented from a some- 
what different point of view. We assume that the 
capacitance changes only because of changes in 
permittivity of the dielectric. Then 


E,E, 


4m (16) 
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(S is the surface area of the plates and d their 
separation), and the infinitesimal work of the 
external forces is 


5A = 6 = OUy (17) 


i Sde = Uy — G- Voe 
(V is the volume of the capacitor). If we now con- 
sider instead of the capacitor an arbitrary volume 
filled with dielectric, then instead of Eq. (17) we 
obtain 

8 = 6 —\ = dedV. (18) 

Formula (18) is correct for changes occurring 
at a constant entropy of the medium. However, 
since at constant entropy and temperature small 
additions to the energy and free energy, respec- 
tively, are equal, exactly the same formula applies 
for the change in the free energy # at a given tem- 
perature and at zero work of the sources of the 
field: 

oF =F, —\ 5 dedv. (18a) 
This formula agrees with the formula for the 
change in the free energy for fixed field sources 
in the static case [see reference (1), formula 
14.1)]. 

As is well known, the components Tikes together 
with U and the components of the energy-flux vec- 
tor S = (c/47) ExXH, form the four-dimensional 
energy-momentum tensor Tqg of the system. 
From our results it follows that in a static medium 
the only component of Tqp containing the deriva- 
tive of € with respect to w is Ty,. Knowing Tag 
in a static medium, we can find its value in a mov- 
ing medium from the Lorentz transformation for- 
mula. Then de/dw will enter also into the other 
components of the tensor. We write down as an 
example the equation for the energy flux of the 
field in a medium moving with velocity v [with 
accuracy up to terms ~ (v/c)?]: 


(19) 


2. PERMITTIVITY OF MEDIA WITH TIME- 
DEPENDENT PARAMETERS 


Let the state of our liquid be described by some 
parameter id. (In particular, this may be the den- 
sity or the pressure of the liquid.) In this case the 
dielectric permittivity will of course be a function 


Tin (Po Dal sev Sin 


of this parameter [€ =€(w,A)]. Now let the pa- 
rameter A depend on time. Then we can introduce 
the idea of a time-dependent permittivity. Since 
also in this case the connection between E and D 
for weak field remains linear we may write 


co 


D(t) =E() + \i(, NEG — adr. (20) 


0 
(If the properties of the medium did not depend 
on time, the function f would depend only on T 


and not on t.) 
Putting E(t) = Eye}? we obtain 


Di@) 2 (rn) Eses (21) 
where it is natural to call the quantity 
(0, 2) — Vi, pee as, (22) 


0 
the permittivity of the medium with time-dependent 
parameters. 

The function €(w,t), however, will by no means 
agree with the function €)9(w,t) =€(w, A(t)), i.e., 
with the function of the static value of A, in which 
we put A =A(t). This is connected with the fact 
that the function €(w,t) in general will not be de- 
termined by the value of A at the same moment of 
time, but will depend also on the time derivatives 
of A. If A changes slowly (compared to atomic 
frequencies) then the dependence of € can be lim- 
ited to dA/dt only, and we can take only the first 
term of the expansion in this quantity. Thus 


e(w, t) = &9(@, t) + a(@, 4 (t)) da / dt. (23) 


(€ must of course tend toward €) as dA/dt — 0). 

The second term is usually taken to be only a 
negligibly small correction to the first. However, 
if the medium is transparent when the parameters 
are time-independent, i.e., if Im €(w,A) = 0, then, 
generally speaking, In a = 0. Therefore the de- 
pendence of A on time leads to the appearance of 
an imaginary part of €, which represents a quali- 
tatively new effect. 

We now show that if Im €(w,A) =0, then Im a 
can be found in closed form (the real part of a 
gives only a small correction to €9 and is unin- 
teresting). For the derivation consider a capaci- 
tor filled with a dielectric whose parameters vary 


slowly with time. We shall consider that a poten- 
tial difference 


Go = = (p,e- =E oe), 
is maintained between the plates of the capacitor. 
Here @ is a complex constant. 


The current through the capacitor now has the 
form 
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1S = Wee Ise |, (24) 
where I)(t) is a slow function of the time. The 
capacitance is given by the formula 

G(@,t) =e(o, 2)S/ 4nd. (25) 
Then the charge on the capacitor plates is 
= > [C (a, ¢) pe“? + C* (a, 2) Geert, (26) 
Since I= dQ/dt, we find 
I) = [—iwC (@, t) + OC (a, t)/ dt] Qo. (27) 


Let us now apply the law of conservation of en- 
ergy to our condensor. In this case it means that 
the change of energy of the capacitor equals the 
work needed to change its dielectric constant at 
a fixed current source, plus the work of the source 
to maintain the given potential across the capaci- 
tor. According to (15) the work for the change 6¢ 
(per unit time) equals 7%? 8C/at, and the work 
of the current source is Ig, i.e., 


d (1 dol > Poe 
AUS wre 0 2?) 
With accuracy up to terms of higher order of 
smallness, we can regard here C as a real quan- 
tity inallexpressions containing 9C/dt, since 


Im C is of the order da/dt ~ 9C/dt. 
Substituting (27) into (28) we find 


eo, & 


aC @? aC Q@ 29 
{ = 
mip a saot or a ce) 
41 0C 1 OC ah 
InC = 5 950F — 3 Oida ad: (30) 


Substituting (23) and (25) into (30) we finally find 


(31) 


(32) 


(The real part of a, as already indicated, is neg- 
ligible and can be omitted). The formula (32) 
clearly is correct also in the case when € depends 
on several parameters. 

We note in conclusion that formula (32), like 
formula (15), can be derived not only by applying 
the theorem on adiabatic invariants, but also di- 
rectly from the fundamental formulas of quantum 
mechanics, if one expresses the left and right 
sides of these formulas by the corresponding 
matrix elements of quantum-mechanical pertur- 
bation theory. However, we shall not dwell upon 
these rather cumbersome calculations. (These 
calculations were first performed by I. E. Dzya- 
loshinskii to derive formulas equivalent to (15).) 
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3. THE STRESS TENSOR OF A VARIABLE 
ELECTRIC FIELD IN A LIQUID LOCATED 
IN A STRONG MAGNETIC FIELD 


Consider a liquid placed in a strong constant 
magnetic field and a weak electric field varying 
with a frequency at which the liquid is transparent. 
Here we shall suppose that when there is no elec- 
tric field the liquid does not have any magnetic 
properties, i.e., that its magnetic permeability 
1S ele 

The permittivity of the liquid in the magnetic 
field in the absence of absorption is a Hermitian 
tensor of the form 


€in(@, H) = &, (@, 1?) dm + & (0, H*) Hii, 


+ 183 (0, H*) eH, (33) 


where H is the constant magnetic field intensity, 
and ej,7 a totally antisymmetric unit tensor. Here 
€4, €), and €3; are functions of H? and w which 
tend toward some finite limit as H? — 0. In par- 
ticular, for an electron plasma, 


2 wo 
0 e 0 


oy = 2,2 9 : 9? 
mc” (wm — wF,) o 


9? 2 


9 


e M5 


mc (a= 7) o 


@eae CoH? 17C2 @? = 4xne? /m, (34) 


(n is the number of electrons per unit volume, e 
the charge, and m the mass of the electron). 
Consider some volume filled by a dielectric 
of permittivity (33). By generalizing some argu- 
ments of the preceding section, it is not difficult 
to show that in this case the following relation 
holds for the variation of the free energy [instead 
of formula (18a) ] 


&F = \ {oro a Ey; Eon ein} dV, (35) 


where Fy is the density of the free energy in the 
absence of an electric field, and Ey) is the complex 
amplitude of the electric field:* 


E=+ (Eye “ + Eye’). 


2 


We note first that although our medium is by 
assumption nonmagnetic (B =H) when there is 


*To derive (35), strictly speaking, it is not enough to con- 
sider only the field in a capacitor, since we cannot produce in 
that way a field of the most general form, say a rotating one. 
This difficulty can easily be avoided by considering, instead 
of an oscillating circuit, a cavity resonator of arbitrary form. 
Simple calculations lead to the same formula (35) in this case, 
too. 
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no electric field, this is no longer so when the 
electric field is taken into account. Therefore 
we determine first the connection between B and 
H, accurate to terms ~ E*. For this we use the 
well known thermodynamic equation 


H = 4n0F / OB. 


Carrying out the differentiation with the help of 
formula (35), and taking into account that yp = 1 
by assumption, i.e., 


(Fo) is the density of free energy in the absence 
of both the electric and magnetic fields) we find 


H = B—+ £4;E,0e / OB (36) 
or, to the same accuracy, 
B=H+ + £yE. Oem / OH. (36a) 


We note that since 9¢€j,/9H ~ 0 when H=0, 
B =~ 0 even when H = 0, i.e., a variable electric 
field can create in the medium an average mag- 
netic moment proportional to E?. It is easy to 
see that for this the electric field must rotate, 
i.e., it must not be linearly polarized. 

Now we subject our dielectric to a deformation 
at constant induction B, the displacement vector 
of its points being 6r(r). Then we must recog- 
nize that when a volume element is displaced its 
permittivity changes, and consequently the mag- 
netic field changes from point to point. Taking 
this into account we obtain 


be, = (37) 


de; : 0e,; 
— (6r 7) &:n — oe e div 6r + aR, 
Since the deformation takes place at constant 
B, we have 


OF (= OF 5) = — (Ory) Fon = 


Substituting into (35) and integrating by parts we 
obtain 


PS Ors 


ee 
16x 


— Fy9)— Ze (BiEno 5) 


2g ee a5. sg VBr)fordV, 


(38) 


On the other hand, the change in free energy 
equals the work of the forces 
6F = — \ ior dV, (39) 


where f is the force acting on a unit volume of the 
dielectric. Equating (38) and (39) and recalling that 


F 99 — p OF on / Op = — poo 


Lo. Po PLEAS hall 


[Poo = Poop, T) is the pressure in the absence of 
the fields as a function of p and T], we find the 
final expression ae the force 


Eos ee dp 2 p| 


f = — grad Poo + He grad 


Ey,E k OE 5p, 
a [grad fin — 9B; orad Bi | (40) 
or, substituting Ej Epk 9€ik /9Bz from (36), 
1 * 08 jp 
f= — V Poo + Tex V | Bo: Eon ee) p| 
Ey:E on ! (B,—H) VB, 
es ck ik (41) 


To find the tensor oj, we must transform the 
right side of (41) into the form d0jk/d@xk. For this 
we note that in virtue of the Maxwell equations 


2eim ) 
gu Eom ge = gy (Eat Eom &im) — (Evra ae 


5 fa) * a * 
+ compl. conj.) are (Eo: Eom im) — fea Dom 
L m 


OE;D>, 


. (6) * 
+ compl. conj. ) = 5x, (E01 Eom &1m) = (——" 
Ll m 


+ compl. conj. ), 


OB, F) B2 OH, fa) B2 
MBN Fn) 5, Ge, (= —BH)— a oe —BH) 
0H,B, HH? (B—H)| _, 24:8, 
poe | 2 2 farang 
= 1 dH? , OH;B,, 
ca 2 Ox; Ox, 
We obtain 
CECE af Oo 
Sik = — Poo9in + Sn { 5 (p 5 e1m) oa Ht Sip 
4 4 * 
1 J HiBe + Fe~ (EocDor + compl. conj. ) (42) 
or, expressing D by E and B by H, 
vi 
H? 4 
Sik = (200 ar) Ou t Gy Hille 
sto = {EoEon(p pm —eim)} Siz 
+ age {H Le gs oR 
i ‘oH, ~o om + (&xmEo: Eom + compl. conj.)}. 
(43) 


The tensor oj, in the liquid must satisfy two 
conditions. First, the tangential components of 
the forces acting on the surface must be continu- 
ous on the interface between two adjoining liquids. 
This is necessary in order that the liquids be in 
mechanical equilibrium. If we recall that the tan- 
gential components of E and H, and the normal 
components of D and B, are continuous in virtue 
of the boundary conditions, then it follows at once 
from (42) that this condition is fulfilled, i.e., that 
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9,1, = 9,1, 
(n is the normal to the surface). 

Secondly, in virtue of the law of conservation 
of angular momentum, the tensor oj, must be 
symmetric. To verify that this condition is ful- 
filled we express €jk through €,, €), and ¢€3 in 
(43). We obtain 


Sik = — (Poo + = =)é nt 7 Wile 
+ ap {BvEom (pS —eim\t Bn 


1 1 * * * 
SiGe {[e:EvcEon + &9 (EoxH) (EosH7n + Eon i) 


+ iesEq: [ExH], + compl. conj.] + 2H;H, [Hh E,xE, 
' 0&2 E.xH1 {2 + 083 * iene: A 
‘ail app l oxH] |? + tae [EoxEo)xH | { iegH; [Ey xEo],}- 
(44) 
We can verify the correctness of the identity 
iEo;[E)xH], + compl. conj. = — iH; [E,x Eola 
+ i[E;xEol Hb, a 


with the help of which we now write oj; in the 
manifestly symmetric form 
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OE 1m 


Sik = Pan 


— (Poo + w)6 ieee 


* 
— Elm eis fim 


| a * 
3) Bin + agee (exEoeEon + &2 (EoH) (EoeP 


a Hin + aez{ Eos Eom ( 


0&4 


OH? E,E, 


+ H; Eon) + compl. conj.} a: = es 


+ $8 | [EoxH] |? + ¢ 22% [EjxE¢] H}. 

The expression (46) can be generalized without 
difficulty to the case where the medium possesses 
magnetic properties even when the electric field 
vanishes. 

In conclusion I express my thanks to L. D. Lan- 
dau for advice and discussion, and V. L. Ginzburg 
and I. E. Dzyaloshinskil for a discussion of the re- 
sults. I also thank M. A. Leontovich who called to 
my attention the question considered in Sec. 3 of 
the present paper. 
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It is shown that the eigenfunctions of the Hamiltonian of a three-particle system with pair 
interaction can be represented in a natural fashion as the sum of three terms, for each of 


which there exists a linked set of equations. 


This set can be written down with the help of 


the solutions of the pair problems, and can be solved uniquely, in contrast to the equations 
of the Lippman-Schwinger type. In the limit of zero range, the well-known Skornyakov- 


Ter-Martirosyan equations are obtained. 


Ar the present time, the basic premises of scat- 
tering theory, with redistribution of the particles, 
have been worked out in as much detail as in the 
theory of elastic scattering. To be precise, non- 
stationary (Ekstein') and the stationary (Gerjuoy’) 
statements of the scattering problem have been 
given, a unique procedure has been formulated for 
the writing down of the element of the S matrix 
for any possible process, and the asymptotic value 
of the eigenfunctions of the Hamiltonian of the sys- 
tem in configuration space has been expressed in 
terms of these matrix elements. However, inte- 
gral equations of the Lippman-Schwinger type,°* 
which are easily derived for these functions even 
in this general case,‘?® possess a number of in- 
adequacies. In the first place, these equations 
possess solutions for both the homogeneous and 
inhomogeneous equation, so that the solution is 
not determined uniquely by the free term. In the 
second place, it is difficult in these equations to 
proceed to the case in which the pair interactions 
are specified not by means of potentials, but, for 
example, by means of boundary conditions (solid 
spheres) or by the specifying of the logarithmic 
derivative of the solution for r = 0 (zero-range 
forces). 

We obtain below for the eigenfunctions equa- 
tions that are free of these inadequacies. It is 
shown that the eigenfunctions can be represented 
in a natural way as sums of three terms, for which 
there exists a linked set of equations. In the case 
of three particles with pair interaction, there are 
three such terms and all the equations are inhomo- 
geneous, while the homogeneous equation has a 
solution only for energies corresponding to the 
bound state of the entire system. To determine 
the kernels of the integral equations it is neces- 


sary to solve only the pair problem. These ker- 
nels are generalizations of the so-called T ma- 
trix, and can easily be constructed for different 
limiting cases, in which there is no potential. We 
note that the natural division of the wave function 
in the three particle problem into three terms has 
appeared in several researches devoted to the 
question (see, for example, references 7 and 8). 
The derivation of the equations is given in the 
first section. We begin by recalling well-known 
premises of scattering theory. In the second sec- 
tion, the equations are written down in the momen- 
tum representation. The meaning of pair kernels 
is explained there in detail. The equations are 
written in terms of these kernels. In the third 
section, a number of remarks are made in con- 
nection with the equations that have been derived. 


1. FORMAL THEORY 


The method will be illustrated by an example 
of three nonrelativistic spinless particles with 
masses Mj, M2, m3. The particles are assumed 
to be different. The Hamiltonian of the system 
has the form (h = 1) 


H=T, Ts: T3 Vo3 + Vsa Vie, (1) 
T; = — (1/2m,) V7, (== (oa: (2) 


Vij acts only on the variable Yij = Tj ree! the 
wave function and vanishes as Lijec 

In this system, infinite motions are possible, 
whether of all three particles or of the bound state 
of any pair plus the third particle. We shall prove 
that each pair can form bound states. This situa- 
tion is expressed in the asymptotic behavior of the 
wave functions of the system. The asymptotic 
basis functions 6p are generally separated into 
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four classes. The functions 


®,, = exp {ikyr, + ikgr, + ikgrs} (3) 
with energies 


Ei Ri Ong eraks) Zita k3 / 2mz (4) 


describe the free motion of all three particles. 
The free motion of the bound state of particles 


2 and 3 and of particle 1 is described by the func- 
tions 


®,,, = exp {ikyr, + iKosRas) PY (res), (5) 
Rog = (Mere + MzP3)/(m2 + ms), To3 = Ty—T3. (6) 
Here oD (xr) is the solution of the equation 

[— (1/2p2) Vi + oo (r)1 33 (r) = — AWPY (r), (7) 
where 
KOSS, 


e., the function that describes the bound state. 
The corresponding energy is determined by the 
formula 


a3 = MgtM3/(m, + ms), 


a ee 


29) 


Eng, = Ri/2m, -+- K3s/2 (tmz + m3) — Ady. (8) 


The functions ons and by,, Can be constructed 
similarly. 

The element of the S matrix that character- 
izes the transition from the state described 
asymptotically by the function #j to the state de- 
scribed by the function ®f is determined by the 


expression 
Ry: = (D;, V; D> 


Here V¢ is the part of the interaction which is not 
taken into account in the state ®,, while the func- 
tion Wj is determined by means of the resolvent 


E; = Ej. (9) 


G(z) =(H —2y" (10) 
according to the formula 
Wo —— eG AGE + ie) ®P,. (11) 


e>+0 


The functions W, are the eigenfunctions of the 
total Hamiltonian H with eigenvalues Ey. Equa- 
tions of the Lippman-Schwinger type for these 
functions are easily constructed from the corre- 
sponding equation for the resolvent G(z): 


G (2) = Go (2) — Go (2) VG (2), (12) 
Go (2) 0 (Ho a Oyen 
eet eT cite tesa = As. (13) 


Multiplying both sides of (12) by —ie and applying 
the equation to @n, we get 
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a= eGo (E n+ 18)9,—Go(En + i0)V¥,. (14) 
It is not difficult to see that 
-- ie Go (En, 18) P,, = ®,,,, (15) 
so that we get an equation of the Lippman- 
Schwinger type for Vino: 
Wo On, — Go (Ep 10) Te (16) 
Here, 
— iGo (En, + is) ®,,, = 0, (17) 
since 
Gy (z) ®,,, = exp {ikyr, + iKy3Ro3} 
. 2s \ exp (i [223 (z — AY /2 — Kos)? (m2 + ms)]"* | t23 — t yg |} 
4n | | t23— on | 
< Ss (Pog) B8ro5 (18) 
does not possess a Singularity for z = En), . Thus 


Yn., is the solution of the homogeneous equation 
in terms of the Green’s function Gp: 


Pin — GolEng sei Vas (19) 
If we use the Green’s function 
Gog (2) = (Hy + Vo3 — zy}, (20) 


then we get inhomogeneous equations for Wp, and 
VYn,,;- However, the equations for Yp,, and Yp,., 
expressed in terms of this Green’s function, will 
be homogeneous. 

Actually we have, for example, 


Gog (2) Bn, = exp {IKR} \d°p exp {épes} |(sr) \ ea (0) 
~ exp {— ir (p tie ae ps) dr | 
x [eae(ten 2a aan) 


NM f ip! Me pe ) fal 
< exp teak aaa? “| Pa, 


*r'| : (21) 


Here go3(r, r’, z) is the solution of the equation 


[— (Ques)2V7 + Ug3 (r) — Z] £23 (r, Ee; Z) =O (r mas re); (22) 
which, as is known, has poles at z = = 
= ils Aye 
R = M3 (mar, + Mofo + Merz), 
P1 = (my + mg) 4 (Mere + Msr3) — fr, K = Kai + ke, 


P2 = M14 (mK; — (my, + ms) ka), 


(23) 


My = Mm, (ms + m;)/M, 
M = my, + me, + m3. 


After integration over p we get a smooth func- 
tion of z, such that 


1016 soe 
=== ieGo3 (VB, ae ig) Pr, = 0. 


e>-+0 


(24) 


Thus, in the case under examination, equations 
of the Lippman-Schwinger type do not have unique 
solutions, and the choice of the latter must be car- 
ried out through additional requirements, for ex- 
ample, asymptotic behavior in all directions in 
configuration space. But this means that the equa- 
tions do not satisfy the fundamental role of inte- 
gral equations — that of combining the differential 
equation and the boundary conditions in a single 
relation. Therefore, these equations are ill-suited 
for finding the solutions in practice. 

We shall begin the derivation of our equations 
for the eigenfunctions by revising Eq. (12) for 
G(z). We shall seek G(z) in the form 


G (z) = Gy (z) — Go (z) T (2) G, (2). (25) 
We have for T(z) the equation 
LZ) = V — VG, (2) T (2). (26) 


We now consider the successive approximations 
for this equation: 


T (2) = Vos + Vai + Vie 
— (Vos + Var + Viz) Go (2) (Vos + Vai + Vie) +... (27) 
and reconstruct the series in the following way: 
T (2) = Vag — Vo3Go (Z) Vos + VosGo (Z) VasGo (2) Vo3 — - . - 
+ Vai — VgiGo (2) Var +.» + Viz —Vi2Go (Zz) Vig +... 
++ (Ves — VogGo (Z) Vos + - - -) Go (2) 


x (Vai — VsiG, (2)Vai +...) +... (28) 
We denote by T23(z) the sum of the chain 
T 23 (2) = Vox — Vo3Gy (2) Voy +... - (29) 


Obviously, T23(z) is the solution of the equation 
T 23 (2) = Vos — Vo3Gp (Z) T 23 (2); (30) 


which is obtained from (26) if we set the two poten- 
tials V3; and Vy. equal to zero. In Eq. (30) the 
variables are separated trivially (this is done 
below in detail) and the operator T,3(z) is char- 
acterized only by the pair interaction of particles 
2and 3. T3;(z) and Ty(z) are introduced simi- 
larly. It is not difficult to write down the series 
for (27) by means of these operators. It suffices 
to replace all Vij in (27) by the corresponding 
Tjj(z) and to omit terms that contain a factor of 
the type T23(z) Go(z) Ty3(z), i.e., where Tjj(z) 
with the same indices appear side by side. 

It is not possible to write down the equation 
for which the resultant series would be the 
successive-approximation series. However, if 
we represent T(z) as a sum of three terms 
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T (2) = T® (z) + T® (2) + T® (2), (31) 
where, for example, 
TW (z) —= Ves ae V23Gy (z) if (Z) (32) 


and T?)(z) and T(z) are similarly defined, 
then these components satisfy a linked set of equa- 
tions, which are conveniently written in matrix 
form: 
is (zy 

TO) 3] 


T®) (2) ) 


T 23 (2) \ 0 T23 (2) 123 (2) (TDG) 
=[Ta(|—[Ta@ 0 Tale) |Go(2) Ge 
T 12 (2) ) T12(2) Tie (2) 0 T®) (z) 
(33) 


It is not difficult to verify that the successive ap- 
proximations for this equation duplicate the series 
described above. Naturally, the validity of the re- 
sultant system does not depend on the convergence 
of this series. A derivation of Eq. (33) without the 
use of perturbation theory will be published else- 
where. 

We now obtain the corresponding equations for 
the functions %,. In accord with the expansion 
(31), we have 


G(z)= G,(z) + G® (z) — G@ (2) -~ G@ Gy. (34) 
where the functions 
GU (2) = .G,(2)le GjN2) ef ee em os 


satisfy the equation 


Gg) G23 — Go / @) T 23 T's8\ GM 
G@)) =) Gu — Go |= G, ee 0 Pot | G®)}. (36) 
Gis) Gi2 => Go 7 Ti Ti2 0) J Gis) 


Here the argument z is everywhere omitted, 


Gi; (z) = eee + Vi; a Byars (37) 


Applying both sides of this equation (multiplied 
by —ie) to the functions np, and @n,,, and taking 
into account equalities of the type (17) and (24), we 
get equations of the following form for Vino and 
Yno3° 


Va, = O,, + WY 4 WO 4 we (22° £,.-- 10), (38) 
yO [On Os 0 T23 (2) Tas (2) (1) 
0 0 2 y 
[x] waite ae ei nen [rs Zi ON eis: @) we) |}, 

(3) ot?) ®,, Tis (2) Ta (z) 0 (3) 

(39) 

Von = Vint Urn t¥2  @=En,+i0), (40) 
wi) ©, 0 as(2) Tog (2) \ wD) 
[v = (0 — Gp (z) [7 2) 20 T 1 (2) ee 

¥ 0 Ti2(2) Ta) 0 ¥®) ’(41) 


Here, in order to avoid encumbering the formulas, 
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we have omitted at many places a number of in- 
dices characterizing the corresponding functions. 
The equations for VYn3, and VYn,. are similar 
to the equation for Wings except that the free term 
differs from zero in the second and third place, 


respectively. In Eqs. (39) we denote by a) the 
limits 


(<7) . 
®,, = — ieGj (En, + ie) ®,,. 


e>+0 


(42) 


It is not difficult to establish that, for example, 


ee = exp {ikir, + iK23Ros3} G23 (T23, Kos), (43) 
where %23(r,k) is a solution of the equation 
[— (2pa3) *W77 + Vag (r)] Pas (t, k) = Rog (r, k), (44) 


such that @~o3(r, k) —~elK-T isa diverging wave in 
which 


K23 = kp + ks, kos = (mak, — msk2)/(mz + mg). (45) 


2. MOMENTUM REPRESENTATION 


The momentum representation is especially 
suitable for writing down these equations. We can 
introduce three different systems of coordinates 
in place of the coordinates k,, k,, k; in this rep- 
resentation. For example, in the set 


K = k, = Ka ks, 
Pi = M*([m, (ke + ks) — 


ky; = (m3k2 — mks) / (m2 + ms), 


(Mg +- m3) ky], 
(46) 
the kernel of the operator T23(z) assumes an es- 
pecially simple form: 
T 23 (ky, Ko, ks, ki, ke. k;; 3) Z) 
= 63(K — K’) 6 (p; — pi) tas (Kes, Kos; 2 — K?/2M 
— pi/2), (47) 


where py; =m ,(m, + m3)/M, and t23(k, k’; z) is a 
solution of an equation of the type 


Hie Ws 2) = 0k) — (REDE ape as) 
In operator form, (48) has the form 

t (z) =v — G0 (2) # (2), (49) 

So(z) = (Mo— 2)", ~— ho = — (1/20) V". (50) 


We see that t (k, k’; z) represents a kernel of 
the pair T matrix, where all the arguments have 
independent values. The scattering amplitude of 
particles 2 and 3 on one another is proportional 
in their center-of-mass system to to3(k, k’; z) 
for 2pio9z = k? + 10 =k’? + i0. 

It is convenient to write down the kernels of the 
operators T3,(z) and T4)(z) in the coordinates 


M=m,+ me, + ms 


THREE-PARTICLE SYSTEM 1017 


K, ks}, Pp and K, kj), p3, respectively. Expres- 
sions for these coordinates and for the kernels of 
the operators T3,(z) and T,.(z) are obtained by 
interchanging of the indices in the given formulas. 

The operator Go(z) is the operator of multi- 
plication by the function 

il 
| 


: p2 2 =u 

ke Rs p Ke Re p> 
(s OTA e of ) = Se  cineale + 
4! tleg “ M31 ne 


(51) 


sil BSE es iz ne ae 
2M 2U12 213 i ; 


All the $y functions contain the factor 6°(K= Ko), 
where Kp is the total momentum of the system.* 
It is not difficult to transform to the center-of- 
mass system, dropping this factor and introducing 
a new reference point for the energy 


— K2/2M. 


Below we shall operate in the center-of-mass sys- 
tem and will not write the bar over Ep. 

Our system becomes especially simple if we in- 
troduce separate coordinates for each component 
yi), 


Es — En (52) 


yo = yo (kgs, Pi), vo aa wy (ksi, P2), 


oe (Kio, Ps). (53) 


For these functions, the equation take on the follow- 
ing form: 


Fn (k, p) = alk, p)—J Ak, p, k’, P's 
En + i0) Yn (k’, 


pe p’) dh'dp’. (54) 


Here Vy and by are columns of three components, 
while A is a three-row square matrix. The ele- 
ments aJ) of this matrix have the form 


aan) = q2) = q(33) — 0, 
ke ie 
(12) — { 
ie a [a 


a fos (k, — (mg ry avs 2hy 
ae on Cea aa?) 
ae ‘toa (k, (12, Fae iD oa 


(55) 


q{3) = 


pe 
_(f ta 


«69(k’ +p + atop’). 


The expressions for a‘) and a!) or for a") and 
a'32) are obtained from expressions for a”) or 
tt3) by the corresponding interchange of the in- 
dices in the right hand sides of (55). 
Equations (54) and (55) are the final forms of 
the equations used. The potentials Vjj do not ap- 


*Here and throughout we denote the quantum numbers by an 
upper or lower index 0 to distinguish them from the arguments 
of the wave functions. 
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pear explicitly in these equations. The mathemat- 
ical solvability of these equations will be treated 
elsewhere. 


3. DISCUSSION OF THE DERIVED EQUATIONS 


1. The equations become simplified in the case 
of identical particles. Thus, as an example, all the 
w(i)(k, p) coincide for a symmetric eigenfunction 
Vsym> SO that we replace the set by the single 
equation 


ee (k, p) = P, (k, p) 


m f il OS 
k4-+ 3p?/4— mz \[e (k, Z E ene 


2 eae te ee (oe et ad 


x En{— Pp — =P p’)| dp’, 


If VYsym corresponds to scattering by a bound sys- 
tem, then 


®,(k, p) = 6°(p— po) P(k), En = 3p0/4— 4, 


(57) 


where yg (k) is the function describing the bound 
state. By solution of Eq. (56), VYsym is expressed 
in the form 


Me Wr (kes, Pi) + Pn (Kai, Po) + Yn (kis, Ps) 


= 3 sym [¥ (kes, p:)]. (58) 
k,p 


The symbol sym denotes symmetry with respect 
to the variables written beneath it. 

If Wsym corresponds to free motion of all 
three particles, then 


t (k, ko; &2/m + i0) 53 


®, (k, p) = m Pe 10 (D— Dp), 
ps Re 3 [ 
CD a Ue yD (59) 
Ce yor {e° (kos — k3s) 63 (p; — P}) 
son (kasd Die Kes, P°)): (60) 


In the approximation of zero range of forces, 
t(k, k’; z) does depend on neither k nor k’: 


t(k, ks 2) = [(2m)*u (a+ iV 2Quz)?, ImVz>0. (61) 


Here a is the inverse scattering length. If a > 0, 
then the pair problem has a bound state, in which 
the corresponding y (k) has the form 


@ (k) = N/(R? + 2), (62) 


where N is a normalizing factor. Equation (56) 
shows that in the corresponding problem with three 
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particles, the symmetric function for scattering on 
a bound state is determined by Eq. (58), where 
Wy(k,p) has the form 

/ il 


Nm ‘ 
eM 0s 
Wea (k, P) = @ + 3p?/4 — mz ( (P Po) 


© (P; Po) | 
mw? a + i V mz — 3p?/4 « j 
(63) 


where the following equation is valid for ¢ (p, Po): 


@(P, Po) = (2? + PPo + Po — mz) 


maalae @ (p's Po) dip’ : 
mu \ (p? + pp’ + p’? — mz) (a +¢ V mz — 3p’2/4) 


(64) 


This equation is identical with the equation of 
Skornyakov—Ter-Martirosyan.? This is not diffi- 
cult to prove by making the substitution 


a(P, Po) 


: 65 
a —i V mz — 3p/4 (65) 


3 
(Pp, Po) a 8 


2. The potentials can be entirely eliminated 
from the expressions for the matrix elements of 
the S matrix. We shall carry out the correspond- 
ing derivation for the case of a process in which 
particle 3 is scattered from a bound state of par- 
ticles 1 and 2 to produce a bound state of particles 
3 and 1 and a free particle 2, i.e., for the process 


(Dab 3 OS ae): (66) 


The matrix element is determined by the expres- 
sion 


R,, = (®;, Vs Vu), E; = Ei, (67) 
where 
Dy a Pas, V; = Vo3 == Viz, 
Ep 2ns(ps)?— As,  Bp=eeis (psy — ae 
ee Ue = Oe eae (68) 


Here Az, and Aj are the corresponding positive 
binding energies. 

With the help of an equation of the type (30) for 
Ty3 and (41) for Sie: we get 


Vag 8) = —VasGoT 25 (YO + B®) = —V,,( 


eee Tag Bete ee) (69) 
and, consequently, 
Vag ¥ = Toa CU + ¥), (70) 
Similarly, 
Vial? = V0, ae ee) (71) 


and thus 
CDi, Vp Fe) = (Daa, Via Da,> 
+<Pans Tas (2) (KO + FO) Tae (ZR? + Hy, 


z= E; + i0. (72) 
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The potential Vj. can also be eliminated from 
the first term. Simple calculation with the aid of 
the equation for ~4.(r) shows that 

das| 


Pray tga [a (p+ mt) ! 
p:). (73) 


X Prez (p: ae a = me p)) ae ar 


my aus msg 


where @4.(K) and @3;(kK) are functions describing 
the bound states in the momentum representation. 

The matrix elements for other processes can 
be transformed in a similar fashion. A special 
paper will be devoted to various similar formulas, 
to the proof of the completeness of the eigenfunc- 
tions and the unitarity of the S matrix, and to 
other premises of the so-called formal scattering 
theory. 

3. Obviously, the re-formulation of the equa- 
tions of scattering theory given here can be car- 
ried out in the case of an arbitrary number of 
particles n= 3. If there are only pair interac- 
tions, then the number of equations in the system 
will be N=n(n-—1)/2. These equations will be 
useful if only there are no more bound states than 
pairs of particles, since otherwise solutions of 
the homogeneous equations will exist. If triple or 
more complicated bound states exist, then a more 
complex construction must be used for n=4. In 
this case, it is natural to assume the existence of 
triple or more complicated interactions. 

In any case, for pair interactions in which re- 
pulsion predominates, equations similar to those 
obtained can be shown to be useful. An especially 
great simplification is obtained for the problem 
with identical particles. In this case, the system 
reduces to a single equation. We note that in the 
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nonstationary formulation (more precisely, in the 
problem of statistical physics, where the inverse 
temperature plays a role similar to the time) the 
reconstruction of a series similar to (27) has been 
carried out by Yang and Lee.!” However, these 
authors did not write out any integral equation, of 
which there is one in our case, since the particles 
are considered to be identical. It is possible that 
this equation can be useful for the problems of 
statistical physics. 

The author thanks F. A. Berezin, V. N. Gribov, 
S. V. Maleev, and L. V. Prokhorov for discussions 
and useful remarks. 
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THE REACTION (a, t) ON Li’, Be®, AND 
Na?3 
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and V. I. CHUEV 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1468-1470 
(November, 1960) 


SEVERAL reports!~* have appeared recently on 
the investigation of the reactions (p,a), (a,p), 
(d, a), ete. The angular distributions of the par- 
ticles in these reactions recall in many cases the 
Butler curves, and it is therefore sometimes con- 
cluded that these reactions proceed via stripping 
or pickup. However, it is impossible to draw final 
conclusions concerning the mechanism of these re- 
actions from the form of the angular distribution, 
which is the same for all direct processes. It may 
be that a comparison of the probabilities of excita- 
tion of the same states in the investigated reaction 
and in a reaction of known mechanism [for ex- 
ample (d,p) or (d,n)] is more sensitive to the 
mechanism of the process. 

We have investigated the reaction (a@,t) on the 
nuclei Li’: Be’, and Na2? at a-particle energies 
of 40 Mev over a broad interval of excitation ener- 
gies. The residual nuclei Be®, B!°, and Mg4 were 
obtained also in the stripping reaction (d, i) a 
and in the pickup reaction (d,t).°-’ The reaction 
(a,t) has heretofore been investigated only in 
individual cases .5-!° 

The triton spectra were determined, as in the 
investigation of the (d,t) reaction® from the ac- 
tivity of the tritium accumulated in stacks of foils 
located around the target. The targets used were 
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foils made of the investigated elements, 4 mg/ em? 
thick. 

Figure 1 shows typical angular distributions of 
tritons in the reaction (a,t). 

Figure 2 shows the triton spectra at small 
angles. In all three cases lines corresponding to 
many different states of the residual nuclei are 
observed. The angular distributions of most of 
the groups are well described by the square of the 
spherical Bessel function Lia(GRo)!’, and the 
value of the orbital momentum of the captured 
proton is almost always in agreement with the 
values of the spins and parities of the investigated 
levels. The value used here for the radius Ry co- 
incides with that obtained from the stripping re- 
action on these nuclei. 

In Figure 3 are compared the probabilities of 
excitation of the same levels of the final nuclei in 
the reactions (a,t), (d,n), and (d,t). A com- 
parison of the reactions (a@,t) and (d,n) on Na?23 
for levels with energy greater than 5 Mev must be 
made with caution, since transitions with 1 = 0, 
which are observed in this region in the reaction 
(d,n), may not be noticed in the reaction (a,t). 

The great difference between the reaction 
(a,t) and (d,t) is not surprising, for in the 
(d,t) reaction it is the hole levels that are pre- 
dominantly excited. But the spectra of the (a,t) 
reaction also differ greatly from the spectra of 
the reaction (d,n), in which, as in the (a,t) re- 
action a proton is captured. This means that in 
the (a,t) reaction the single-particle proton lev- 
els are not excited predominantly, as in the (d,n) 
reaction, and the mechanism of the (a,t) reac- 
tion differs appreciably from the stripping mech- 
anism of the (d,n) reaction. 


1p, Herrman and G. F. Pieper, Phys. Rev. 
105, 1556 (1957). 

2C. B. Fulmer and B. L. Cohen, Phys. Rev. 
112, 1672 (1958). 
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Lil (cx, t) Be® 3 Be fa, t)B" Na?{ar,t)mq°* 

E*=0 E*=0 E*=14Mev 
4 ey l=7 l=2 

R250 2 Ry=35 Ry=3.0 
3 FIG. 1. Angular distributions of tritons. E* — 

5 level of residual nucleus. Solid curve — square of 
2 the spherical Bessel function for values of ] and 
1 & 4 R, shown in the figure. 
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FIG. 3. Probabilities of excitation of the levels 


Be%(d,n) 8"? Na“Ydn) Mg?" 
of the nuclei Be’, B’°, and Mg” in the reactions 


(d,n), (@,t), and (d,t). The ordinates represent the 4 8 F 0 23 2h 
values of the differential cross section at the maxi- Lu (a, t) Be Bear, t/6 Na’ (at) Mg 
mum [for the reactions (@, t) and for Na”(d, n)Mg"*], 
and the reduced widths [for the reactions (d, t) and 
Be*(d, n)B’°]. 
Be(d t) Be® | | Ba, t) 8° Mg"*(d,t)Mqz" 
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t+ 2+ 1* 
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ANISOTROPY OF THE EVEN PHOTO- 
MAGNETIC EFFECT IN n-TYPE 
GERMANIUM AT LOW TEMPERA TURES 


I. K. KIKOIN and S. D. LAZAREV 
Submitted to JETP editor August 20, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1471-1473 
(November, 1960) 


Te anisotropy of the even photomagnetic emf 
observed in germanium! is at room temperatures 
satisfactorily described by the phenomenological 
equations of Kagan and Smorodinskii? right up to 
magnetic fields of 20,000 oe. 

A study of the temperature dependence of the 
even photomagnetic effect showed that at low tem- 
peratures its anisotropy becomes anomalous. The 
investigation was performed on single crystal 
specimens of n-type germanium. 

The orientation of the crystal axes and the di- 
rection in which the even photomagnetic emf was 
measured were chosen in such a way that only the 
anisotropic component was measured.’ In order 
to do this the specimen which was cut in the form 
of a circular disc was mounted such that the [111] 
axis coincided with the normal n to the illuminated 
surface. If we take the direction of the magnetic 
field H to be along the x axis, and the direction 
of the light ray along the y axis, we measured the 
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even photomagnetic emf in the z direction. The 
odd photomagnetic emf which occurs along the 
same direction was eliminated by measuring for 
two opposite directions of the magnetic field. 
Under those conditions the expression for the 
even photomagnetic emf Eg is of the form (see 
also reference 3) 


lh _!_ LH?sin26cos 3q, (1) 


3V2 
if we assume that the above mentioned phenomeno- 
logical equations can be applied; in Eq. (1) ¢ is 
the angle over which the specimen is turned around 
the normal n, 6 the angle between the normal n 
and z (the direction of the magnetic field), and 
L a material constant. 

The specimen studied could be rotated both in 
its own plane around the normal n (to change the 
angle g) and also around the z axis (to change 
the angle @). 

The dependence of the even photomagnetic emf 
on the angle g (which at the same time deter- 
mines the anisotropy) which was obtained at 
liquid nitrogen temperatures agreed completely 
with Eq. (1), as it does at room temperatures. As 
far as the dependence of this emf on the angle @ 
is concerned, at a temperature of 78°K it is es- 
sentially different from that at room temperature 
(sin” 6). The dependence is depicted in Fig. 1 
where along the ordinate axis the extremum val- 
ues of the even photomagnetic emf are given which 
correspond to go = 1/3, 27/3,.... The different 
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curves correspond to the different values of the 
magnetic field given in the figure. While for 
small values of the field the angular dependence 
Eg(@) approximately satisfies Eq. (1), at large 
values of the field (H > 6000 oe) it behaves 
anomalously. The value of the emf goes through 
a minimum at 6 = 7/2, shows a maximum at @ 
= 54° and 126° and decreases to zero at 6 = 0° 
and 180°. 

It is essential to note that the dependence of 
the even photomagnetic emf on the magnetic field 
is different for different angles 6, as can be seen 
from Fig. 2. Along the ordinate axis we have 
again given the extremum values of the even 
photomagnetic emf. For 6 = 7/2 (the plane of 
the specimen is then parallel to the magnetic 
field) the even photomagnetic emf reaches satu- 
ration in relatively small fields, H = 6000 oe. At 
6 = 80° the value of the field for which saturation 
is reached is equal to 10,000 oe. For larger 
angles @ saturation does apparently not set in 
until fields which are larger than those attained 
in our experimental conditions are reached. 

Qualitatively similar curves have been obtained 
for the emf produced when illumination is replaced 
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by an electrical current from an external emf 
source flowing through the specimen, in the direc- 
tion of the incident light. 

At the moment we cannot suggest a satisfactory 
explanation of the observed anomalies. It is pos- 
sible that they are connected with the presence of 
many carrier effective masses‘ each of which 
‘‘shows up’’ at an appropriate angle 6. 


11. K. Kikoin and Yu. A. Bykovskii, Doklady 
Akad. Nauk SSSR 116, 381 (1957), Soviet Phys. 
Doklady 2, 477 (1958). 

2 Yu. Kagan and Ya. A. Smorodinskil, JETP 34, 
1346 (1958), Soviet Phys. JETP 7, 929 (1958). 

31. K. Kikoin and S. D. Lazarev, Doklady Akad. 
Nauk SSSR, in press. 

‘Yu. Kagan, JETP 88, 1854 (1960), Soviet Phys. 
JETP 242 1333) (1960): 


Translated by D. ter Haar 
265 


CONCERNING THE RADIATION OF A 
NUCLEUS IN THE PRESENCE OF UN- 
EXCITED NUCLEI OF THE SAME TYPE 


M. I. PODGORETSKII and I. I. ROIZEN 
Joint Institute for Nuclear Research 
Submitted to JETP editor May 31, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1473-1475 
(November, 1960) 


ls the emission of a y quantum by an excited nu- 
cleus takes place in the presence of one or sev- 
eral nuclei of the same type, it becomes possible 
for the y quantum to ‘‘wander’’ inside such a sys- 
tem. As will be shown below, in many cases this 
may lead to a change in the observed frequency 
and to a damping of the radiation (see also refer- 
ence 1). It is assumed that the nuclei can be re- 
garded as isotropic classical oscillators. 

1. We consider the question of the radiation of 
a nucleus which is a component of a symmetric 
diatomic molecule, the axis a of which is fixed 
in space (a >A, where A is the radiated wave- 
length). The radiation field of such a molecule 
at a point far from the molecule and at an angle J 
to its axis (which is assumed directed from the 
oscillator with dipole moment Py to the oscilla- 
tor with dipole moment P,), can be determined 
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by solving the system of equations 
P, (t) + 3B, (t — a/c) + 27P, (t) + oP, (t) = 9, 
BB, (t — a/c) + 2rP1 (t) + w*P, (t) = 0, 


P,(2)+8 
P- BHA BES], oD 


[ER 
where y = 7/2, T is the average lifetime, 6 
= (3/41)(A/a)(y/w), and the distance Rp is 
measured from Py. For the sake of simplicity 
we assume here that the radiation is polarized 
in a plane perpendicular to the axis of the 
molecule. 

We specify the following initial conditions: 


| 
Roc? 


P,(t) =P. (t)=0 for t<0, 
Py (0) = Ade, Pr(0) =0, R= 0.1. (2) 


The solution of the system (1) with initial condi- 
tions (2) leads, accurate to quantities of order 
y/w, to the following result: 


Py (t) = 4 A [cos @, t exp (—|11| £) + cos wat exp (—| val¢)], 


ea) = 1A [cos o,f exp (—j7¥1| ft) — cos Met exp (— | Ye |E)I, 
(3) 


where 
@, =.0(1—38 cos *), o.= 0 (1+ 38 cos *), 
t2=—1+sBosin™ <0. 
(4) 
Substituting (3) into the expression for the field in- 
tensity E from (1), we see that a rather compli- 
cated time-dependent situation results and, in par- 
ticular, the decay curve is non-exponential, be- 
coming such only after the lapse of a time 


t=—1—zBosin <0, 


v>1/|%1— 2) = 1/Bo|sin (wa /c)|. 


The corresponding decay constant is less than y 
by an amount 


SOp- em OCT Eom Vae Od 
x Sin — = (g-— sin ate 


It is obvious that the initial assumption, that the 
position of the molecule axis is fixed in space, is 
not essential for these conclusions. 

2. In order to obtain an idea concerning the 
radiation of an excited nucleus contained in a 
crystal, we consider the subsidiary problem of 
the radiation of an oscillator contained in a one- 
dimensional chain with a period a. This problem 
already includes all the characteristic features 
inherent in the radiation from a crystal. At the 
same time, it can be completely solved in ana- 
lytic form. 

In order to obtain the radiation field at a cer- 
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tain point, we must know the function 
( R 
Ge Dearie (5) 
R k 


where R, is the distance from this point to the 
k-th oscillator, and the summation is carried out 
over all the oscillators of the chain. It is easy 
to see that F(t) obeys the following equation 


a|n| Re 


Rat +e i c uy) 


++ 2yF (t) + oF (¢) = 0. (6) 


In the case when the distance to the point of obser- 
vation is much greater than the length of the chain, 
equation (6) can be rewritten in closed form:* 


s eet Sort a|n|-+6n 
F(t) +B > rap PC c 
eat 
-} QyF (t) + wF (t) = 0, (7) 


where b=acos ¥, and # is the angle between Ry 
and the axis of the chain, which is assumed di- 
rected towards positive indices k. If we specify 
an initial condition analogous to (2), the solution 
of (7) will have the following form: 


F (t) ~ Aexp (— | 7 (8) | 2) cos @ (8) ¢, (8) 


where 


0 (0) = of1 + FIn[4 sin’ Ae | ee 


x [4 sin? 2 —9) 
2c 


(9) (a ay i 


c 


aa 


1(8) = — 1+ 68 [m+ 1) 1-2 E49) 


c 


rest) (9) 


c 


! | (2nz Li)a 


Here n; and n, are integers, which must be chosen 
such that the absolute values of the expressions in 
the square brackets in (9) do not exceed 7. 

It is seen from (8) that at each angle there is a 
different frequency w(¥#), and different damping 
y(3). It is interesting to note that the character 
of the dependence of w and y on ¥ recalls the 
distribution of intensity in the case of diffraction 
by a one-dimensional grating. The change in fre- 


quency is 
Aw = |© — o(0)|~ 8/4 = (3/ 16x) Ay /a. (10) 


However, near angles ¥ for which sin [w(a+b)/2c] 


~ 0, its magnitude becomes considerably greater. 
From (9) we get that 


max || 7 (8) | — y| ~ 374 /8a, (11) 
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that is, the change in the damping can become quite 
appreciable. As time goes on, the radiation re- 
mains only at those angles corresponding to mini- 
mum damping. 

In conclusion, we give an equation for the am- 
plitude y(t) of the radiation from a crystal with 
cubic lattice at a point the direction to which is 
given by the vector m, |m| =1: 


rO+ 8D igx[t—< km)] 


(63 


(jk | 


—B > pak. x[#—£(k| + km)]) 


k+0 


+ 2rx (t) + 07x (t) = 0. (12) 


The similarity between (7) and (12) gives grounds 
for expecting that their solutions will also be es- 
sentially similar. The described variation in fre- 
quency can be observed, in principle, by the pro- 
cedure proposed by Méssbauer.?»? 

The authors are grateful to V. I. Ogievetskii, 
V. M. Fain, Ya. I. Khanin, D. S. Chernavskii, and 
F. L. Shapiro for participating in a discussion of 
this work and for significant comments. 


*For the approximations made in the derivation of (7), it is 
also necessary that the condition 1 + cos 3 > 2my/w be satis- 
fied; this condition is violated only for angles y which are ex- 
ceedingly close to 3 =0 and ? =7. 


1M. I. Podgoretskii and I. I. Roizen, preprint, 
Joint Institute for Nuclear Research, R-546¢g. 

2R. L. Méssbauer, Z. Phys. 151, 124 (1958). 

3R. L. Mossbauer, Z. Naturforsch. 14a, 211 
(1959). 
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SCATTERING MATRIX OF NUCLEONS 
ON A TARGET WITH SPIN 1 


P. VINTERNITTS 
Leningrad State University 
Submitted to JETP editor July 8, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1476 
(November, 1960) 


The article by Budyanskii’ contains the general 
form of the scattering matrix of a particle with 
spin 4 by a particle with spin 1, and 12 observ- 
able quantities are calculated, making up one of 
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the possible complete sets of experiments. It 
appears to us that this matrix has not been writ- 
ten down quite correctly. 

Using the Oehme method? we can write the ma- 
trix for the scattering of nucleons on any target in 
the form 


M=a-+bon-com+dsl 


(1) 


(the notation is the same as used by Oehme’). The 
coefficients in (1) should have the following form: 


9 bY 

a= o,f ae eS n als 3S im —- Sy, 
2 2 
b= B,/ = BS, ale Bg Sin + BaS7, 


C— 1S m =i T2 (SnSm = Dimon) d — 6S; + bo (SpSz ot. S1Sp).- 
(2) 


If we transform the scattering matrix given by 
Budyanskii! to the form (1), we obtain 


@= Al AS, A (S) 2 S)), 
b= Bile B Saba S es 
C= Gad + GeSi Sin a Gey sins 


C= D,S; + DgS”AS; + D3SiSp. (3) 


It is obvious that no general considerations lead to 
a3 = Q4, and £3 = fy. On the other hand, the com- 
plete system of orthonormal basis matrices of the 
spin space of the particle with spin 1 do not con- 
tain expressions of the type SjS, and §,Sj indi- 
vidually, but of the type SjS, + 8,8; (see, for ex- 
ample, reference 3), and consequently one must 
assume Cy, = C3 and D, = D3. The number of 
complex scalar coefficients should actually be 12 
(this follows from general relations given by 
Puzikov‘), and this is satisfied by the scattering 
matrix both in form (2) and (3). It is naturally 
necessary to use the formula (2), and not (3), for 
all calculations and suitably correct all the ex- 
pressions for the cross sections, the polarization, 
and the correlation functions obtained in refer- 
Cncenl, 


1G. M. Budyanskii, JETP 33, 889 (1957), Soviet 
Phys. JETP 6, 684 (1958). 

2R. Oehme, Phys. Rev. 98, 147 (1955). 

3. S. Davydov, Teopua aromHoro sgpa (Theory 
of the Atomic Nucleus), M., Fizmatgiz, 1958. 

41,. D. Puzikov, JETP 34, 947 (1958), Soviet 
Phys. JETP 7, 655 (1958). 
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OBSERVATION OF POSITRONIUM REAC- 
TIONS IN AQUEOUS SOLUTIONS 


V. Il. GOL’DANSKII, O. A. KARPUKHIN, and 
GaGa DHT ROV, 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. and Institute of Chemical 
Physics, Academy of Sciences, Woolas 


Submitted to JETP editor August 2, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1477-1478 
(November, 1960) 


SEVERAL reports have recently been published 
on the annihilation of positrons in aqueous solu- 
tions, or on the effect of different additives on 
this annihilation,!~4 and the proposed treatment 
of the observed results is based on attempts to 
introduce the thermodynamic oxidation-reduction 
potential of positronium.?»4 Such a treatment, 
however, is not completely correct for the follow- 
ing reasons: a) in connection with the fast annihi- 
lation of the positrons, chemical processes of the 
type 
Ox + Ps —> Red + Ps* 

(Ox — oxidizer, Red —reducer, Ps = e*e’, Ps* 
=e*) are essentially irreversible; b) for the same 
reason and because of the exceedingly small sta- 
tionary concentrations of Ps and Ps*, one cannot 
use for the analysis of the positronium reactions 
the potentials of multi-electron transitions of the 
type Me** + 2Ps — Me + 2Ps* (Me—metal); 
c) no macroscopic metallic phase is produced in 
reactions in which positronium participates, so 
that there is no justification for operating with 
standard metal-ion potentials. We note further- 
more that the experiments described in references 
1—4 were carried out essentially in highly con- 
centrated (2M) solutions of multi-valent ions, in 
which the activity of the ions is, as is well known, 
a highly indeterminate quantity. In order to dem- 
onstrate the essentially kinetic character of the 
action of different substances on the annihilation 
of positronium in aqueous solutions, and in order 
to arrive at a systematic comparison of such an 
action with oxidation-reduction and magnetic 
characteristics of different ions, we have carried 
out a series of experiments to investigate the rate 
of 3y annihilation of positrons from a Na®* source 
(0.1 mC) in aqueous solutions. Without going into 
details of the apparatus, which is similar to that 
described by McGervey and de Benedetti,® we shall 
indicate only the basic results. 

1) The table indicates the decrease in the rate 
of 3y annihilation compared with pure water under 
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the influence of various additives (essentially, 
different cations with a Cl” anion inert to positro- 
nium). In the presence of a general tendency to- 
wards reduction of the counting rate C3, on going 
over to stronger oxidizers, there are, however, 
also serious deviations from such a sequence. 

i 6 eT eee 


Standard oxidation- | No. of J 
Concentra- | Teduction potential un- Tees 
Substance A for the oxidizer-re- | paired 
eee ducer pair indicated] elec-| *® ative fo 
pre in parentheses trons ater 
KOH 4 | te, G2) (KG) —0.02+0,34 
BaCls 2 2.92, (Bat Ba) —0,55+0.39 
NaCl 2 }+2,74 (Nat/Na) _ |+40.0740.25 
MnCl, 2 }+4.10 (Mn*+/Mn) 9 |—0.57+0,26 
ZnCl 2 +0,76 (Zn*+/Zn) +-0.24+0.34 
FeCl, 0.1 10.44 (Fet+/Fe) 4 |—0.99+0.27 
Gis | D, --0).44 (Crttt/Cr**) 9 |—1.70+0.28 
TINOs saturation | +0,34 (TI*/TI) Sey ee! .24+0.29 
CoCle 2 +0.27 (Cot*/Co) Y j—41,17+0.40 
NiSOy 2 }-1+0.23 (Nit+/Ni) 2 |—1,03+0.36 
CuCle 2 —0.34 (Cut*/Cu) ih jail esieyee(0) SY 
FeClz Z =O RU i(hena a en) 3 —2.62+0,33 
FeCls 0.1 | —0.77 (Fe***/Fet+) 9 |—1,.41+0.28 
KMnO, | saturation |—1.63 (MnO%4+ —2.44+0.42 
| -+-3e/MnO2) 
H2,02 30% by —1.78 (H2Oz — —1 .59+0.28 
weight -+-+-2e/H20) 


These deviations can be partially due to the 

35, — 'S) conversion on unpaired electrons of 
paramagnetic ions, but there is likewise no un- 
ambiguous connection between the magnetic prop- 
erties of the ions and the value of C3,,. Thus, in 
spite of the similarity of the data in the Table with 
the results of McGervey and de Benedetti,? and 
also with the results of Trumpy‘ (in those cases 
where we investigated the same additives), we 
do not consider it established that a systematic 
variation of C3), takes place with standard oxida- 
tion-reduction potentials of the additives. 

2) In accordance with the results of Green and 
Bell! and of Trumpy,‘ we have also observed a 
strong quenching of the counting rate C3, by ad- 
ditions of the oxidizer anion NO3, and found in 
addition that MnO; has an even stronger action. 
But the action of MnO; (0.01M) was found to be 
perfectly identical in strongly acid (pH = 2), 
neutral (pH =7) and alkali (pH = 12) solutions: 
the respective values of C3y were &.13) = 0.16, 
5.01 + 0.16, and 5.15 + 0.27 min“! (the value for 
water being 6.04 + 0.09). This demonstrates con- 
vincingly the decisive role of the concentration of 
MnOQO;, and not of the oxidation-reduction potential 
of the system. We can arrive at an analogous con- 
clusion from data on the quenching of C3y by 
means of additives of Fe*** and Fe**, taken at 
different concentrations. 

3) The counting rate C3y as a function of the 
concentration of the MnO; additive (in neutral 
solution) is given by the following figures: 
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1027 
pce eee Saturated 
mole/liter solution O.4 0.04 0.004 0 (water) 
Genin 3.6=0,42 5.08+0.45 Hovsaa) IP HS Ose0). 310) 6 ,04+0,09 


It is obvious that the quenching of C3y appears 
quite strongly even at low concentrations. In ex- 
periments with high concentrations of highly ac- 
tive additives, the value of C3, tends to a limit 
corresponding to the contribution of free 3y anni- 
hilation. Therefore a quantitative comparison of 
the effects of different additives on the formation 
and conversion of positronium makes it obligatory 
to perform the experiments at small concentra- 
tions. At the present time we continue systematic 
investigations of the kinetic characteristics of 
different reactions of positronium in aqueous 
solutions. 

The authors are grateful to Academician A. N. 
Frumkin for a discussion of the obtained results. 


'R. Green and R. Bell, Can. J. Phys. 35, 398 
(1957); 36, 1684 (1958). 

2R. de Zafra, Phys. Rev. 118, 1457 (1959). 

3 J. McGervey and S. de Benedetti, Phys. Rev. 
114, 495 (1959). 

4G. Trumpy, Phys. Rev. 118, 668 (1960). 
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ASYMMETRY OF MOTT DOUBLE SCAT- 
TERING AND ABSOLUTE VALUES OF 
LONGITUDINAL POLARIZATION OF 
BETA PARTICLES 


Pah.oPIVAK, L.A. MIKAELYAN, I. E. KUTIKOV, 


and V. F. APALIN 
Submitted to JETP editor August 24, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1479-1481 
(November, 1960) 


As a result of relative measurements of longi- 
tudinal polarization of the B particles emitted in 
the decay of P®*, Sm3, Lu!”, Ho!®§) m1!4 and 
Au}8, differences up to 12% have been observed 
in the magnitude of the longitudinal polarization. 
This result showed the presence of deviations of 
the magnitude of the polarization from the pre- 
dicted value, which for electrons is equal to v/c. 
The size of these deviations was obtained from 
results of absolute measurements of the polariza- 


tion of the electrons from Sm'3,? The longitudi- 

nal polarization of the electrons was converted to 
a transverse polarization in crossed magnetic and 
electric fields and was found from the asymmetry 
of the scattering by gold from the relation 


(9) = (1+ 4, /J2)/U—Sy/ Fr) S, 


where <o> is the degree of polarization, J] 
and Jy are the scattered intensities to left and 
right, and S is a function of angle, energy and 
charge. Using the values of S computed by Sher- 
man,° we found that in the case of Ho!® and In!‘ 
the differences of the values of the polarization 
from the value of v/c reached 12 —15%. 

As we have noted,'»? for a final judgment con- 
cerning the magnitude of the deviation of the po- 
larization from the value v/c we must have trust- 
worthy values of the function S. The existing ex- 
perimental data concerning this question are in 
most cases not sufficiently exact, while for the 
angles and energies which are of interest to us 
there are no data at all. 

In this connection, we undertook a measure- 
ment of the quantity S in an experiment on double 
scattering of unpolarized electrons by gold. In 
the following we give a brief description of the 
apparatus and the results of measurements for 
energies of 245 and 290 kev and scattering angles 
6, = 0, = 120°. At present, we are carrying out 
measurements over an energy range 50 — 250 kev 
and scattering angles 90 —150°. The detailed de- 
scription of the work will be published soon. 

The geometry of the experiment is shown in the 
figure. A beam of accelerated electrons 2, after 
passing through a system of diaphragms, entered 
a chamber in which there was placed the first 
scatterer 1. The second scatterer 4 was ina 
separate chamber at a distance of ~1 meter from 
the first. The twice-scattered electrons were re- 
corded by ring Geiger counters 3 placed at a dis- 
tance of about 20 cm from the second scatterer. 
To reduce scattering from the walls of the appa- 


2. 
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ratus, the linear dimensions of the chambers were 
chosen to be large (around 400 mm) and the in- 
ternal surface was covered with Plexiglas on which 
a conducting layer of graphite was deposited. Care- 
ful study of the effect of scattering of the electrons 
from the walls of the first chamber showed that 
under the conditions of the experiment the relative 
number of such electrons which impinge on the 
second scatterer amounts to (0.4+0.2)%. The 
effect of scattering in the second chamber did not 
exceed 0.25%. 

Measurement of the energy spectrum of the 
electrons showed that for the electrons impinging 
on the second scatterer the energy spread corre- 
sponds to a width at half-height of +1.5%. The 
apparatus asymmetry was eliminated by replacing 
the first gold scatterer by an aluminim scatterer 
of thickness 1.4 mg/cm?, Since the electrons scat- 
tered by the aluminum also have some polarization, 
the experimentally measured quantity differs from 
S44, and is equal to S44 (1-Sa]/Say). Accord- 
ing to Sherman, Sa] /SAy = 0.1. 

The effect of multiple scattering in the scat- 
terers was determined by making measurements 
for different thicknesses of the first and second 
scatterers. Altogether we used four first and four 
second scatterers whose thicknesses lay in the 
range from 70 to 300ug/cm?*. The statistical ac- 
curacy of each measurement of the quantity S was 
+3%. The counting rate was usually 500 — 1500 
pulses/min, while the relative magnitude of the 
background did not exceed 5%. Corrections were 
made on the experimentally determined scattering 
asymmetries for: a) scattering from the walls of 
the first chamber — (0.4 + 0.2)%; b) scattering 
from the backing of the scatterer material — from 
2 to 4% depending on the thicknesses of the scat- 
terers; c) for the finiteness of the angles of ob- 
servation — 0.5%. As a result we obtained the 
values given in the table. 


Electron 

energy, S S S/Sp 
kev 
245 | 0,168+4 % | 0.414442 % | 0,960+2 % 
290 0.16144 % | 0.40142 % | 0.94442 % 


Here S/Sy denotes the ratio of the experimentally 
measured values to the values obtained from 
Sherman’s tables. 

The results obtained show that the absolute 
values of longitudinal polarization previously 
given by us* should be increased by 5%. 

In the present work we also had the possibility 
for experimentally finding the magnitude of the 
depolarization of the electrons along their path 
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from the source to the scatterer in the system of 
crossed fields which was used by us earlier.” The 
measurements consisted in first finding the scat- 
tering asymmetry for a given pair of scatterers. 
Then we placed between the scatterers the system 
with crossed fields and repeated the asymmetry 
measurement, where the field magnitudes were 
chosen so that the angle through which the spin 
turned was 180°. These measurements were car- 
ried out for electrons of energy 170 kev, which 
under our conditions could still have their spin 
rotated through 180°. 

As a result of these measurements, it was 
found that the depolarization along the path from 
source to scatterer in the crossed field system 
reduces the magnitude of the asymmetry by 
(2 + 2)% in agreement with the estimate made 
by us earlier.” 

We give below the absolute values of longitudi- 
nal polarization of electrons for an energy of 300 
kev, obtained using the results of the present work. 


P32 Sml53 Lyt77 Holes Int4 


Polarization <a>/(v/c) 1.02 0.97 0.93 
Error of relative € z : 
measurements, % 1.5 % 2.9 Z.0 


The error of the absolute measurements amounts 
CO O63 45: 

Thus it has been established that deviation of 
the degree of longitudinal polarization from the 
value v/c is not an exceptional phenomenon, as 
was thought earlier. The magnitude of these de- 
viations in the cases considered by us reached 
8—9%. Apparently the observed deviations must 
be ascribed to an effect of the structure of the 
nucleus. 


0.92 0.94 
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1L. A. Mikaélyan and P. E. Spivak, JETP 37, 
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ANTIFERROMAGNETISM OF CoCo, 


R. A. ALIKHANOV 


Institute of Physics Problems, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor August 26, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1481-1483 
(November, 1960) 


Mise magnetic susceptibility of cobalt carbonate, 
which is isomorphous with the MnCO3 and FeCO, 
crystals investigated in earlier work,! exhibits 
typically antiferromagnetic behavior from room 
temperature to 40°K, according to Bizette.* The 
decrease of the reciprocal susceptibility below 
this temperature range is especially rapid from 
20° to 14°K, like that of a ferromagnet. Borovik- 
Romanov and Orlova? later obtained more detailed 
measurements of the susceptibility of powdered 
CoCOs3, finding less ferromagnetism than one 
would expect from ferromagnetic saturation. By 
analogy with the ideas of Matarrese and Stout’ 
regarding the ferromagnetism of NiF., it was 
suggested that the observed weak ferromagnetism 
can result if the antiferromagnetic sublattices are 
not exactly antiparallel. According to Borovik- 
Romanov and Orlov, the ferromagnetism of CoCOs3 
is relatively large (~ 3% of the saturation mo- 
ment) and can be detected by means of neutron 
diffraction. 

We first began to study CoCO; in 1958, when, 
since other sources were unavailable, we used the 
native CoCO3; mineral spherocobaltite from the 
vicinity of Riegelsdorf, Germany.* However, the 
observed neutron-diffraction pattern could not be 
interpreted on the basis of the known CoCOs3 pa- 
rameters,’ since neither the Bragg angles nor the 
reflection intensities agreed with the calculated 
values. Cooling to 4.2°K produced no change in 
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the pattern. It was evident that the spherocobalt- 
ite specimen did not possess the sought magnetic 
properties. 

We have now investigated a finely crystalline 
hydrothermal specimen} of CoCO;, the neutron- 
diffraction pattern of which at 4.2°K is shown in 
Fig. 1. The small-angle (111) and (100) reflec- 
tions are of magnetic origin; they are absent at 
20.4°K. Unlike the case of MnCOs, the relative 
intensities I of these peaks show that magnetic 
scattering contributes mainly to the (100) reflec- 
tion, whose intensity is more than twice that of the 
(111) reflection. This indicates that the magnetic 
moments of Co** ions, unlike those of Mn** ions 
in the analogous situation, depart from the (111) 
planes in such a way that the sum of the projec- 
tions of moments on (100) planes considerably ex- 
ceeds that on (111) planes. Calculation of the di- 
rection of antiferromagnetism relative to the 
rhombohedral axis, using the magnetic intensity 
ratio, indicates anangle of 46 + 4° between the 
moments and the [111] axis. Erickson’s value 
for the form factor of Co** was used. 

In addition to the (111) and (100) magnetic re- 
flections, as the temperature was reduced from 
20.4° to 4.2°K some intensity increase was ob- 
served in the case of (110) and (211) reflections. 
In a number of successive runs the latter oscil- 
lated from 2 to 6.5% of the (211) nuclear intensity. 
The small magnetic contribution to reflections 
with even sums of indices for the given structure 
results from weak ferromagnetism. Dzyaloshin- 
skii’s thermodynamic theory’ proposes three 
possible magnetic states of Mn, Fe, and Co 
carbonates at temperatures below Ty. For the 
present case the most suitable of these is state II, 
with the following conditions for the minimum of 
the thermodynamic potential: 


wn/2—dla, gp=xn/2, m,=q/B, m,=m,=0, 


where f is the angle between the spins and (111), 
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y is the angle between the spin projections on 
(111) and the twofold symmetry axis, m is the 
ferromagnetic moment, and d, a, g, B are ex- 
pansion coefficients [see Eq. (3a) in reference fale 
Figure 2 gives the experimentally observed ar- 
rangement of magnetic moments in CoCQ3, corre- 
sponding to state II. It should be noted that the 
angle 6 is very close to the direction of the short- 
est distance from the central ion to its nearest 
neighbor. This picture differs somewhat from 

the theoretical prediction for state II, since the 
coefficient ratio d/a is of the order of unity, 
whereas the theory predicts the very small ratio 

~ v*/e?, 


FIG. 2 


In connection with this additional observed type 
of antiferromagnetic structure for isomorphous 
carbonates of the iron group, it should be remem- 
bered that in FeCO3 magnetic moments are di- 
rected along the [111] axis, while in MnCO; they 
lie in the (111) plane. 

The weak ferromagnetism of CoCOs3, which is 
indicated by the small magnetic contribution to 
the (211) reflections, shows that the magnetic mo- 
ments of the ions form a small angle y with the 
plane of symmetry, thus producing a total ferro- 
magnetic moment along the twofold axis (Fig. 2). 
The ratio between ferromagnetic and antiferro- 
magnetic contributions to the (211) and (100) re- 
flections indicates 15 + 5° as the magnitude of y. 
The existence of the ferromagnetic moment 
(8.6%) in the (111) plane was recently observed 
by Borovik-Romanov and Ozhogin,® who investi- 
gated the weak ferromagnetism of CoCO, in crys- 
tals obtained from the same source as ours .t They 
calculated y= 7°, from their absolute data for 
the ferromagnetic moment and the calculated 
saturation moment of the ion. Aside from ex- 
perimental errors, uncertainty regarding the 
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saturation moment of Co** is the most likely 
source of a discrepancy regarding y. 

Iam deeply grateful to Academician P. L. 
Kapitza for his continued interest in this work. 
I also wish to thank A. S. Borovik-Romanov and 
I. E. Dzyaloshinskii for valuable discussions, 
N. Yu. Ikornikova and N. N. Mikhailov for pro- 
ducing and classifying the crystal specimen, and 


I. P. Karpikhin for experimental assistance. 


*The author is greatly indebted to Prof. S. D. Chetverikov, 
P. V. Kalinin, M. G. Spiridonova, and B. M. Shmakin for their 
assistance in preparing the mineral specimen. 

tThis specimen was prepared by I. Yu. Ikornikova at the 
Institute of Crystallography, Academy of Sciences, U.S.S.R. 


1R, A. Alikhanov, JETP 36, 1690 (1959), Soviet 
Phys. JETP 9, 1204 (1959). 

2H. Bizette, Ann. phys. 1, 233 (1946). 

3A. S. Borovik-Romanov and M. P. Orlova, 
JETP 31, 579 (1956), Soviet Phys. JETP 4, 531 
(1957). 

41. M. Matarrese and J. W. Stout, Phys. Rev. 
94, 1792 (1954). 

5R. W. G. Wyckoff, The Structure of Crystals, 
Chem. Catalog. Co., New York, 1931. 

6R. A. Erickson, Phys. Rev. 90, 779 (1953). 

TI. E. Dzyaloshinskii, JETP 32, 1547 (1957), 
Soviet Phys. JETP 5, 1259 (1957). 

8A. S. Borovik-Romanov and V. I. Ozhogin, 
JETP 39, 27 (1960), Soviet Phys. JETP 12, 18 
(1961). 


Translated by I. Emin 
270 


DIPOLE MOMENT OF UNSTABLE ELE- 
MENTARY PARTICLES 


Ya. B. ZEL’ DOVICH 
Submitted to JETP editor September 7, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1483-1485 
(November, 1960) 


Pee nonconservation makes it possible for an 
elementary particle with spin to have a dipole mo- 
ment.! Landau’s theory of combined inversion? 
leads to time-reversal invariance, from which 
Landau concludes that elementary particles do 
not have an electric dipole moment. 

However, this conclusion cannot be extended to 
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apply to decaying unstable particles. To prove 
Landau’s assertion, we consider a particle with 
spin and a dipole moment. Time reversal changes 
the spin direction, but leaves the direction of the 
dipole moment unchanged; it follows that there can 
be no time-reversal-invariant relation between 
spin and dipole moment. 

An unstable particle is represented by an ex- 
ponentially-decaying state amplitude surrounded 
by outgoing waves for the decay products. Under 
time reversal, an unstable particle is transformed 
not into the same particle with reversed spin but 
into something entirely different — into a state with 
exponentially-increasing amplitude surrounded by 
incoming waves for the decay products. Therefore, 
the proof that a dipole moment is not present does 
not apply to unstable particles. 

We shall use an example to show the connection 
between a particle’s instability and its dipole mo- 
ment. We consider a neutral particle A° with spin 
ee Suppose the Hamiltonian contains terms corre- 
sponding to the two different reactions 

ee Ca, A402 Do Ee, 
Further suppose that mp +mc >mMa >Mp+ MR, 
so that A° actually decays into D® and E®, while 
the transformation of A° into B* and C~ proceeds 
virtually, i.e., the B* and C™ particles form a 
cloud around the A°, but do not escape to infinity. 

The dipole moment depends only on the distri- 
bution of the charged B* and C’ particles. We 
assume that the interaction A° = B*+ C° is parity 
nonconserving, so that the B* and C™ cloud is a 
superposition of Sy. and Py. waves. Let B* have 
spin Y, and C™ have spin 0; the wave function of 
the system has two components corresponding to 
the two possible spin orientations of B*. 

Suppose A° is in the state with sz =+%. Then 
the wave function for B* and C™ has the form 


| af, (r) — ibV'1/3 fa (r) cos 6 
° =| gVD/B h(n) sinbe* 


where r, 9, y describe the relative position of 
Baeana.C i. 


7 


For) =e, f(r) = fy fdr = — (r+ mrt), 
%=V 2A, p=mgmc/(mp+mc), A=Es+ Ec—Ea. 


The charge density is | w |2 = y*y. As has been 
shown by the author® (cf. the derivation of the cor- 
responding formulae), a and b are real ina 
time-reversal-invariant theory, so that if x is 
real the interference term (proportional to cos @) 
in the charge density vanishes and the dipole mo- 
ment is identically equal to zero. 
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For an unstable particle, time-reversal invari- 
ance requires that the constants coupling the A 
particle to the S- and P-wave states of B and C 
(and consequently, also the amplitudes, a and b, 
of these waves) remain real. The difference lies 
in the fact that, owing to the decay of the A® into 
D® and E®, the energy of the A? becomes com- 
plex: Eq = mac? — iw/2, where w is the decay 
probability of the A (units with h = 1). There- 
fore, k also becomes complex; for small w, we 
have k =Kk)(1+iw/4A). With this, the dipole 
moment is easily found to be* 


d.= e\rcos 0 wp dy =e 575 ay kG 


The integral which gives d, converges, although 
J vr dv diverges at the origin. 

Thus, with a time-reversal-invariant Hamilto- 
nian, the combination of parity nonconservation 
and particle instability leads to the appearance of 
a dipole moment, i.e., to an apparent violation of 
time-reversal invariance. In this sense, the re- 
sult agrees with that of Behrends,* who discussed 
the radiative decay A —n+y along with the main 
decay channel A—p+1d7. In this case the result 
contains terms obviously contradicting time- 
reversal invariance, notwithstanding the time- 
reversal invariance of the Hamiltonian. 

From a general point of view, this problem is 
of interest as an example of the special properties 
of unstable particles; statements which are true 
for stable particles cannot be automatically ex- 
tended to unstable particles. 


*Note that the non-zero result comes from the term «r7* in 
f,(r) and not from exp(-xr). 
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ON THE PION-PION RESONANCE IN 
THE p STATE 


HO TSO-HSIU and CHOU KUANG-CHAO 
Joint Institute for Nuclear Research 
Submitted to JETP editor September 30, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1485-1486 
(November, 1960) 


Ohara recently there has been great interest 
in the question of the existence of a p resonance 
(isobar) in pion-pion scattering.! From a study 
of the structure of nucleons by the method of dis- 
persion relations, Frazer and Fulco have con- 
cluded that an isobar with mass 435 Mev and half- 
width 10 Mev must exist in the p state of pion- 
pion systems.” Similar results on the presence of 
a p resonance in pion-pion scattering have also 
been obtained by other authors.’? On the other 
hand, the integral equations for pion-pion scatter- 
ing have been derived more accurately by means 
of the ordinary theory of one-dimensional disper- 
sion relations.4 Preliminary results on the solu- 
tion of these equations, obtained by means of an 
electronic computing machine, show that the am- 
plitude of the p wave is very small. It is as yet 
unknown whether there is another solution with a 
large p amplitude. Therefore a direct experimen- 
tal test of the presence of a p isobar in the pion- 
pion system is of great importance. For this pur- 
pose Chew and others? have suggested the reac- 
tions 


setenv (1) 


? 


een mum, ete 


studies of which could help to provide information 
about the interaction of pions in the p state. These 
processes are interesting because the theoretical 
interpretation of the results is simple and clear. 
But because of the lack of high-energy clashing 
electron and positron beams, it is difficult to con- 
duct such experiments at present. 

In the present note we suggest the study of the 
following processes: 


sity Het Hes 4 me hia), (2a) 
toa em (2b) 
ptpod+nt4n, (2c) 


For all of these processes the initial isotopic spin 
is I=1. Consequently, the pair of pions in the 
final state has the isotopic spin I= 1 and is ina 
state with odd orbital angular momentum. In the 
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low energy region these pions are mainly in the 
p state. 

Let us assume that there is an isobar with 
mass 435 Mev and half-width 10 Mev in the p 
state. Then in the reactions (2) the pairs of pions 
come from the decay of isobars that have been 
produced together with nuclei He* or d. Because 
of this it is to be expected that there will be a 
sharp maximum in the spectrum of the He! (or d). 

Let us consider, for example, the reaction (2a). 
Suppose the energy of the incident pion beam is 
700 Mev in the laboratory system. (l.s.). Then in 
the center-of-mass system (c.m.s.) one should 
observe a maximum in the spectrum of the Het 
at energy 11 Mev and with half-width 2 Mev. In 
the case of the reaction (2c) with incident beam 
energy 1.4 Bev in the l.s. the deuteron spectrum 
in the c.m.s. must have a maximum at energy 36 
Mev and with half-width 3 Mev. 

If the p isobar does not exist, then the shape 
of the spectrum of the He! (d) varies smoothly 
and is determined mainly by the statistical phase- 
volume factor. Therefore measurements of the 
spectra of the nuclei in the reactions (2) will give 
information about the existence of a p resonance 
in the pion-pion system. 

We note that the process d + d — He* + 7° + 1* 
+m is also useful for studying the isobaric struc- 
ture of pion-pion systems in the iso-scalar state. 
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SITIONS TO OBTAIN NEGATIVE TEMPER- 
A TURES IN SEMICONDUCTORS 


N. G. BASOV, O. N. KROKHIN, and Yu. M. POPOV 
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Submitted to JETP editor October 3, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1486-1487 
(November, 1960) 


In some semiconductors, particularly germanium 
and silicon, the edge of the infrared absorption 
and emission band corresponds to ‘‘indirect’’ 
transitions, i.e., processes in which the emission 
and absorption of a photon is accompanied by si- 
multaneous emission and absorption of a phonon!=3 
This is due to the structure of the bands and takes 
place when the extrema of the energy with respect 
to the quasi-momentum of the carriers in the con- 
duction and valence bands correspond to different 
values of quasimomentum.!~> 

The radiation of longest wavelength will corre- 
spond in such transitions to simultaneous emission 
of a photon and one phonon (multi-phonon proc- 
esses can be disregarded as having low probability 
compared with single-phonon processes). The in- 
verse of the aforementioned process is the simul- 
taneous absorption of a photon and a phonon. 
Therefore if a sample is at a sufficiently low tem- 
perature, when the lattice has practically none of 
the phonons needed for absorption, radiation of 
longer wavelength will not be absorbed, and the 
sample will be practically transparent to such 
radiation. 

If some mechanism (optical illumination, ex- 
ternal electric field, etc) increases the concen- 
tration of carriers above their equilibrium value, 
then a negative temperature can be produced rela- 
tive to the transition under consideration. Esti- 
mates show that to produce a negative tempera- 
ture it is necessary to satisfy the inequality 
wy /we < Tefp/T, where wy and wf are the pho- 
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ton and phonon frequencies, T the sample tem- 
perature, and Tog the effective temperature that 
determines the filling of the conduction-band lev- 
els relative to the valence-band levels. For ex- 
ample, in germanium wy/w¢ ~ 25, i.e., Tefe/T 
> 25, which is apparently feasible in the case of 
a sample cooled to helium temperatures, if the 
excitation is produced by presently-available ra- 
diation sources or an external electric field. How- 
ever, in order for amplification of radiation to 
take place in such a system, it is necessary that 
the induced photon emission prevail over the 
various absorption processes in the semiconduc- 
tor (absorption on free carriers, on impurities, 
etc).° 

We note that there exists another possibility of 
producing negative-temperature states in semi- 
conductors. In several papers,'~!" the observed 
spectra of recombination radiation of some semi- 
conductors were interpreted as simultaneous 
emission of a photon and a phonon from exciton 
states. The mechanism for production of nega- 
tive temperatures, described above, is fully ap- 
plicable to such states, too. 
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